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Far-from-equilibrium physics = anarchy?

… the preceding sections described approaches to the dynamic 
behaviour of systems close to an equilibrium critical point…

However, in describing critical behaviour of systems which are 
far from equilibrium, no such guiding principles are available. 
Indeed, it would appear that the whole subject should crumble 
into anarchy. However, once again, the renormalization group 
and universality provide tools for attempting a classification.

(Chapter 10 of Cardy’s book on RG)



Organizing principles?
1. Steady states of time evolution as fixed-points of RG.



Organizing principles?
1. Steady states of time evolution as fixed-points of RG.

Active phase Absorbing phaseDirected Percolation

critical point

Gaussian

surface growth

λ 1+1-D KPZ 

Two famous 
examples in 

1+1-D:

Typical population dynamics problems:

Typical surface growth problems:



Organizing principles?
1. Steady states of time evolution as fixed-points of RG.

Active phase Absorbing phaseDirected Percolation

critical point

Gaussian

surface growth

λ 1+1-D KPZ 

Two famous 
examples in 

1+1-D:

Typical population dynamics problems:

Typical surface growth problems:
Allowed??

Non-perturbative constraints on RG flows? (e.g. are there any c-theorem type 
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Organizing principles?
1. Steady states of time evolution as fixed-points of RG.

Non-perturbative constraints on RG flows? (e.g. are there any c-theorem type 
statements, or anything goes?). Scaling arguments combined with information-
theoretic inequalities are surprisingly constraining.

2. Mixed-state phases as equivalence classes of states connected by 
short-time evolution along which “gap” remains non-zero.
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Figure 3. CMI of dephased toric code state — (a) Partition with A fixed and varying r (width of B,C). (b)
I(A:C|B) peaks around pc ⇡ 0.11 and peak size decays with r. (c) Finite-size collapse with the scaling ansatz Eq.(12), with
(pc, ⌫,↵) = (0.11, 1.8, 1.1). (d) Above (p = 0.15) or below (p = 0.05) the critical point, CMI decays exponentially with r, in
contrast to power-law decay at the critical point pc ⇡ 0.11.

where the binary vector mQ indicates the anyon config-
uration of plaquettes within Q. ⇧mQ is the maximally
mixed state that has anyon configuration mQ and satis-
fies B+ = 1 for all vertices.

After some algebra, one can show that region Q’s von
Neumann entropy is

S(⇢Q,p) = S(⇢Q,0) +H(mQ), (10)

H(m) ⌘ �
P

m Pr(m) log Pr(m) being the Shannon en-
tropy of the anyon distribution Pr(m). If Q is not simply
connected and contains a hole denoted �, the r.h.s. of
Eq.(10) is replaced by H(mQ,⇡(m�)), with ⇡(m�) being
the parity of anyon number within � (see SM for details).
Thus for an annulus-shaped A,B,C partition (Fig. 3(a)),

I(A:C|B) =H(mBC ,⇡(mA))�H(mABC)

�H(mB ,⇡(mA)) +H(mAB). (11)

We simulate I(A:B|C) in this geometry for various rs
(i.e. width of B and C) and system sizes by repre-
senting Pr(m) as a two-dimensional tensor network and
contracting it using the boundary transfer matrix tech-
nique [53, 54] (see SM).

We first focus on the parameter regime around the pre-
sumed critical point pc ⇡ 0.11. Our results (Fig.1) show
that for any system size r, CMI has a peak around pc
with height decreasing with r. Furthermore, data from
di↵erent system sizes can be collapsed with the scaling
ansatz:

I(A:C|B) = r�↵�
⇣
(p� pc)r

1/⌫
⌘

(12)

by choosing pc = 0.11,↵ = 1.1 and ⌫ = 1.8. In particu-
lar, when p = pc, CMI decays as a power-law with r, in
contrast to mutual information and conventional correla-
tion functions. To verify that the state is FML away
from the critical point pc, we pick two representative
points below and above the threshold: p = 0.05 < pc and
p = 0.15 > pc. As shown in Fig.1(d), at both points CMI
decays exponentially. These observations imply that in

the large r limit:

I(A:C|B) '

8
<

:

e�r/⇠�(p) p < pc
r�↵ p = pc
e�r/⇠+(p) p > pc

(13)

where ⇠±(p) diverges near the critical point as ⇠± / (p�
pc)�⌫ .
Because the Markov length remains finite in p 2 [0, pc)

and p 2 (pc, 0.5] [55], these intervals constitute two
mixed-state phases. The former is a topologically or-
dered phase containing |t.c.i, and the latter is a triv-
ial phase containing ⇢0.5 /

P
s2loops |si hs|, i.e. a clas-

sical uniform distribution of all closed-loop spin con-
figurations. This state can be obtained by applying
G⇤[·] ⌘ 1

2 (·) +
1
2A⇤(·)A⇤ on each plaquette ⇤ of a prod-

uct state |0i h0|; thus it belongs to a trivial phase.
Similar to other aspects of decohered toric code stud-

ied in [5, 19, 48], the behavior of CMI can also be
understood in terms of the random bond Ising model
(RBIM) along the Nishimori line [56]. Each term in
Eq.(11) can be mapped to a free energy in RBIM (see
SM for detailed mapping and RBIM definition). For in-
stance, H(mAB) = FRBIM,p(AB) + c1|AB|+c2, where

FRBIM,p(AB) is the disorder-averaged free energy of the
RBIM defined on region AB’s dual lattice, and c1,2 are
constants. For non-simply-connected regions B and BC,
the central hole A is treated as a single dual lattice site
in the correponding RBIM. Since A is O(1)-sized, from a
coarse-grained point of view the CMI is:

I(A:C|B) = Fdef(4r)� Fdef(2r), (14)

where Fdef(x) is the free energy cost of introducing a
point defect at the center of RBIM on an x ⇥ x lattice.
The two terms come from H(⇡(mA),mBC)�H(mABC)
and H(⇡(mA),mB)�H(mAB), respectively. The RBIM
has ferromagnetic and paramagnetic phases, separated
by a critical point presumably described by a conformal
field theory, where Fdef(r) has a subleading piece decay-
ing as a power law with r. Thus we expect the scaling
form Eq.(12) to originate from the RBIM critical point.

p < pc, 

nonzero “gap”

pc, zero gap

2d toric code 

under bit-flip noise

p > pc, 

nonzero “gap”
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1. Steady states of time evolution as fixed-points of RG.

Non-perturbative constraints on RG flows? (e.g. are there any c-theorem type 
statements, or anything goes?). Scaling arguments combined with information-
theoretic inequalities are surprisingly constraining.

2. Mixed-state phases as equivalence classes of states connected by 
short-time evolution along which “gap” remains non-zero.

Does this framework work for classical non-equilibrium steady states?

(directed percolation, KPZ, Toom’s model, etc.). We tested it for 1+1-D 

directed percolation and it works; wider exploration would build confidence.
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Related broad theme: generalized symmetries (higher form, strong/weak etc.) in 
mixed-states and their anomalies.
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FIG. 1. Phase diagram of the NEC system, for noise

parameters p and q, with amplitude = p + q and bias= (p —q)/(p+ q).

phase region is a narrow metastable zone (demarcated 1 I I

on the right by dashed lines), in which large islands of
V)

the favored phase grow but small islands shrink. A lg

critical exponent of 3.0 + 0.4 was found for the vertical lQ two
width of the two-phase region as a function of noise phase
amplitude (p+ q) below the critical point. Other runs region
on one-phase systems with unbiased noise p = q yield-
ed the value P = 0.122 +0.01 for the exponent describ-
ing magnetization as a function of noise amplitude
below the critical point.
Besides being irreversible, the NEC model differs

from conventional kinetic Ising models in having syn-
chronous updating. However, preliminary runs in
which only a fraction (—, to —„)of the spins are updat-
ed at each time step indicate that even a fully asyn-
chronous NEC model would have a qualitatively similar phase diagram. We also explored an analytically solvable
mean-field approximation to the NEC rule, based on the recurrence relation

R (m) = —1+ [p(1—m) +3p(1—m)2(1+m)+3(1 —q)(1—m)(1+ m) + (1—q)(1+m) ]/4,
where R(m) is the magnetization at time t+1 as a function of that at time t. Here, too, the phase diagram was
similar, except that there was no metastable zone, and the critical exponents were —, (for the two-phase region
width) and —,

' (for P).
The equivalent (d+1) dimensi-onal Hamiltonian, and its free energy. We now—review the construction of an

equivalent (d+ 1)-dimensional Hamiltonian model for an arbitrary (in general irreversible) d-dimensional CA, '2
and show why the former can have multiple stable phases over a set of finite measure in the parameter space of the
latter. The possible time histories X(0),X(1), . . . , X(t) of a d-dimensional CA can be viewed as configurations
of a (d+1)-dimensional lattice with one boundary fixed at X(0), the initial state of the CA. The probability
P (X(0),X(1), . . . , X(t) ) of such a history may be expressed as the product
P (X(1)/X(0) )P (X(2)/X(1) ) . P(X( t)/X(t 1)), —

where P(X(l+ I)/X(l) ) denotes the conditional probability for the CA to be in state X(l+ I) at time t+ I given
that it was in state X(i) at time i.
By defining
H(X( t + 1),X( i) ) = —ln [P(X(i+ 1)/X(i) ) ],

we cast the history probability in the familiar form of a Boltzmann factor (taking kT = 1):

P (X(0),X(1), . . . , X ( t) ) = exp —XH(X (i + 1),X(i)),i=0
with H playing the role of an effective Hamiltonian
coupling adjacent d-dimensional time slices. All prop-
erties of the CA can thus be expressed as canonical-
ensemble averages of the (d+1)-dimensional system
defined by Hamiltonian H. The (d+1)-dimensional
model has the remarkable feature8 that its free energy
is identically zero regardless of the CA s initial condi-
tion or transition probabilities. This follows from the
normalization of these probabilities [for each X(i), the
sum over X(i+1) of P(X(i+1)/X(i)) must be 1),
which in turn implies that the (d+1)-dimensional
partition function is 1. In the thermodynamic limit
any stable phase of the d-dimensional system is a
stable phase of the (d+1)-dimensional system; there-
fore, if a d-dimensional CA has multiple stable phases,
its corresponding (d + 1)-dimensional Hamiltonian
model will also, all with zero free energy.
The preceding argument holds whether X(0),

! X(1), etc. , represent time steps of a synchronous
model, or discrete-time snapshots of an asynchronous
(master equation) model evolving in continuous time.
However, in the synchronous case, because transitions
at all sites in the same time slice are independent, the
equivalent Hamiltonian is of a generalized Ising form,
being a sum of local terms H(y, x) = —inP(y/x),
where P(y/x) is the conditional probability that a site
will be in state y at time t+ 1, given that its neighbor-
hood was in state x at time t. The normalization con-
straint, viz. , that for each x, the sum over y of P(y/x)
be 1, restricts the GIM to a lower-dimensional surface
in the parameter space of its coupling constants, on
which the free energy is zero.
In the case of metastable phases the (d + 1)-

dimensional free energy per space-time site is not 0
but —ln(1 —I ) =I, where I is the nucleation rate

659

[Toom 1974, Bennett,  
Grinstein 1985]

0-form 

SSB fixed point

I will briefly discuss that even weak 0-form symmetries and their spontaneous 
symmetry breaking can be emergent: “Spontaneous symmetry breaking without 
symmetry”.
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For relativistic-invariant theories, there exist general constraints on RG flows.
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Constraints on RG flows

1+1-D

Ising CFT

1+1-D

Tricritical Ising CFT

Such constraints ("c-theorems") exist in every dimension.

[1+1-d: Zamolodchikov 1986; 2+1-D: Casini, Huerta (2012); 3+1-D: Cardy (1988), Komargodski, Schwimmer (2011); 

recent generalizations to disordered systems by Patil, Ludwig 2507.07959.]

Remarkably, c-theorems can often be derived using strong subadditivity. 

[Casini, Huerta 2004; Casini, Huerta 2012]

For relativistic-invariant theories, there exist general constraints on RG flows.

(c=1/2) (c=7/10)



Strong subadditivity of entropy

[Lieb, Ruskai 1973]

A B C

S(AB) + S(BC) − S(B) − S(ABC) ≥ 0



A B C

S(AB) + S(BC) − S(B) − S(ABC) ≥ 0

Correlations between A and C not mediated via B

= “Conditional mutual information” I(A:C|B)

Strong subadditivity of entropy



c-theorem from Strong subadditivity

space

time X

Y

Z

A B

Figure 1: Two interval A and B of size
√
rR have their end-points on the light-cone. The size

of Y is r while the distance between the upper end-points of A and B is R.

This is equivalent to C ′(r) ≤ 0 for the quantity C(r) = rS
′

(r). This c-function is then
dimensionless and always decreasing. At the critical point the entropy has a general form

S(r) =
c

3
log(r/ϵ) + c0 , (5)

where c0 is a non-universal constant, ϵ is a short distance cutoff, and c the Virasoro central
charge of the conformal theory. In this case we have C(r) = c/3. Therefore the above inequality
establishes an entropic form of the Zamolodchikov’s c-theorem [2, 17]: the central charge of the
ultraviolet fixed point is always greater than the one of the infrared fixed point.

Let us isolate c0 form the entropy in order to see how it runs with the renormalization group.
Define

c0(r) = S(r)− r log(r/ϵ)S
′

(r) , (6)

which coincides with c0 at the conformal point. We have

c
′

0(r) = − log(r/ϵ) (r S
′

(r))
′

= − log(r/ϵ)C
′

(r) . (7)

Integrating between the UV and IR fixed points we have

∆c0 = cir0 − cuv0 = −
∫ ∞

0

dr log(r/ϵ)C
′

(r) ≥ 0 . (8)

This is always positive, and c0 at the infrared is greater than c0 the ultraviolet point. However,
the constant c0 and its total variation are not universal quantities and depend on the cutoff.
For example, for a massive field at the infrared the entropy is a divergent constant S ∼ c0 =
c
3 log(m/ϵ) [18] (∆c0 can also have infrared divergences for scalar fields).

According to (8) the only way ∆c0 is finite is that C ′ = 0, that is, the IR and UV conformal
theories have the same central charge. But in this case there is no running at all in a relativis-
tic theory, and ∆c0 = 0, as shown by (8). However, the situation changes when a boundary
and boundary conditions are imposed on the theory. For a fixed bulk conformal theory the
boundary conditions introduce a boundary contribution c0 = log(g) to the entanglement en-
tropy, where log(g) is called the boundary entropy [18]. The boundary conditions run with the
renormalization group producing a finite running in log(g). It is known that log(g) decreases
to the infrared under the renormalization group [19]. This is called the g-theorem. Thus, this
boundary induced running for c0 is opposite to the one above, related to the running of the
bulk theory (see [20] for a related conclusion). Our argument above for ∆c0 > 0 of course does
not apply directly when there are boundary conditions breaking boost symmetries, though it
would be interesting if a connection with the g-theorem could be established (see [21] for a
related argument).

3

r

R

d2S(r)
d log(r)2

≤ 0

S(XY ) + S(YZ) ≥ S(Y ) + S(XYZ)

dS(r)
d log(r) UV

≥
dS(r)

d log(r) IR

cUV ≥ cIR

⇒⇒

⇒

[Casini, Huerta, 
hep-th/0405111;  

cond-mat/0610375]



No direct analog of c-theorems for non-relativistic systems.

Since strong subadditivity is always true, natural to seek its consequences 

nonetheless.

B
lB

A C

The scaling behavior of  will play

a role in this pursuit.

I(A : C |B)



Typical behaviors of CMI at RG fixed points:

: This is expected for Gibbs states of local Hamiltonians. For classical Gibbs states, 

I = 0 exactly [Clifford-Hammersley 1971], even for critical states! For quantum Gibbs, when |A| 

= O(1), and arbitrary |B|, |C|,  with  [Chen, Rouze, 2504.02208]. 

I = 0

I ∼ e−lB/ξ ξ = O(1)

: e.g. several non-equilibrium phase transitions.I ∼ 1/lα
B

O(1) constant: e.g. strong-to-weak symmetry breaking phases.I ∼

B
lB

A C



UV IR

Consider CMI along an RG flow triggered by a relevant perturbation

Four length scales:

lattice spacing  = crossover scale between UV and IRa, l, lB, ξ

 CMI =  ⇒ f ( lB
ξ

,
l
a

,
l
lB )

lB l

2l

A B C

Meaning of RG flow from UV to IR:

Physics at distances much less (much greater) than  is 


characteristic of the UV (IR) fixed point.
ξ



UV IR

CMI =  f ( lB
ξ

,
l
a

,
l
lB )

Assumptions: 


(i) CMI is "UV finite" i.e. non-divergent when .


(ii) "Continuity": CMI at  is representative of the UV


fixed point, while CMI at  is representative of the IR fixed point. 


a → 0

0 <
lB
ξ

≪ 1

lB
ξ

≫ 1

lB l

2l

A B C



UV IR
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lB l

2l

A B C

At a scale-invariant fixed-point point,  

(i) If  held fixed, CMI expected to have a power-law dependence on 

(ii) If  held fixed, CMI should be an O(1) shape-dependent universal number. 

lB/ξ = 0 or ∞ ⇒
l lB .
l/lB
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FIG. 9. Violation of P0 and M1. (a) The partitions near a domain wall. The decohered links are colored orange,
located in the lower half plane. r is the length of the subsystems. A is an annulus, BD is the annulus that surrounds the
disk C. (b) The (local) violation of P0 a �0 := SABD +SBCD �SBD �SABCD as a function of error rate p and subsystem
sizes r. (c) The violation of M1, �1 := SAB + SBC � SB � SABC , as a function of error rate p and subsystem sizes r. (d)
At p = [0.02, 0.05] and p = [0.15, 0.20] the error of M1 and P0 decays exponentially with r. All data shown are shown in
unit of log 2.

a Using monotonicity of conditional mutual information under partial traces, we can establish that I(E : C|B) � I(A :C|B),
8A ⇢ E, i.e., the violation of P0 is lower bounded by the violation of its local version.

the decoherence using Bf

p
with strength p. Applying

this channel on the product state |+i⌦n gives the fol-
lowing density matrix:

⇢(p) =
1

2n

X

l?2Sd

(1 � 2p)|@l?|Xl? , Xl? :=
Y

e2l?

Xe.

(33)

where Sd is the set of all possible strings on the dual
lattice and |@l?| is the number of boundary points of
l?.

To proceed, we start with |+i state every site and
apply this protocol with strength p on the upper half-
plane of a given system. For the fixed point wave
function at p = 1/2, we have I(A : C|B) = 0 but
I(A : C|D) = log 2, near the domain wall Fig. 9(a),
which indicates the violation of M1. However, unlike
the previous case, this FDLC is fragile, which means
that the violation of axioms coarse-grains into zero
at p < 1/2 and two half-planes belong to the same
trivial phase, similar fragile behaviors in the bulk are
observed in. We show the numerical and theoretical
details in Appendix F 3.

We can infer that the state in Eq. (33) with p < 1/2
exhibits vanishing topological entropy for su�ciently
large partitions. At an intuitive level, the contribu-
tion of independent closed-loop operators to the den-
sity matrix becomes negligible under coarse-graining.
This is because a string operator Xl? =

Q
e2l?

Xe

maintains a finite expectation value (1�2p)2 regardless
of loop length |l?|—behavior that cannot persist in a
genuinely topological mixed state. From the statisti-
cal mechanics perspective, the physics maps to that

of the two-dimensional Z2 gauge theory. In partic-
ular, Renyi-2 entropy would map to the free energy
of the 2d Ising gauge theory at the inverse tempera-
ture � = �2 ln(1 � 2p). Since 2d Ising gauge theory
is disordered at any finite �, the (Renyi-2) topologi-
cal entropy vanishes for p < 1/2. See Appendix. F 3
for numerical data. Following numerous observa-
tions [20, 21, 24, 25, 27], we expect the von Neu-
mann topological entropy would vanish, i.e., coarse-
grain to zero for p < 1/2 since its behavior would fol-
low random-plaquette Z2 gauge theory, which has no
finite-temperature threshold.

C. Channel and boundary

We have proposed an equivalence of mixed state
fixed points based on their density matrices (Def. 8).
How is this approach di↵erent from the existing ap-
proach based on the FDLC [26, 31, 32]? In this sec-
tion, we discuss the connection and distinction between
these two approaches. In particular, we explain why
our definition naturally leads to a refinement of the
FDLC approach.

The previous approach based on FDLC with which
we make the comparison can be phrased as [95]:

Definition 10 (Channel connectivity). Two mixed
states fixed points �↵ and �� are channel connected
if there exists a pair of FDLCs (�↵!� and ��!↵),
which can convert between �↵ and �� . Namely,

�↵!�(�↵) = �� , ��!↵(��) = �↵. (34)

4

(a) (b) (c) (d)

Figure 3. CMI of dephased toric code state — (a) Partition with A fixed and varying r (width of B,C). (b)
I(A:C|B) peaks around pc ⇡ 0.11 and peak size decays with r. (c) Finite-size collapse with the scaling ansatz Eq.(12), with
(pc, ⌫,↵) = (0.11, 1.8, 1.1). (d) Above (p = 0.15) or below (p = 0.05) the critical point, CMI decays exponentially with r, in
contrast to power-law decay at the critical point pc ⇡ 0.11.

where the binary vector mQ indicates the anyon config-
uration of plaquettes within Q. ⇧mQ is the maximally
mixed state that has anyon configuration mQ and satis-
fies B+ = 1 for all vertices.

After some algebra, one can show that region Q’s von
Neumann entropy is

S(⇢Q,p) = S(⇢Q,0) +H(mQ), (10)

H(m) ⌘ �
P

m Pr(m) log Pr(m) being the Shannon en-
tropy of the anyon distribution Pr(m). If Q is not simply
connected and contains a hole denoted �, the r.h.s. of
Eq.(10) is replaced by H(mQ,⇡(m�)), with ⇡(m�) being
the parity of anyon number within � (see SM for details).
Thus for an annulus-shaped A,B,C partition (Fig. 3(a)),

I(A:C|B) =H(mBC ,⇡(mA))�H(mABC)

�H(mB ,⇡(mA)) +H(mAB). (11)

We simulate I(A:B|C) in this geometry for various rs
(i.e. width of B and C) and system sizes by repre-
senting Pr(m) as a two-dimensional tensor network and
contracting it using the boundary transfer matrix tech-
nique [53, 54] (see SM).

We first focus on the parameter regime around the pre-
sumed critical point pc ⇡ 0.11. Our results (Fig.1) show
that for any system size r, CMI has a peak around pc
with height decreasing with r. Furthermore, data from
di↵erent system sizes can be collapsed with the scaling
ansatz:

I(A:C|B) = r�↵�
⇣
(p� pc)r

1/⌫
⌘

(12)

by choosing pc = 0.11,↵ = 1.1 and ⌫ = 1.8. In particu-
lar, when p = pc, CMI decays as a power-law with r, in
contrast to mutual information and conventional correla-
tion functions. To verify that the state is FML away
from the critical point pc, we pick two representative
points below and above the threshold: p = 0.05 < pc and
p = 0.15 > pc. As shown in Fig.1(d), at both points CMI
decays exponentially. These observations imply that in

the large r limit:

I(A:C|B) '

8
<

:

e�r/⇠�(p) p < pc
r�↵ p = pc
e�r/⇠+(p) p > pc

(13)

where ⇠±(p) diverges near the critical point as ⇠± / (p�
pc)�⌫ .
Because the Markov length remains finite in p 2 [0, pc)

and p 2 (pc, 0.5] [55], these intervals constitute two
mixed-state phases. The former is a topologically or-
dered phase containing |t.c.i, and the latter is a triv-
ial phase containing ⇢0.5 /

P
s2loops |si hs|, i.e. a clas-

sical uniform distribution of all closed-loop spin con-
figurations. This state can be obtained by applying
G⇤[·] ⌘ 1

2 (·) +
1
2A⇤(·)A⇤ on each plaquette ⇤ of a prod-

uct state |0i h0|; thus it belongs to a trivial phase.
Similar to other aspects of decohered toric code stud-

ied in [5, 19, 48], the behavior of CMI can also be
understood in terms of the random bond Ising model
(RBIM) along the Nishimori line [56]. Each term in
Eq.(11) can be mapped to a free energy in RBIM (see
SM for detailed mapping and RBIM definition). For in-
stance, H(mAB) = FRBIM,p(AB) + c1|AB|+c2, where

FRBIM,p(AB) is the disorder-averaged free energy of the
RBIM defined on region AB’s dual lattice, and c1,2 are
constants. For non-simply-connected regions B and BC,
the central hole A is treated as a single dual lattice site
in the correponding RBIM. Since A is O(1)-sized, from a
coarse-grained point of view the CMI is:

I(A:C|B) = Fdef(4r)� Fdef(2r), (14)

where Fdef(x) is the free energy cost of introducing a
point defect at the center of RBIM on an x ⇥ x lattice.
The two terms come from H(⇡(mA),mBC)�H(mABC)
and H(⇡(mA),mB)�H(mAB), respectively. The RBIM
has ferromagnetic and paramagnetic phases, separated
by a critical point presumably described by a conformal
field theory, where Fdef(r) has a subleading piece decay-
ing as a power law with r. Thus we expect the scaling
form Eq.(12) to originate from the RBIM critical point.

Sang, Hsieh 2404.07251:  held fixed, lA lB ∼ lc = r Yang, Shi, Lee, 2506.04221: lA ∼ lB ∼ lc = r
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(i) CMI is "UV finite" i.e. non-divergent when .


For now, we also take the limit  so that CMI = .

We will return to the more general case later.
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Notably,  I(A : C |B) − I(A : C′￼|B′￼) = I(A′￼: ΔB |B) ≥ 0

 ⇒
dI

d |x |
≤ 0

Constraint on RG flows from Strong Subadditivity

UV IR

IUV  IIR≥

lBl

2l 2l

lB + Δ
lA B C A′￼ B′￼= BΔB C′￼

x = lB/ξ

[Yu-Hsueh Chen, TG, 2602.04961]
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Due to the limit , 

CMI is only a function of .
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Combination of scaling ansatz and Markovian property of local Gibbs 
states makes this a powerful constraint.

Immediate implication: If the effective Hamiltonian in the IR

  is non-local, then so must be the effective Hamiltonian in the UV.HIR ∼ log(ρIR)
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Combination of scaling ansatz and Markovian property of local Gibbs 
states makes this a powerful constraint.

Immediate implication: If the effective Hamiltonian in the IR

  is non-local, then so must be the effective Hamiltonian in the UV.HIR ∼ log(ρIR)

Flocking 

phaseCritical 2d local Gibbs


state e.g. BKT phase of XY model.

For example, the following is not allowed!

Consistent with the constraint, currently the only way to obtain a flocking phase 

from a Gibbs state is to add long-range dipolar couplings in the UV [Chen, Toner, Lee 2015].
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the CMI can only increase as l is increased at fixed lB . If
the CMI takes the form I(l|lB , t) = [(↵l � lB)/lB ]⌘f(x),
this implies that the anomalous dimension ⌘ must be
non-negative (here (↵l � lB)/lB ⌧ 1). We next briefly
discuss the assumption of UV finiteness of CMI.

In a system described by a local space-time action, the
UV-divergent contributions to entropies defining CMI are
expected to be local functionals of the entangling bound-
ary [40–47], and are therefore expected to cancel in the
combination defining CMI [48]. Indeed, for ground states
of quantum field theories, there is substantial evidence
for this statement based on general arguments [40–47]
and also explicit calculations [49–53]. Although most of
these works focus on ground states of local Hamiltoni-
ans, the arguments leading to the conclusion rely essen-
tially on the fact that the system admits a well defined
continuum limit governed by an action local in space-
time. Therefore, we anticipate that this conclusion holds
also for the CMI of nonequilibrium systems whose den-
sity matrices can be expressed in terms of a local space-
time action e.g. Martin-Siggia-Rose-Janssen-De Domini-
cis (MSRJD) functional [54–57] for the steady state of a
locally-interacting classical many-body system. We will
provide examples later from nonequilibrium systems that
substantiate this expectation. It is also worth noting that
known examples where CMI is not UV finite [44, 58] all
involve systems that do not admit a conventional ther-
modynamic limit, notably fractonic and subsystem sym-
metric systems [59–65]. In such systems, RG itself is
rather unconventional [66–68], and we exclude such sys-
tems from further discussion (nonetheless, Eq.(1) is al-
ways true, and may still be constraining).

Let us derive several implications of the inequality
dCMI(x)/d|x|  0. The key point is that in an RG
flow, CMI(0 < |x| ⌧ 1) will be representative of the
UV fixed point, while CMI(|x| � 1) will correspond to
that of the IR fixed point. In principle, CMI(x = 0)
may di↵er from lim|x|!0+ CMI(x). In the following, we
assume that CMI(x) is continuous at x = 0 along the
RG-relevant flow of this fixed point. Let us consider per-
turbing a Gibbs state of a local Hamiltonian with an arbi-
trary channel of strength p. Such a state may correspond
to a finite-T critical point and can therefore possess rele-
vant RG directions. As recently shown [35], it has a finite
Markov length: CMI decays as I ⇠ I0e�lB/⇠ where ⇠ is
the Markov length corresponding to this state, and I0 is a
finite nonzero constant. Therefore, at the corresponding
RG fixed point (lB/⇠ ! 1), I = 0. By monotonic-
ity, any perturbation of this fixed point cannot desta-
bilize the system toward a state with nonzero CMI. A
similar conclusion was recently derived for specific chan-
nels using microscopic considerations [69]. Another con-
sistency check is that the 1+1-D KPZ fixed point [70]
can be obtained by perturbing a Gaussian Gibbs state
by a relevant non-linear term that breaks detailed bal-
ance. Therefore, the steady state of the 1+1-D KPZ
must also be a Gibbs state of a local Hamiltonian, which
is indeed the case [70]. A more non-trivial application is

FIG. 1. We primarily focus on the geometry shown in (a),
where the full system in d spatial dimensions of size ↵l⇥ ld�1

(↵ is an arbitrary order one number) is partitioned into three
regions: A, B, and C. B is a slab of size lB ⇥ ld�1 that
separates A and C of equal sizes. (b), (c): Other geometries
for which our results can be straightforwardly generalized to
(see main text).

the detailed-balance-breaking perturbation to the Guas-
sian scalar field theory [71] which destabilizes it towards
a nonequilibrium steady state studied in Ref.[72, 73].
Again assuming our aforementioned assumptions hold,
the steady state at this non-trivial fixed point must have
zero CMI and is therefore expected to be Gibbs state of a
local Hamiltonian due to Hammersley–Cli↵ord theorem
[36]. More generally, a fixed point with lower CMI is sta-
ble against perturbations that would drive it toward one
with larger CMI. For example, although a Z2 strong-to-
weak spontaneously symmetry-breaking (SWSSB) fixed
point [74, 75], which has CMI log 2, can be driven to a
trivial state with zero CMI by an infinitesimal perturba-
tion, it is impossible to drive it instead to a Z4 SWSSB
state with CMI log 4 (for completeness, we provide a brief
review of SWSSB in Ref.[39]).
Conversely, if the IR fixed point has infinite Markov

length, the UV fixed point cannot be a Gibbs state of a
local Hamiltonian. This observation has an immediate
implication for the exotic multicritical point identified in
Ref. [76], which flows to the 1+1-D directed percolation
(DP) critical point on the one side of the phase diagram,
and to the 1+1-D KPZ critical point on the other. As
shown recently [77], the 1+1-D DP critical point has
infinite Markov length. Therefore, although the critical
field theory for this multicritical point remains unknown,
the corresponding state cannot be a Gibbs state of a local
Hamiltonian and must have an infinite Markov length.
As an aside, Ref.[77] related the CMI I(A : C|B) at the
1+1-D compact DP fixed point to the escape probability
of a domain wall from region B, again illustrating the
inequality @I/@lB  0. The scaling form I(1|lB , {ti}) =

f({til
1/⌫
B }) was also confirmed analytically.

While we focus primarily on the geometry shown in
Fig. 1(a), our results generalize straightforwardly to
other geometries. For instance, Fig. 1(b) partitions
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Generalization of monotonicity to other geometries

yet another geometry

dI(A : C |B)
d |x |

≤ 0 x = lB/ξ

dI(A : C |B1)
d |x |

≤ 0 x = lB/ξ
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SSB

 quantum or 

classical memory phase

ℤ2

IIR = 2 log(2) or log(2)IUV = 0
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SSB

  SPT ℤ2 × ℤ2

IIR = 2 log(2) IUV = 0



The assumption of UV finiteness of CMI is quite constraining.

⋯ ⋯
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system with geometry→

CMI(A:C|B) fully determined by the entropy  of a block of size :S(x) x

CMI(A : C |B) = − ℓ2 d2S
dx2

x=ℓB

+ O((ℓ/ℓB)3)

A conjecture for any 1+1-D scale 
invariant theory



A conjecture for any 1+1-D scale 
invariant theory

⋯ ⋯
A CB

ℓA = ℓC = ℓ ≪ ℓB

Consider an infinite 

system with geometry→

Scale invariance leads to three distinct possibilities:
(i) S(x) ∼ x /ϵ + (x /ϵ)α, α > 0

(iii) S(x) ∼ x /ϵ + κ log(x /ϵ)
(ii) S(x) ∼ x /ϵ + (x /ϵ)α, α < 0

 CMI UV divergent.⇒
 CMI vanishes.⇒

 CMI ⇒ ∼ κ(ℓ/ℓB)2

[Yu-Hsueh Chen, TG (upcoming)]

CMI(A:C|B) fully determined by the entropy  of a block of size :S(x) x

CMI(A : C |B) = − ℓ2 d2S
dx2

x=ℓB

+ O((ℓ/ℓB)3)

The assumption of UV finiteness of CMI is quite constraining.



This “explains” the CMI exponent for directed percolation in 1+1-d:
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FIG. 2. Markov length analysis of the Domany–Kinzel model
in Eq. (2) at p = q = 0.24 < pc ⇡ 0.295. (a) Logarithm of
the conditional mutual information (CMI), log I(A : C|B), as
a function of time for di↵erent system sizes |B|. (b) log I(A :
C|B) as a function of system size for di↵erent times t, where
the slope determines the Markov length ⇠. We find that ⇠
increases from ⇠ ⇡ 0.67 at t = 10 and saturates to ⇠ ⇡ 1.26
for t � 100.

To see this, we rewrite the update rules in Eq. (2) for the
q = 0 case as

E(# | #, #) = E(" | ", ") = 0,

E(# | ", #) = E(# | #, ") = p.
(5)

The first line of Eq. (5) implies that, apart from ⇢# =
(| #ih# |)1, ⇢" = (| "ih" |)1 is also an absorbing state.
Consequently, the steady-state subspace remains two-
dimensional for all p, and the transition cannot be de-
tected from the steady states alone.

Now we briefly sketch the derivation of Eq.3, and leave
the details to [? ].

CMI along p = q line (Directed Percolation):
We now study the diagonal (p = q) line in the

Domany-Kinzel model numerically using tensor network.

We will exploit the fact that the state vector |⇢i =P
{zj}j2Z

⇢{zj}|{zj}i can be expressed as an matrix prod-

uct state (MPS). The mixed state |⇢(t)i = E t|⇢"i as
a function of time can then be studied using the infi-
nite time-evolving block decimation (iTEBD) algorithm
[3]. We note that choosing ⇢" = (| "ih" |) as an initial
state is crucial, since it is an exact long-time stead when
p = q = 0. If the CMI of ⇢(t) = E t[⇢"] remains finite for
any finite time t, it means that ⇢" and ⇢(t) are two-way
connected through a locally-reversible path [4]. We will
use this property to show that the long-time steady states
when p = q < pc all belong to the same non-equilibrium
phase of matter.

Throughout the simulation, the bond dimension of
MPS is � = 48. The quantitative behavior is un-
changed for t . 400 which is su�cient to probe the
critical phenomena using finite-time scaling. We first
study the local magnetization hZi = tr(⇢Zj) as a func-
tion of time t [see Fig.??(a)]. We consider the mixed state
⇢(t) to have converged to the steady state ⇢(1) when
|hZ(tf )i � hZ(tf � 1)i| < 10�10, at which point the time
evolution is terminated. We find that when p is far way
from pc ⇡ 0.295 (i.e., p = 0.2 and p = 0.4 in Fig.??(a)),
hZ(t)i relaxed exponentially fast to the long-time mag-
netization. On the other hand, when p is very close to
pc (i.e., p = 0.29, 0.295, 0.3 in the Fig.??(a)), hZ(t)i con-
verges very slowly. This is manifested more transpar-
ently from when plotting log(hZ(t)i � Z1) as a function
of time t [see Fig.??(b)], where one can see the almost
perfect linear line when p is far way from pc ⇡ 0.295.
Note that we define Z1 = hZ⌧ i with ⌧ = min(400, tf ).

We now consider study the conditional mutual infor-
mation I(A : C|B), the central quantity of interest, which
can be computed using the sampling technique developed
very recently in Ref.[2].

Let’s first consider the case where we are exactly at
the critical point so that we can focus on the exponents
z and ↵. Fig.??(b) shows the CMI at p = pc ⇡ 0.295 as
a function of time for di↵erent system size. We find that
the CMI for a fixed |B| always increases as a function
of time t while the CMI for a fixed t decreases when
B increases. More importantly, we find that data from
di↵erent sizes can be collapsed almost perfectly with the
following scaling ansatz

I(A : C|B) =
1

|B|↵ f1
⇣

t

|B|z
⌘
, (6)

by choosing z = 1.58 and ↵ = 2 [see Fig.??(d)]. We note
that z matches the dynamical exponent of the (1 + 1)-D
directed percolation z = 1.5807(2) obtained using Monte
Carlo simulation [5]. The data collapse demonstrates in
Fig.??(d) already suggests that the CMI for the long-time
steady state at the critical point decays polynomially as a
function of |B|. This is because for any fix v = t/|B|z >

0 with t ! 1 (so that we are studying the long-time
steady state), one has I(A : C|B) = |B|�↵

f1(v) / |B|�↵.
Therefore, we’ve established that the Markov length ⇠

4

(recall I(A : C|B) ⇠ e
�|B|/⇠) diverges at the critical

point.

To establish that any (active) long-time steady state
in the p < pc regime belongs to the same phase, we now
show that CMI remains exponentially decay as for any
time t as long as p < pc. Fig.??(e) shows CMI as a
function of p for di↵erent system sizes, where we fix the
time to be t = 2|B|z. We also consider the case where
t/|B|z = 1, 3 and the resulting curves are similar. In
Fig.??(e), one clearly observes that the peak of CMI gets
closer to pc ⇡ 0.295 as one increases the system size. Fur-
thermore, we find that data from di↵erent system sizes
can be collapsed almost perfectly with the following scal-
ing ansatz

I(A : C|B) =
1

|B|↵ f2
⇣
(p� pc)|B|1/⌫?), (7)

by choosing ↵ = 2 (same as the one in Eq.(6)) and
⌫? = 1.1. We note that ⌫? matches the perpendic-
ular correlation-length exponent ⌫? = 1.0979(10) ob-

tained from Monte Carlo simulation [5]. This already
suggests that the system has a finite Markov length
⇠ ⇠ 1/|p � pc|⌫? . The fast decay of CMI can also be
seen from the fact that curve f2(x) in Fig.??(f) decays
extremely fast to zero when x � 1.
Finally, we’ve also attempted to check that when p <

pc, the markov length finite. In Fig.??(a), we plot CMI
as a function of time t for di↵erent system sizes when
p = 0.24. We note that since the CMI is so tiny, the
fluctuation due to the finite samples become very large.
However, it’s evident from the log(I(A : C|B))-t plot in
Fig.??(b) that the CMI remains tiny and saturates to the
long-time limit extremely fast.
In summary, our numerics provide compelling evidence

that the Markov length for the long-time steady state
diverges at the critical point pc ⇡ 0.295. On the other
hand, choosing the initial state to be ⇢" = (| "ih" |)1,
with find that the Markov length of ⇢(t) = Et[⇢"] as
a function of time remains finite and ⇢(t) converges to
the long-time steady state ⇢(1) exponentiall fast. This
establishes that all the steady states in the p < pc regime
is two-way connected to one another.
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p = decoherence  ratepc
5

|+i
Lx⇥Ly on a square lattice to the strongly symmet-

ric channel Ehi,ji[·] = (1� p)(·)+ pZiZj(·)ZiZj acting on
all nearest-neighbor pairs [68]. At p = 1/2, the mixed
state takes the form ⇢(1/2) = (I +

Q
j Xj)/2LxLy , which

corresponds to the SWSSB fixed point and can be viewed
as a maximally mixed state projected onto the global Z2

charge-even sector. A key feature distinguishing SWSSB
from both a trivial product state and a maximally mixed
state is that ⇢(1/2) has a CMI of log(2), which arises
from the global constraint and local irrecoverability [69].

The universality class of this transition is the random
bond Ising model’s (RBIM) Nishimori multicriticality,
with a critical point at pc ⇡ 0.109. The CMI can be
computed using the tensor-network method mentioned
in Ref. [88] (see also Refs [89, 90]). Throughout the cal-
culation, the total system size is chosen as Ly = l = 16
and Lx = ↵l = 48. We take region B to be a slab of
size lB ⇥ l with lB < l. The system has open boundary
conditions along both x and y directions.

Fig. 4 shows the CMI as a function of p for various
values of lB . Similar to the TFIM case, for small lB ,
we find that the CMI near the UV fixed point p ⇡ pc is
larger than that at the two IR fixed points p = 0 and
p = 0.5. In particular, it exceeds log 2, reflecting the
fact that the CMI at the IR fixed point p = 0.5 is equal
to log 2. For larger lB and for p close to pc, we observe
apparent violations of this constraint. These deviations
can be attributed to the limited system sizes accessible
in our numerics, namely l = 16 (recall that Eq.2 holds
only when l/lB , l|p�pc|⌫ ! 1). Nevertheless, the mono-
tonicity of the CMI as a function of lB (Eq.1) continues
to hold since it does not rely on CMI being a scaling func-
tion of x. The inset of Fig. 4 shows the CMI as a function

of x = (p � pc)l
1/⌫
B with ⌫ = 1.5 [91]. Data for di↵erent

values of lB collapse well for |x| & 0.2, while deviations
from scaling are visible in the UV regime |x| . 0.2, again
due to finite-size e↵ects. Analytically, we expect that
f(x) ⇠ log(1/|x|) when |x| ⌧ 1, due to the fact that
CMI can be mapped to the the disorder-averaged free
energy of the RBIM along the Nishimori line, which con-
tains universal logarithmic contributions [92]. Finally,
to provide further evidence that the CMI is UV finite
and to minimize finite-size e↵ects arising from additional
length scales, we also consider a geometry in which re-
gions A, B, and C are all l ⇥ l boxes [37]. In this setup,

we find that the CMI I(p, l) is well described by a scal-
ing function f((p�pc) l1/⌫) with ⌫ ⇡ 1.5, consistent with
Ref. [91].
We conclude on a somewhat speculative note. All our

examples were based on lattice models, and it would be
worthwhile to extend the ideas discussed in this work to
systems consisting of motile particles, such as flocks [93–
97]. Since the universal aspects of both lattice mod-
els as well as motile systems can both be captured
by continuum field theories, it is reasonable to antici-
pate that the CMI again takes a scaling form f(lB/⇠),
and is hence monotonic owing to SSA. Now consider
an equilibrium critical point E in 2 + 1D that be-
comes unstable, upon turning on detailed-balance break-
ing perturbations, towards a nonequilibrium fixed point
N controlling an order–disorder transition into a flock-
ing phase O with spontaneous O(2) symmetry break-
ing. In two spatial dimensions such true long-range or-
der is forbidden for local Gibbs states (Mermin–Wagner–
Hohenberg theorem [98, 99]), so it is reasonable to guess
that O—and hence both N and E—will have a diver-
gent Markov length. If so, our monotonicity result im-
plies that E cannot be the Gibbs state of any local
Hamiltonian. This is consistent with controlled calcula-
tions of continuous flocking transitions [100, 101], where
incompressibility—which results in long-ranged dipolar
interactions—provides one route to avoid inhomogene-
ity/phase separation seen close to criticality in compress-
ible flocks [96, 102–106]. In this sense, CMI monotonic-
ity provides an information-theoretic rationale for why
non-locality at an equilibrium UV critical point might
facilitate interesting nonequilibrium fixed points in the
IR. Taken together, our results and such considerations
motivate scaling of CMI as a promising guiding principle
for probing nonequilibrium phase diagrams.
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FIG. 2. (a) The conditional mutual information(CMI) I(A :
C|B) = I(l|lB , p) of the mixed state discussed in Illustration
1 as a function of p for various lB with l = 108(⇡ 1). The
inset shows the data collapse of the scaling ansatz I(l|lB , p) =
f [(p� pc)l

1/⌫
B ] with pc = 1 and ⌫ = 1. (b) The corresponding

RG flow.

for x 2 (�1, 0) [see Fig. 2(a)].
We next analyze f(x) in the critical and stable regimes.

When x approaches 0�, one finds I(1|lB , p) ⇡ log 2 (1+
x/2). In contrast, when x ⌧ 0, I(1|lB , p) ⇡ ex(1�x)/2,
which vanishes exponentially as x ! �1. See Fig. 2(a)
for the scaling function. Note that the limit x ! 0 is
singular because I suddenly drops to zero at x = 0, and
therefore, the UV fixed point in the RG flow shown in
Fig. 2(b) sits at x = 0�. These results are consistent with
the scaling assumption of CMI and its monotonicity.

Finally, we study the case where l = lB + 2r with
r finite and find that I(lB + 2r|lB , p) = (r/lB)⌘f(x)
with the anomalous dimension ⌘ = 2 > 0 [37], consis-
tent with the aformentioned fact that the CMI is mono-
tonically decreasing under increasing l while keeping lB
fixed. We also consider a more general channel by taking
E = E(p, q) in Eq. (4) to be a product of single-site chan-
nels that flip a #(") spin with probability p(q) [37]; the
case p = q was also studied previously in Ref.[86]. Most
features are similar to the q = 0 case. However, we find
that the correlation-length exponent is ⌫ = 2 for q 6= 0,
in contrast to ⌫ = 1 for q = 0.

Illustration 2: CMI of TFIM. The constraints de-
rived above also apply to pure states. Let’s consider the
case when A[B [C spans the whole system so that the
CMI reduces to the mutual information I(A : C). As a
demonstration, we study the CMI of the ground state of
the (1 + 1)D transverse-field Ising model (TFIM) with
Hamiltonian H = �

P
j ZjZj+1 � h

P
j Xj , which can

be computed e�ciently by mapping the system to free
fermions. Throughout the calculation, the total system
size is chosen as l = 12/|h � hc|

⌫ + 1, with ⌫ = 1 and
hc = 1. As we show below, this choice of l is su�ciently
large that the CMI is well described by the scaling form,
which is strictly valid only in the l ! 1 limit.

Fig. 3(a) shows the CMI as a function of lB for var-

FIG. 3. (a) The CMI of the TFIM as a function of lB for
several values of h. The inset shows a data collapse using
the scaling ansatz I(A : C|B) = f [(h � hc)l

1/⌫
B ] with hc = 1

and ⌫ = 1. (b) The CMI as a function of log lB for several
values of h < hc. The insets show the same data plotted as a

function of log
⇣
|h� hc| l1/⌫B

⌘
.

FIG. 4. The CMI for the trivial-to-SWSSB transition in two
spatial dimension as a function of p for various lB . The inset
shows the data collapse with the scaling ansatz I(A : C|B) =

f [(p� pc)l
1/⌫
B ] with pc = 0.109 and ⌫ = 1.5.

ious values of h. The inset displays the CMI as a

function of x = (h � hc)l
1/⌫
B , demonstrating the scal-

ing form I(A : C|B) = f(x). One also observes that
f(x) is monotonically decreasing (increasing) for x 2

(0,1) (x 2 (�1, 0)). Furthermore, when x ! 0�,
f(x) ! �(c/3) log(|x|) + log 2 diverges logarithmically
with central charge c = 1/2. We note that the con-
stant term is well-defined since f(x) is independent of
the UV cuto↵. This behavior can be verified analyt-
ically using the results of Ref. [87], and is also con-
firmed numerically in Fig. 3(b). A similar analysis shows
that f(x) ! �(c/3) log(|x|) diverges logarithmically as
x ! 0+.
Illustration 3: CMI of SWSSB. We now test

the monotonicity constraints by studying the transi-
tion between trivial and strong-to-weak spontaneously
symmetry-breaking (SWSSB) states [68, 69]. The tran-
sition is tuned by subjecting a trivial product state

Due to monotonicity, at the critical point, CMI must exceed log(2).
[Yu-Hsueh Chen, TG,  

2602.04961]
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Lx⇥Ly on a square lattice to the strongly symmet-

ric channel Ehi,ji[·] = (1� p)(·)+ pZiZj(·)ZiZj acting on
all nearest-neighbor pairs [68]. At p = 1/2, the mixed
state takes the form ⇢(1/2) = (I +

Q
j Xj)/2LxLy , which

corresponds to the SWSSB fixed point and can be viewed
as a maximally mixed state projected onto the global Z2

charge-even sector. A key feature distinguishing SWSSB
from both a trivial product state and a maximally mixed
state is that ⇢(1/2) has a CMI of log(2), which arises
from the global constraint and local irrecoverability [69].

The universality class of this transition is the random
bond Ising model’s (RBIM) Nishimori multicriticality,
with a critical point at pc ⇡ 0.109. The CMI can be
computed using the tensor-network method mentioned
in Ref. [88] (see also Refs [89, 90]). Throughout the cal-
culation, the total system size is chosen as Ly = l = 16
and Lx = ↵l = 48. We take region B to be a slab of
size lB ⇥ l with lB < l. The system has open boundary
conditions along both x and y directions.

Fig. 4 shows the CMI as a function of p for various
values of lB . Similar to the TFIM case, for small lB ,
we find that the CMI near the UV fixed point p ⇡ pc is
larger than that at the two IR fixed points p = 0 and
p = 0.5. In particular, it exceeds log 2, reflecting the
fact that the CMI at the IR fixed point p = 0.5 is equal
to log 2. For larger lB and for p close to pc, we observe
apparent violations of this constraint. These deviations
can be attributed to the limited system sizes accessible
in our numerics, namely l = 16 (recall that Eq.2 holds
only when l/lB , l|p�pc|⌫ ! 1). Nevertheless, the mono-
tonicity of the CMI as a function of lB (Eq.1) continues
to hold since it does not rely on CMI being a scaling func-
tion of x. The inset of Fig. 4 shows the CMI as a function

of x = (p � pc)l
1/⌫
B with ⌫ = 1.5 [91]. Data for di↵erent

values of lB collapse well for |x| & 0.2, while deviations
from scaling are visible in the UV regime |x| . 0.2, again
due to finite-size e↵ects. Analytically, we expect that
f(x) ⇠ log(1/|x|) when |x| ⌧ 1, due to the fact that
CMI can be mapped to the the disorder-averaged free
energy of the RBIM along the Nishimori line, which con-
tains universal logarithmic contributions [92]. Finally,
to provide further evidence that the CMI is UV finite
and to minimize finite-size e↵ects arising from additional
length scales, we also consider a geometry in which re-
gions A, B, and C are all l ⇥ l boxes [37]. In this setup,

we find that the CMI I(p, l) is well described by a scal-
ing function f((p�pc) l1/⌫) with ⌫ ⇡ 1.5, consistent with
Ref. [91].
We conclude on a somewhat speculative note. All our

examples were based on lattice models, and it would be
worthwhile to extend the ideas discussed in this work to
systems consisting of motile particles, such as flocks [93–
97]. Since the universal aspects of both lattice mod-
els as well as motile systems can both be captured
by continuum field theories, it is reasonable to antici-
pate that the CMI again takes a scaling form f(lB/⇠),
and is hence monotonic owing to SSA. Now consider
an equilibrium critical point E in 2 + 1D that be-
comes unstable, upon turning on detailed-balance break-
ing perturbations, towards a nonequilibrium fixed point
N controlling an order–disorder transition into a flock-
ing phase O with spontaneous O(2) symmetry break-
ing. In two spatial dimensions such true long-range or-
der is forbidden for local Gibbs states (Mermin–Wagner–
Hohenberg theorem [98, 99]), so it is reasonable to guess
that O—and hence both N and E—will have a diver-
gent Markov length. If so, our monotonicity result im-
plies that E cannot be the Gibbs state of any local
Hamiltonian. This is consistent with controlled calcula-
tions of continuous flocking transitions [100, 101], where
incompressibility—which results in long-ranged dipolar
interactions—provides one route to avoid inhomogene-
ity/phase separation seen close to criticality in compress-
ible flocks [96, 102–106]. In this sense, CMI monotonic-
ity provides an information-theoretic rationale for why
non-locality at an equilibrium UV critical point might
facilitate interesting nonequilibrium fixed points in the
IR. Taken together, our results and such considerations
motivate scaling of CMI as a promising guiding principle
for probing nonequilibrium phase diagrams.
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Strong subadditivity constraint on critical exponents

UV IR

CMIIR  ∼ ( l
lB,IR )

αIR

CMIUV  ∼ ( l
lB,UV )

αUV

lB,UV ≪ lB,IR

Assumption: Above scaling holds for arbitrarily large  at fixed .l lB,UV, lB,IR

Taking l → ∞ ⇒ αUV ≥ αIR

SSA implies CMIUV  CMIIR≥

CMI decays slower in the IR!



Strong subadditivity constraint on critical exponents

UV IR

If , then natural to consider the scaling ansatz,αUV = αIR

CMI = ( ℓ
ℓB )

α

f ( ℓB

ξ ) = ( ℓ
ξ )

α f(x)
xα

where x =
ℓB

ξ

Strong subadditivity then implies that  where .
dg(x)

dx
≤ 0 g(x) =

f(x)
xα



Application to flocking transitions

[Chen, Toner, Lee 2015]

Flocking transition

Dipolar Gaussian Dipolar Wilson-Fisher

Dipolar 

Gaussian

Flocking 

transition

Flocking phase.

Must have long-range

 effective Hamiltonian!

CMI  ∼ ( l
lB )

α 5

limlB/⇠!0 liml/lB!1 CMI = CMI(lB/⇠ = 0, liml/lB!1)

e��
P

hi,ji sisj ! e��(
P

hi,ji sisj+h
P

i si)

↵Dipolar � ↵Flocking transition � ↵Flocking phase

“efficiently certifiable” long-range CMI.



Testing monotonicity in "self-organized criticality"

∂tϕ = μ∇2ϕ + ∇4ϕ + ζ

⟨ζ(x, t)ζ(x', t′￼)⟩ ∼ (a∇2
⊥ + ∇2

∥) δ(x − x')δ(t − t′￼)

[Hwa, Kardar 1989; 
Grinstein, Lee, Sachdev 1990]

Yu-Hsueh Chen, TG

(upcoming)

Steady state distribution  whereρ ∼ e−Hwith precision kernel

H[�] =
1

2

Z
d2k

(2⇡)2
K(k)�k��k, K(k) =

(k2x + k2y)(k
2
x + k2y + ⇠�2)

ak2x + k2y
. (13)

The zero mode is fixed, or equivalently omitted from all determinants. This is the standard
pseudodeterminant prescription for the conserved global mode. The omitted zero mode does not
a↵ect the leading large-X CMI.

The structure of Eq. (13) is the same “relaxation divided by noise” structure that appears in
the linear anisotropic conserving-noise model discussed by Grinstein, Lee, and Sachdev. At ⇠ = 1
one obtains the ultraviolet kernel

KUV(k) =
(k2x + k2y)

2

ak2x + k2y
, (14)

while at distances much larger than ⇠,

KIR(k) ' ⇠�2 k2x + k2y
ak2x + k2y

, (15)

up to an irrelevant overall normalization. Both are nonlocal for a 6= 1. For a = 1, the nonlocality
cancels: KUV = k2 and KIR = constant, so the CMI across a bu↵er region vanishes in the continuum
Markov limit.

2 Decomposition into transverse momenta

Because the y-direction is periodic, we Fourier transform as

�(x, y) =
1p
`

X

n2Z
eiqny�qn(x), qn =

2⇡n

`
. (16)

For a real field, ��q = �⇤
q . Equivalently, for every qn > 0 there are two independent real modes, the

cosine and sine modes. The q = 0 mode gives no A-C conditional coupling in the formulas below
and will be omitted.

Fix a nonzero transverse momentum q. Write

r = |q|, R =
p
q2 + ⇠�2, s =

|q|p
a
. (17)

The one-dimensional precision kernel is

Kq(k) =
(k2 + r2)(k2 +R2)

ak2 + q2
=

1

a

(k2 + r2)(k2 +R2)

k2 + s2
. (18)

Polynomial division gives

Kq(k) =
1

a


k2 + r2 +R2 � s2 +

(r2 � s2)(R2 � s2)

k2 + s2

�
. (19)

Define
m2 = r2 +R2 � s2, � = (r2 � s2)(R2 � s2). (20)
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a ≠ 1
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Anisotropy  leads to long-range interactions in the steady-state 

 expect long-range CMI.

a ≠ 1
⇒

a ≠ 1

Testing monotonicity in "self-organized criticality"

Dynamics of a locally conserved order-parameter (“Model B”) with spatially anisotropic noise.



∂tϕ = μ∇2ϕ + ∇4ϕ + ζ

⟨ζ(x, t)ζ(x', t′￼)⟩ ∼ (a∇2
⊥ + ∇2

∥) δ(x − x')δ(t − t′￼)

[Hwa, Kardar 1989; 
Grinstein, Lee, Sachdev 1990]

Yu-Hsueh Chen, TG

(upcoming)

UV IR is a relevant perturbation:μ
μ = 0 μ ≫ 1

How does CMI monotonicity work here?

a ≠ 1

Testing monotonicity in "self-organized criticality"



∂tϕ = μ∇2ϕ + ∇4ϕ + ζ

⟨ζ(x, t)ζ(x', t′￼)⟩ ∼ (a∇2
⊥ + ∇2

∥) δ(x − x')δ(t − t′￼)

[Hwa, Kardar 1989; 
Grinstein, Lee, Sachdev 1990]

Yu-Hsueh Chen, TG

(upcoming)

UV IR is a relevant perturbation:μ
μ = 0 μ ≫ 1

CMIUV(ℓ ≫ ξ ≫ ℓB) ∼ (a − 1)4 ℓ
ℓB

a ≠ 1

CMIIR(ℓ ≫ ℓB ≫ ξ) ∼ (a − 1)2 ℓ
ℓB

By making anisotropy  sufficiently small, one can apparently

make CMIUV < CMIIR !
(a − 1)

Testing monotonicity in "self-organized criticality"



∂tϕ = μ∇2ϕ + ∇4ϕ + ζ

⟨ζ(x, t)ζ(x', t′￼)⟩ ∼ (a∇2
⊥ + ∇2

∥) δ(x − x')δ(t − t′￼)

[Hwa, Kardar 1989; 
Grinstein, Lee, Sachdev 1990]

Yu-Hsueh Chen, TG

(upcoming)

UV IR is a relevant perturbation:μ
μ = 0 μ ≫ 1

CMIUV(ℓ ≫ ξ ≫ ℓB) ∼ (a − 1)4 ℓ
ℓB

+ (a − 1)2ℓ/ξ

a ≠ 1

CMIIR(ℓ ≫ ℓB ≫ ξ) ∼ (a − 1)2 ℓ
ℓB

However, there is a “subleading” correction, which dominates CMIUV when . 
This correction rescues CMI monotonicity and can be thought of as a consequence of 

strong subadditivity!

1 − a → 0

Testing monotonicity in "self-organized criticality"



Organizing principles?
1. Steady states of long time evolution as fixed-points of RG.

Non-perturbative constraints on RG flows? (e.g. are there any c-theorem type 
statements or anything goes?). Scaling arguments combined with information-
theoretic inequalities are surprisingly powerful.

2. Mixed-state phases as equivalence classes of states connected by 
short-time evolution along which “gap” remains non-zero.

Spontaneous symmetry breaking without symmetry.



Spontaneous symmetry breaking without symmetry

h

Tc

T

The SSB phase in the Gibbs state of Ising model is unstable 
against explicit symmetry breaking, i.e., under the replacement

5

limlB/⇠!0 liml/lB!1 CMI = CMI(lB/⇠ = 0, liml/lB!1)

e��
P

hi,ji sisj ! e��(
P

hi,ji sisj+h
P

i si)

However, this replacement is not achievable via a short-depth 

local channel.

Is the SSB phase perturbatively stable against action of 

arbitrary, explicit symmetry breaking channels?

ρ0 = ( | ↑ ⟩⟨ ↑ | )l + ( | ↓ ⟩⟨ ↓ | )lGiven
ρ = 𝒩[ρ0] = 𝒩[( | ↑ ⟩⟨ ↑ | )l] + 𝒩[( | ↓ ⟩⟨ ↓ | )l]Consider

where  is any p-bounded quantum channel. 

Is  in the same phase of matter as ?

𝒩
ρ ρ0
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shown in Fig.1(c), which is commonly used to extract the
topological entanglement entropy (TEE) [73, 74]. The
same arguments lead to the scaling form I(1|lB , t) =

f(t l1/⌫B ), with df(x)/d|x|  0. This conclusion is rem-
iniscent of the F -theorem, which states that along RG
flows between 2+1-D CFTs, the subleading, universal
constant term in the entanglement entropy of a circu-
lar region—identified with the TEE in topologically or-
dered systems—decreases from the UV to the IR fixed
point [8]. Unlike the F -theorem, our setup does not as-
sume Lorentz invariance. At the same time, unlike F -
theorem, where F is an O(1) universal constant for a
given CFT, CMI for geometry in Fig.1(c) will generically
depend on the shape of the subregions, and the bound
may sometimes be trivially satisfied—e.g., if the UV fixed
point is a 2+1-D CFT, one expects that CMI will be pro-
portional to l/lB [39, 75, 76], and since l/lB � 1, the
bound is not constraining for the IR. Nonetheless, this
setup rules out certain RG flows involving mixed-state(s)
where F-theorem does not apply. Consider perturbing a
Zn SWSSB state. For this geometry, its CMI is zero.
Our result implies that such a state cannot become un-
stable towards an IR fixed point with either a classical or
quantum topological memory, since either of these phases
have a non-zero CMI for this geometry [30].

Bounding CMI via convex decomposition. Next,
we will employ SSA to derive a bound on CMI for a con-
vex sum of density matrices in terms of the CMI of indi-
vidual components. Consider any convex decomposition
⇢ =

P
↵ p↵⇢↵. One can use SSA to bound the CMI of ⇢

using ⇢↵[37]:

I⇢(A : C|B) 
X

↵

p↵I⇢↵(A : C|B) + S�(D|B), (3)

where � =
P

↵ p↵|↵ih↵|D ⌦ ⇢↵. Eq.(3) can be thought
of as the analog Holevo bound, S(⇢)  H({p↵}) +P

↵ p↵S(⇢↵), for CMI.

Eq. (3) implies that if each ⇢↵ has finite Markov length
and S�(D|B) decays exponentially in lB , then ⇢ also
has a finite Markov length. This observation allows one
to assess robustness of spontaneous symmetry-breaking
against generic perturbations, including those that break
the symmetry explicitly. As a concrete example, consider
the classical mixture ⇢0 = 1

2 (| "ih" |)N + 1
2 (| #ih# |)N

which describes the zero-temperature limit of the clas-
sical Ising model in any dimension and has long range
hZiZji correlations. Applying a p-bounded channel E of
stength p [77] to ⇢0 leads to a natural decomposition,

⇢ = 1
2 E

⇥
(| "ih" |)⌦N

⇤
+ 1

2 E
⇥
(| #ih# |)⌦N

⇤
. (4)

Under the assumption that a trivial product state (e.g.,
(| "ih" |)N ) remains robust under the action of E (i.e.,
the corresponding Markov length remains finite for su�-
ciently small, non-zero p), the first term in Eq. (3) decays
exponentially with lB . This assumption is equivalent to
requiring that the trivial phase corresponding to a prod-

uct state is a stable phase of matter for su�ciently small
p, which has been proven in Ref. [78] for a broad class of
channels. Moreover, Fano’s inequality [79] implies that
S�(D|B) also decays exponentially for any p-bounded lo-
cal channel with su�ciently small p. Therefore, for su�-
ciently small p, the Markov length remains finite and the
decohered density matrix is in the same phase of matter
as ⇢0 [29, 30]. We briefly comment on generalization to
other binary classical codes in Ref. [37].

We will now consider a few additional applica-
tions/demonstrations of our general results.

Illustration 1: Stability of classical SSB and its
RG flow. We study a simple model that illustrates
all inequalities discussed above. We subject the state
⇢0 = 1

2 (| "ih" |)l + 1
2 (| #ih# |)l in d = 1 to a channel E(p)

that on each site independently flips a # spin with prob-
ability p while leaving an " spin invariant. The resulting
one-parameter family of mixed states can be explicitly
written as ⇢(p) = 1

2 (| "ih" |)l+ 1
2 [(1�p)| #ih# |+p| "ih" |]l.

We first note that ⇢(p) is not a Gibbs state of a local
Hamiltonian. This is because the probability of observing
| "i

⇤ in any finite region ⇤ of ⇢(p) is always greater than
1/2, in violation of the alignment-suppression property
that holds for any finite-temperature Gibbs state [80, 81].
Since ⇢(p) = E(p)[⇢0], where ⇢0 is a classical symmetry-
breaking state and E(p) is an order-one-depth local chan-
nel, verifying that ⇢(p) has a finite Markov length is
su�cient to guarantee the existence of a reverse chan-
nel E�1 such that E

�1[⇢(p)] = ⇢0 [29, 30]. As an aside,
let T denote any Z2-symmetric channel whose long-time
steady state is ⇢0. The existence of E

�1 then implies
that one can construct a local channel ETE�1 whose
long-time steady state is ⇢(p), namely a state with long-
range order, but which does not have the Ising symmetry,
i.e.

Q
i Xi ⇢(p)

Q
i Xi 6= ⇢(p) [82]. This is reminiscent of

Toom’s automata [83, 84].

Let’s employ Eq. (3) to show that ⇢(p) is two-way
connected to ⇢0 for su�ciently small p. Since both
E [(| "ih" |)l] and E [(| #ih# |)l] are product states, the
first term on the right-hand side of Eq. (3) vanishes. It
then follows that I⇢(A : C|B)  S�(D|B), and hence
I⇢(A : C|B) decays exponentially whenever S�(D|B) de-
cays exponentially. This holds for any p-bounded noise
with su�ciently small p [85]. Next, we study the CMI of
⇢ explicitly in the limit l ! 1 to illustrate that the
CMI is an RG invariant in this limit and to demon-
strate the monotonicity of the associated scaling func-
tion. A straightforward calculation yields I(1|lB , p) =
1
2 (1 + plB ) log

�
1 + plB

�
�

1
2p

lB log
�
plB

�
. In the limit

✏ ⌘ (p � 1) ! 0� and lB ! 1 with x = ✏lB held fixed,
one finds

I(1|lB , p) ⇡ f(x) ⌘ 1
2

⇥
(1+ex) log(1 + ex)�xex

⇤
. (5)

This result identifies pc = 1 and the correlation-length
exponent ⌫ = 1, and more importantly shows that
I(1|lB , p) is UV finite. It is also straightforward to verify
that the scaling function f(x) is monotonically increasing

Using SSA, one can show that given a state of the form
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exponentially with lB . This assumption is equivalent to
requiring that the trivial phase corresponding to a prod-

uct state is a stable phase of matter for su�ciently small
p, which has been proven in Ref. [78] for a broad class of
channels. Moreover, Fano’s inequality [79] implies that
S�(D|B) also decays exponentially for any p-bounded lo-
cal channel with su�ciently small p. Therefore, for su�-
ciently small p, the Markov length remains finite and the
decohered density matrix is in the same phase of matter
as ⇢0 [29, 30]. We briefly comment on generalization to
other binary classical codes in Ref. [37].

We will now consider a few additional applica-
tions/demonstrations of our general results.

Illustration 1: Stability of classical SSB and its
RG flow. We study a simple model that illustrates
all inequalities discussed above. We subject the state
⇢0 = 1

2 (| "ih" |)l + 1
2 (| #ih# |)l in d = 1 to a channel E(p)

that on each site independently flips a # spin with prob-
ability p while leaving an " spin invariant. The resulting
one-parameter family of mixed states can be explicitly
written as ⇢(p) = 1

2 (| "ih" |)l+ 1
2 [(1�p)| #ih# |+p| "ih" |]l.

We first note that ⇢(p) is not a Gibbs state of a local
Hamiltonian. This is because the probability of observing
| "i

⇤ in any finite region ⇤ of ⇢(p) is always greater than
1/2, in violation of the alignment-suppression property
that holds for any finite-temperature Gibbs state [80, 81].
Since ⇢(p) = E(p)[⇢0], where ⇢0 is a classical symmetry-
breaking state and E(p) is an order-one-depth local chan-
nel, verifying that ⇢(p) has a finite Markov length is
su�cient to guarantee the existence of a reverse chan-
nel E�1 such that E

�1[⇢(p)] = ⇢0 [29, 30]. As an aside,
let T denote any Z2-symmetric channel whose long-time
steady state is ⇢0. The existence of E

�1 then implies
that one can construct a local channel ETE�1 whose
long-time steady state is ⇢(p), namely a state with long-
range order, but which does not have the Ising symmetry,
i.e.

Q
i Xi ⇢(p)

Q
i Xi 6= ⇢(p) [82]. This is reminiscent of

Toom’s automata [83, 84].

Let’s employ Eq. (3) to show that ⇢(p) is two-way
connected to ⇢0 for su�ciently small p. Since both
E [(| "ih" |)l] and E [(| #ih# |)l] are product states, the
first term on the right-hand side of Eq. (3) vanishes. It
then follows that I⇢(A : C|B)  S�(D|B), and hence
I⇢(A : C|B) decays exponentially whenever S�(D|B) de-
cays exponentially. This holds for any p-bounded noise
with su�ciently small p [85]. Next, we study the CMI of
⇢ explicitly in the limit l ! 1 to illustrate that the
CMI is an RG invariant in this limit and to demon-
strate the monotonicity of the associated scaling func-
tion. A straightforward calculation yields I(1|lB , p) =
1
2 (1 + plB ) log

�
1 + plB

�
�

1
2p

lB log
�
plB

�
. In the limit

✏ ⌘ (p � 1) ! 0� and lB ! 1 with x = ✏lB held fixed,
one finds

I(1|lB , p) ⇡ f(x) ⌘ 1
2

⇥
(1+ex) log(1 + ex)�xex

⇤
. (5)

This result identifies pc = 1 and the correlation-length
exponent ⌫ = 1, and more importantly shows that
I(1|lB , p) is UV finite. It is also straightforward to verify
that the scaling function f(x) is monotonically increasing
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shown in Fig.1(c), which is commonly used to extract the
topological entanglement entropy (TEE) [73, 74]. The
same arguments lead to the scaling form I(1|lB , t) =

f(t l1/⌫B ), with df(x)/d|x|  0. This conclusion is rem-
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dered systems—decreases from the UV to the IR fixed
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Bounding CMI via convex decomposition. Next,
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⇢ =

P
↵ p↵⇢↵. One can use SSA to bound the CMI of ⇢
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I⇢(A : C|B) 
X

↵

p↵I⇢↵(A : C|B) + S�(D|B), (3)

where � =
P
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where

ρ = 𝒩[ρ0] = 𝒩[( | ↑ ⟩⟨ ↑ | )l] + 𝒩[( | ↓ ⟩⟨ ↓ | )l]Consider

where  is any p-bounded local channel.𝒩

Assuming that the trivial state is a stable phase of matter,

both terms in the inequality decay exponentially.

Decodability of repetition code  .⇒ Sσ(D |B) ∼ e−|B|/ξ′￼

   is in the same phase of matter as .⇒ Iρ(A : C |B) ∼ e−lB/ξ ⇒ ρ ρ0

 "inverse" channel , such that .∃ 𝒩−1 ρ0 = 𝒩−1[ρ]



Consider a local channel  (e.g. Glauber dynamics) whose long-time steady state is the Ising 
SSB state    . Then the corrupted, non-symmetric state  is 

the long-time steady state of , a local channel without Ising symmetry.

T
ρ0 = ( | ↑ ⟩⟨ ↑ | )l + ( | ↓ ⟩⟨ ↓ | )l ρ

𝒩ρ0→ρT𝒩−1
ρ→ρ0

Therefore, in the steady state, one obtains "symmetry breaking" (long-range order) 
without any unitary symmetry. This is a generic phenomena, and also reminiscent of 

Toom's automata.
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FIG. 1. Phase diagram of the NEC system, for noise

parameters p and q, with amplitude = p + q and bias= (p —q)/(p+ q).

phase region is a narrow metastable zone (demarcated 1 I I

on the right by dashed lines), in which large islands of
V)

the favored phase grow but small islands shrink. A lg

critical exponent of 3.0 + 0.4 was found for the vertical lQ two
width of the two-phase region as a function of noise phase
amplitude (p+ q) below the critical point. Other runs region
on one-phase systems with unbiased noise p = q yield-
ed the value P = 0.122 +0.01 for the exponent describ-
ing magnetization as a function of noise amplitude
below the critical point.
Besides being irreversible, the NEC model differs

from conventional kinetic Ising models in having syn-
chronous updating. However, preliminary runs in
which only a fraction (—, to —„)of the spins are updat-
ed at each time step indicate that even a fully asyn-
chronous NEC model would have a qualitatively similar phase diagram. We also explored an analytically solvable
mean-field approximation to the NEC rule, based on the recurrence relation

R (m) = —1+ [p(1—m) +3p(1—m)2(1+m)+3(1 —q)(1—m)(1+ m) + (1—q)(1+m) ]/4,
where R(m) is the magnetization at time t+1 as a function of that at time t. Here, too, the phase diagram was
similar, except that there was no metastable zone, and the critical exponents were —, (for the two-phase region
width) and —,

' (for P).
The equivalent (d+1) dimensi-onal Hamiltonian, and its free energy. We now—review the construction of an

equivalent (d+ 1)-dimensional Hamiltonian model for an arbitrary (in general irreversible) d-dimensional CA, '2
and show why the former can have multiple stable phases over a set of finite measure in the parameter space of the
latter. The possible time histories X(0),X(1), . . . , X(t) of a d-dimensional CA can be viewed as configurations
of a (d+1)-dimensional lattice with one boundary fixed at X(0), the initial state of the CA. The probability
P (X(0),X(1), . . . , X(t) ) of such a history may be expressed as the product
P (X(1)/X(0) )P (X(2)/X(1) ) . P(X( t)/X(t 1)), —

where P(X(l+ I)/X(l) ) denotes the conditional probability for the CA to be in state X(l+ I) at time t+ I given
that it was in state X(i) at time i.
By defining
H(X( t + 1),X( i) ) = —ln [P(X(i+ 1)/X(i) ) ],

we cast the history probability in the familiar form of a Boltzmann factor (taking kT = 1):

P (X(0),X(1), . . . , X ( t) ) = exp —XH(X (i + 1),X(i)),i=0
with H playing the role of an effective Hamiltonian
coupling adjacent d-dimensional time slices. All prop-
erties of the CA can thus be expressed as canonical-
ensemble averages of the (d+1)-dimensional system
defined by Hamiltonian H. The (d+1)-dimensional
model has the remarkable feature8 that its free energy
is identically zero regardless of the CA s initial condi-
tion or transition probabilities. This follows from the
normalization of these probabilities [for each X(i), the
sum over X(i+1) of P(X(i+1)/X(i)) must be 1),
which in turn implies that the (d+1)-dimensional
partition function is 1. In the thermodynamic limit
any stable phase of the d-dimensional system is a
stable phase of the (d+1)-dimensional system; there-
fore, if a d-dimensional CA has multiple stable phases,
its corresponding (d + 1)-dimensional Hamiltonian
model will also, all with zero free energy.
The preceding argument holds whether X(0),

! X(1), etc. , represent time steps of a synchronous
model, or discrete-time snapshots of an asynchronous
(master equation) model evolving in continuous time.
However, in the synchronous case, because transitions
at all sites in the same time slice are independent, the
equivalent Hamiltonian is of a generalized Ising form,
being a sum of local terms H(y, x) = —inP(y/x),
where P(y/x) is the conditional probability that a site
will be in state y at time t+ 1, given that its neighbor-
hood was in state x at time t. The normalization con-
straint, viz. , that for each x, the sum over y of P(y/x)
be 1, restricts the GIM to a lower-dimensional surface
in the parameter space of its coupling constants, on
which the free energy is zero.
In the case of metastable phases the (d + 1)-

dimensional free energy per space-time site is not 0
but —ln(1 —I ) =I, where I is the nucleation rate
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[Toom 1974, Bennett,  
Grinstein 1985]

Spontaneous symmetry breaking without symmetry

Open ball where SSB exists

without any unitary symmetry

0-form 

SSB fixed point



Summary

Strong subadditivity constrains non-equilibrium phase diagrams.

CMI not only defines phases of matter, but also informs their stability.

Spontaneous symmetry breaking without symmetry is a generic feature of

 non-equilibrium systems.

UV IR
CMIUV  CMIIR≥

Field-theory substantiation of the UV finiteness of CMI? 

Analytic calculation of universal CMI scaling function?

More exploration of non-equilibrium phase diagrams and interplay with CMI (2+1-D DP, KPZ,…) 

Future directions…

Better numerical algorithms to calculate CMI in d > 1? 
(let’s ask Google to fund “alpha-CMI”! 😉)

Open ball where SSB exists

without any unitary symmetry

0-form 

SSB fixed point
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calculation results in
3 3

pg = Q e 2B i6V + 8(B,ltv, v ) (Sa)

FIG. 1. Renormalization group How in coupling constant
space, generated by Eqs. (5). The arrows indicate the direction
of the flow. (a)—(d) label the fixed points described in the text.

P„=—v e —4u ——,6v + 8(u~, uv, v~) . (5b)7 9

Setting p„= p„= 0, we find four fixed points, located at

(a) u' = v" = 0, (b) u" = 3e, v* = 0, (c) u* = 0, v" =
16 8 ~ 16
9 &, and (d) u* = » e, v* = —33e. Clearly, (a) is Gauss-
ian and (b) corresponds to the Wilson-Fisher fixed point
[12]. The other two fixed points, (c) and (d), which have
v* + 0, do not appear in model A.
The stability of the fixed points is determined by the

eigenvalues A1 and A2 of the matrix
M(u*, v*) —=

l

(g
&~.p. ~.p. ] '

evaluated at the fixed points. For the Gaussian fixed
point (a), we find Ai = A2 = —e. Thus, it is unstable
(stable) for d ( 4 (d ) 4), consistent with the upper
critical dimension of the theory being 4. The Wilson-
Fisher fixed point (b) has eigenvalues At = e and Az =
e/6, so that itis stable (unstable) ford ( 4 (d ) 4). Both
of the new fixed points are hyperbolic, with eigenvalues e
and —2e/3 for (c) and e and —2e/11 at fixed point (d).
The Qow diagram associated with (5) is shown in

Fig. 1. For our model, only the first quadrant is physical,
since v ~ E2, and u must be positive for stability reasons.
The heavy solid lines mark the separatricies forming the
boundary of the domain of attraction of the Wilson-Fisher
fixed point. The two axes, u = 0, v 4 0 and u 4 0,
v = 0, are invariant lines (to all orders in e). Thus,
systems with, say, u = 0 at some initial length scale are
closed under the RG, i.e., the fiow will not generate a
nonvanishing u at larger length scales. The invariant
line u 4 0, v = 0 obviously corresponds to model A. The
dynamics along the second invariant line, u = 0, v 4 0,
has also been studied recently [17].

Although the present calculation does not proceed
beyond the one-loop level, we expect that, at least for
small e, the qualitative topology of the flow near the
origin in coupling constant space will not change at
higher orders. Also, we do not anticipate that any of the
naively irrelevant operators acquire such large anomalous
dimensions as to become relevant near the Wilson-Fisher
fixed point. Barring such difficulties which might affect
the extrapolation of our results to physical dimensions, we
arrive at the following conclusions.
For d = 4 —e, the stable fixed point closest to

the origin is the Wilson-Fisher fixed point. Here,
v and hence E vanish, so that the fixed point the-
ory is just model A. Thus, the dynamic universality
class of model A encompasses a wide range of driven
Ising-like systems, provided their dynamics is (i) local,
(ii) nonconserving, and (iii) does not involve slow fields
other than a scalar order parameter. We emphasize,
however, that only the fixed point, and hence the leading
critical singularities, of these systems are controlled by
model A. Their subdominate singularities are determined
by irrelevant operators which are expected to differ,
depending on the specifics of the microscopic rates.
Clearly, properties (i)—(iii) play an important role.

Nonlocal dynamics, involving, e.g., long-ranged ex-
changes in addition to local spin fiips [18], or simulta-
neous updates of whole clusters [19], exhibit dynamic
critical behavior different from model A, though they
may still be Hamiltonian on mesoscopic scales. Cou-
pling s to additional conserved quantities can easily
generate nonmodel A-type critical dynamics, already
for equilibrium theories [8]. Models involving other,
nonconserved ordering fields beyond an Ising-like order
parameter have (to our knowledge) not yet been fully
investigated, given the large range of possible theories.
Finally, we comment briefly on comparisons with com-

puter simulations in d = 2. Models satisfying the criteria
established by Grinstein et al. [11]include spin systems
with spin-flip dynamics, coupled in various ways to two
heat baths at different temperatures. These systems unam-
biguously exhibit model A critical behavior [3]. To test
our extension of these criteria, the microscopic dynamics
must break the up-down symmetry. Wang et al. [20] sim-
ulated a model of this type, adding a fraction p of Glauber
spin flips to the spin-exchange dynamics of the uniformly
driven Ising lattice gas [3]. The drive here acts as a spa-
tial bias, such that up (down) spins move preferentially
along (against) a specific lattice direction. Such an ef-
fect clearly breaks the up-down symmetry. The induced
steady-state current is modeled by an extra term 8/2 in
the Langevin equation [10]. For p = 0, the dynamics
is conserved, which, in conjunction with the bias, gives
rise to strongly anisotropic universal behavior, character-
ized by anisotropic critical indices [10,1]. On the other
hand, p = 1 correspond to the equilibrium Ising model
with Glauber dynamics. Thus, for 0 ~ p ( 1, the model
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∂tϕ = ∇2ϕ − uϕ3 + v∂xϕ2 + ζ

Gaussian 
(local Gibbs)

Wilson-Fisher

breaks 

detailed balance

Based on monotonicity, this fixed point expected to be local Gibbs

but has exactly known exponents that do not correspond to


 any known equilibrium universality [Hwa, Kardar 1989]

UV IR
Gibbs state of 


local, Gaussian H

λ
2+1-D KPZ 

fixed-point

CMI = 0

Is 2+1-D KPZ steady-
state a local Gibbs state?

CMI  0?=

∂th(x, t) = ν∇2h(x, t) + λ(∇h)2 + ζ(x, t)2+1-D KPZ:

A couple puzzles

[Bassler, Schmittmann 1994]


