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This work:

VWe develop a unified framework for non-equilibrium FQH edge transport
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Our work provides

* A Keldysh action and generating functional for the chiral Luttinger liquio
e OOE Green’s functions for generic edge guasiparticle excitations
-ull counting statistics (FCS) of charge

—Xressions for tunne
dentifies experimenta

INg cu

rent and

signa

ures of a

Demonstrates fractionalizations of bot
multiple, interacting edge modes (see paper)

noise far from equilibrium
Nyonic braiding

N charge and braiding angles for edges with
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Ihe Laugnlin edge

R. B. Laughlin: Phys. Rev. Lett. 50, 1395 (1983)
X.-G. Wen: Int. J. Mod. Phys B 06, 1711 (1992)

For filling factor v=—, me2Z+1,

The chiral Luttinger liquid action S=S8,+ Sy

1
So = o= L dtde 0,,(x, 1) [—ndt = vdx] ¢, (x, 1)
N, (x, 1)

27

Sy = J dt[dx V,(x, 1)

Chirality: right or left mover n==%x1

Non-universal edge velocity V



Commutation relations



Commutation relations

—dge density px, 1) = 2;7][ 0, p(x, 1)



Commutation relations

H
—dge density p(x, 1) = > 0, p(x, 1)

Anomalous commutators
P(x), p(»)| = nimvsgn(x — y)

i
p(x), p()| = - v —0,5(x = y)



Commutation relations

_ H
—dge density p(x, 1) = > 0, p(x, 1)

Anomalous commutators
P(x), p(»)| = nimvsgn(x — y)

i
p(x), p()| = - v —0,5(x = y)

These relations encode the topological order of the bulk via the edge theory
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Quasiparticle operators

Vertex operators i (x, 1) ~ e PP0eD

Creates excitations with

Charge e, = nve

Statistics 0, = an“v

For two different excitations, 1//,,1 and '/f,jz
Braiding angle  20,, = 2ann,v

VWe will see how Green’s functions can depend on such braiding angles
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<Kelaysh contour

Out-of-equilibrium conditions distinguish future from past: need of time contour

//t:
[ = — 00 >t=oo
g =
Jdt(...)z Zﬂj de(...)
C u==+1 — 00

The price to pay iIn comparison to equiliorium is keeping track of Keldysh indices

Basis change, Keldysh rotation:

b, 52 (¢+ T ¢—)/\/§
p.P = (p, £ p )2
V,.V=(V, £ V.)/2.
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Key object: the generating functiona

A. Kamenev: Field Theory of Non-Equilibrium Systems (2011); D. B. Gutman et al.: Phys. Rev. B 81, 085436 (2010)

The generating functional encodes all correlation functions

ZIV,V] = <€XP {i (Vo + Vp) }> =R Depends only on V!
50

State-independent part (chiral anomaly, advanced polarization bubble) S

nq

Il (g, w) =
olq> @) 271 nvg — @ + 10+

State-dependent fluctuation part

o0 ‘n

F[V] = exp ( Z %V”CS’”) S (X1t ..3%,,1) = ({plxi, t)...p(x,, 1))

n=2

Central finding: The entire non-equilibrium part is determined by the density fluctuations (FCS)!
9
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—luctuations are represented as a determinant

NMany-body trace = single particle determinant

1
v

FIV] = {Det[l + (e — 1)f(e)| } = {A[é‘—,(t)]}%,
op(t) = y\/EJ' dt' Vinv(t' + 1), 1] J(€)
_ (Generic distribution function of fermions

Scattering phase in potential . )
Ansatz: anyons follow™ the electrons

The determinant is highly non-trivial since e, t] = 1
The effective bosonic action of density fields is generally not free (Gaussian):

elPPl = J@V@V ZIV,V]e VP=iVr = ¢~ P F[,- 1T 5]

10
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_ -
F[V] — CXPp ( 2 JV §n> CS)n(.Xl, tl’ - °'°;xn’ tn) — <<,0(X1, tl)“'p(xn’ tn)>>
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Only In equilibrium is the bosonic action Gaussian

0 ‘N

_ I —
F[V] = CXP ( Z mv CS3n> oS’n(xl, tl? I (S tn) — <<p(X1, tl)“'p(xn’ tn)>>

n=2

N equilibrium, only n = 2 contributes: quadratic (Gaussian) theory

L
ZUP[H lx P

|
Slp,pl = — P I, 'p

[T 1] = — I T I,

(0)]
COth 3T

All correlation functions are known: use to benchmark our theory!

11
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—ull counting statistics of charge

The FCS generating function

K( /1, X, T) - < ei/IQ(xO,T)/e e—i/IQ(xO,O)/e>
X0
Oxy, 7) = e[ dxp(x, 7)
—00

<<(5Q)k>> = (iedl)kln K(4, X0, T) [1-0

VWe derive the determinant representation

1%

k(A X, 7) = {Det[l + (70 — 1)f(e) }

The scattering phase is 0,(1) = Avw,(1,0)

a "Window" function
m l‘

0 T

12
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Alo ()] ~ exp |

—quiliorium

1
f€) = ——

Tr)?
K(4, Xy, T) = e an
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cvaluating a Toeplitz-Fredholm determinant

L ong-time asymptotic obtained by the Szego limit theorem (OK for 4 < 7/2)

Alo ()] ~ exp |

—quiliorium

1
f€) = ——

Tr)?
K(4, Xy, T) = e an

N

- A | ;
J de{ln[l + (77 — Df(e)] } +
—A .

Proper regularization
and normalization

OOE: double step

fle)=ITO(—e+rveV)+ (1 — T)BO(—e¢)

eVT

K(4, Xy, T) e 2=

(- 7« 1

Te (5O = () ()
(60 = 4 57 1Ok VeV Tz
0, otherwise (Q) = 2T

(Gaussian statistics

Poissonian statistics

13



(5reen’s functions

14



(5reen’s functions

Lesser and greater GFs
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2ra

G(0) = + (DY 0)) = S——(T,e 70009,
td
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A. Kamenev: Field Theory of Non-Equilibrium Systems (2011)

Lesser and greater GFs
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(5reen’s functions

A. Kamenev: Field Theory of Non-Equilibrium Systems (2011)

Lesser and greater GFs

(1) = — (Y (OW(0)) = ——(T,e-09=inb.00)
2ra
G(2) = + iy (DY, 0) = o—(T,e7"-00 .00,
27a
Light-cone variable =1 — b —nlx; —x)/v

Path integral representation of, e.g., greater GF for n = 1 (Laughlin anyon)

©> (1) = = [@ D171z 40 ~ 400 70 - FO0)
27a

With the action S0Pl = =P TP F T, 5] = e~ v/ a7 L AT p]}

14
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Path integral representation

$(0,7) — ¢(0,0) — (0,7) — $(0,0)]

Z7 (1) = [@p@ﬁe"pn pA[v_IHa p]e\f[ p x 0.¢

27m

=(¢
\/_
27m [S%p {A[éV(t)]} e

V=y-111p
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27m
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27m

where

N0,Do((X, 1) + 0. vp (X, 1) = — nu%é(x)(é(t —7T) — 5(t))

15



The integral over the classical field is Gaussian

Path integral representation

7 —[¢(0,2) — $(0,0) — $(0,7) — ¢(0,0)]

Z7 (1) = [@p@ﬁe‘ﬂgn pA[v_IHa plev? p x 0.¢

Zﬂq

=(¢
—=
27m [@p {A[(Sv(t)]} e

V=v-11I1p

$(0,7) + $(0,0))

5 (P — Do)

where

N0,Do((X, 1) + 0. vp (X, 1) = — m/%é(x)(é(t —7T) — 5(t))

Putting back again gives

= +l Determinant normalized to
after proper reqularization €= Alo (1 R
PIOPSTES (7) = 27a <a+lw> VAl ()]} Zero temperature distrioution
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Path integral representation

7 —[¢(0,2) — $(0,0) — $(0,7) — ¢(0,0)]

Z7 (1) = [@p@ﬁe‘ﬂgn pA[v_IHa plev? p x 0.¢

Zﬂq

=(¢
v
27m [@p {A[(Sv(t)]} e

V=v-11I1p

$(0,7) + $(0,0))

0 (/0 psol)

where

N0,Do((X, 1) + 0. vp (X, 1) = — nu%é(x)(é(t —7T) — 5(t))

Putting back again gives i

after proper regularization gz(f)=_< " ) { NG (t)]} Determinant normalized to
a=xivr

/ero temperature distribution

2ra

with the scattering phase 0(t) = 2avw (1,0)

15
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Generally, for injecting particles of type ny and probing correlations of type n,

n n,
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(Generic expression of OOE GFS

Generally, for injecting particles of type ny and probing correlations of type n,

n n,

e 4w .

(X1, 1)) (X3, 1)

f%(f[) — +_l ( - _:liVT) K[éf(t)]”_%” ,

2ra

o(1) = 2ann,vw (1,0) = 20,,w (1,0)

GFs probe braiding between injected particles and probed particles

16
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2wa \ axivrt \
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Now 0 < |26, | < 2z, depending on the involved quasiparticles

Take OOE distribution:  f(€) = I O(=e +veV) + (1 —T)B(-¢), T K1

1. Take minimal anyons: 20, = 2xv . Szegd works well

_. %
> Fi a o
G(1) @ — ( > e TulTlg=iovT

a

— 1A _I:_WT/ \

|eV] 5’7(1 — cos(2«912)) _ eVT sin(20),)
Yy = Yy =
¢ VT 21

Non-equilibrium dephasing rate Shift of electro-chemical potential

17
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—valuating a loeplitz-rredholm determinant again

Now 0 < |26, | £ 2r, depending on the involved quasiparticles

Take OOE distribution:  f(€) = I O(=e +veV) + (1 —T)B(-¢), T K1

2. Take 20, = 2nv

* Free fermions
* [njecting anyons and correlations of electrons
* [njecting electrons and correlations of anyons

Szegd FAILS o oo U F( a \T s
COMPLETELY rp=ov=0=¢ (T)_Zna (aiivr) = “e(®

Szego misses additional logarithmic branches in the determinant
(Generalized) Fisher-Hartwig conjecture solves this problem by summing over branches
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Hartwig-Fisher result for the Green’s function

Summing over two logarithmic branches gives, with 0y = 26, , the GFs

2

ng(f) - T q’v exp I | eikVT‘ (1 — e—i5089ﬂ(ei‘<Vf))]< )—%9’ sin<570> exp[i%OSgﬂ(eika)]
27a (a * ivr)h? 27n? | eV |
_ C7 ~
L n 272 2 27 27 (F(ﬁ))z zd%4 _
2r
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Hartwig-Fisher result for the Green’s function

Summing over two logarithmic branches gives, with 0y = 26, , the GFs

2

ng(f) - T q’v exp I | eikVT‘ (1 — e—iéoSgﬂ(e{ka))]< )—%9’ sin(%O) exp[iZ—OSgﬂ(erf)]
27a (a * ivr)h? 27n? | eV |
_ Cr _
L n 272 2 27 27 (F(ﬁ))z zd%4 _
2r

The limit 20,, — 2 correctly reproduces the exact free-fermion result for double step

GX(r) = ——— (1= T + Te )
2na (a £ ivt)
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Quantum point contact geometry

H. Bartolomei et al.: Science 368, 173 (2020); P. Glidic et al.: Phys. Rev. X 13, 011030 (2023
J.-Y. M. Lee et al.: Nature 617, 277 (2023); M. Ruelle et al.: Phys. Rev. X 13, 011031 (2023))
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Quantum point contact geometry

H. Bartolomei et al.: Science 368, 173 (2020); P. Glidic et al.: Phys. Rev. X 13, 011030 (2023
J.-Y. M. Lee et al.: Nature 617, 277 (2023); M. Ruelle et al.: Phys. Rev. X 13, 011031 (2023))

QPC

&

Two Laughlin edges u and d connected by a weak link transferring charges e£‘<
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Tunneling current and noise

Tunneling Hamiftonian
H=AT+A, A= fl//,fzul// )
9 nz,

Tunneling current operator
Ir=—ief(A" - A)

1o leading order (tunneling limit)

() = e¥|& \ZJ 0t [T(=0G> (1) — T2 (0T (=7,

S, = Jdt (SLDSIH0) + SI{0)SI (D) = 2(e)?| & ‘2de (C(-DC> (@) + C(D)E5(=1)|
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Tunneling current and noise

Tunneling Hamiftonian
H=AT+A, A= fw;z,ul//nzd

Tunneling current operator
Ir=—ief(A" - A)

1o leading order (tunneling limit)

(L) = e | & |2J bt [F(—0T3(0) - T2 (0T
5 = Jdt (SLADOI(0) + SIO)I(D) = 2e)? | & \2de C(-DC(0) + G (DG 5(—7)]

Note: All expectation values are taken w.r.t. to the generic input states!
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BSenchmark: standard voltage pias

Inject shifted equilibrium states: f(€) =0O(—e+¢e,V )

—xact determinants (Gaussian theory)

‘H

A[6,(1)]
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BSenchmark: standard voltage pias

Inject shifted equilibrium states: f.€) =0O(—e+¢eV, )

—xact determinants (Gaussian theory)

1
21/
I

/d

P
15 Viya®

A[6,(1)]

n
= e
u

We recover usual results: shot noise probes the tunneling charge

(Ir) e | ex(V, — V) |*7
Sr o 2(eX)? | e(V, — V| >
St e5

F — —_—— — I/nz
2€<IT> €

Scaling dimension

2
¢ = um,
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Non-equiliorium injection
Inject double step distributions (e.9., generated by separate QPCs) with charges e

Jua€) =T 0= +erV,)+ U - ,,)0(—€)

Szegd theorem gives for 260,, # 2n

L
v
/

d ~ e _}/u/dlfle _ia)u/dT

A[5,(1)]

n
U

o
|

vn,e
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Non-equiliorium injection
Inject double step distributions (e.9., generated by separate QPCs) with charges e

Jua€) =T 0= +erV,)+ U - ,,)0(—€)

Szegd theorem gives for 260,, # 2n

[eVyal T ya (1 = cos(26,,)) eV T . sin(26;,)

Yuld = Dyiq =
. 2717/11 27[”1

o
|

vn,e
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Non-equiliorium injection

Tunneling current and nolise

sin|(1 — 2{)tan™'(p)|
(lo, = @+ (7, + 1))

(I7) x e cos(n()

cos|(1 —2&)tan™'(p)]

$\2 a7
r ox (e sine) (|0, — 0 |* + (ru + 722
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Non-equiliorium injection

Tunneling current and nolise

sin|(1 — 2{)tan™'(p)|

(I7) x e cos(n()

Sy o (eX)*sin(zl)

( | W, — Wy ‘2 + (}/u T },d)Z)l/Z—C

cos|(1 —2&)tan™'(p)]

The Fano factor depends on scaling dimension ¢ = vn

S
)

F =
e

2
2

(|w, — wy)* + (, + 7))V

and braiding angle 20, = 2avnn,

cot(w)cot [(1 — 2O)tan~( p)]
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—ano factor vs braiding angle

QPC
C=v 2 ‘m_@ .
Tunneling of ] &
minimal anyon 1 —e @ :
]
w0
-1

5. 02 04 06 o8 1
2912/(27’()

v=1/3 — sk 20,,/Q2n) = 1/3,2/3,1
v=1/5 — % 20,,/Qx) = 1/5,2/5,3/5,4/5,1
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—ano factor vs braiding angle

(=vU

Tunneling of
minimal anyon

L

2
1t
—
O
F = v cot(af)cot|(1 — 2@)(% —0,)]
_1_ 6,, = 6,, mod r, 0<0,<n.
Braiding
20. 02 04 006 0.3 1.
2912/(27’()

v=1/3 — % 20,,/Qx) =1/3,2/3,1

v=1/5 — % 20,,/Qx) = 1/5,2/5,3/5,4/5, 1

-
S
@
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—ano factor vs braiding angle

OPC
(: i 4 2 o ‘ »o—o—\vj o -
Tunneling of Gy
- 1-
minimal anyon —e @ -
w0 ivﬁ\
F = v cot(af)cot|(1 — 2@)(% —0,)]
1_ 6,, = 0,, mod x, 0<0,<n. F=v
Sraiding - o

Irivial braiding

5. 02 04 06 o8 1
2912/(27’()

v=1/3 — sk 20,,/Q2n) = 1/3,2/3,1
v=1/5 — % 20,,/Qx) = 1/5,2/5,3/5,4/5,1
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Physical picture: time-domain braiding

QpPC OPC

i el N

Injected quasiparticles, ny, traid in the time-domain with the tunneling

quasiparticles, n,

20,, = 2nvnn,
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Central messages

A tull non-equilibrium theory of the chiral Luttinger liguid model

Strongly correlated and non-equilibrium setting!

Both FCS and GFs in terms of Fredholm functional determinants of Toeplitz type

Gives information about, e.g., anvonic statistics, 26,

Generalizes 1o any Abelian FOH edge structure (see paper): interactions modify scattering

ohases: fractionalization of both charge and bralding angle

® 1aSL T O -/ 1aSL r P Sy
T RER. B ERSN
2@= L :\ « L ;2

Single mode (this talk) Co-propagating modes Counter-propagating modes
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Outlook

More involved geometries: non-equilibrium MZ and FB interferometers
Time-dependent drives (modulated tunneling)

Relation between FCS and entanglement entropy?

Can we generalize to non-Abelian edge structures?
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Swedish
Research Council

Thank you!

Non-equilibrium bosonization of fractional quantum Hall edges
C. Spanslatt, J. Park, and A. D. Mirlin, arXiv 2603.05088

christian.spanslatt@kau.se
https://sites.google.com/view/christianspanslatt
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—valuation of Fredholm-Toeplitz determinants

loeplitz form .
A[5(1)] = Det[1 + (e 7 — 1)f(e)|

5(1) = &, |O(=1) — O(—1 — 7)|
le, t] =1

Zero temperature

J(€) = B(—€) = fy(e)

o —i05T\/(27)
A [57@)] T=0.V=0 —

(1 + 12/\2)%(3_2)
J€) = fole —efV) = O(—¢e + V)

A[6,(D)]7—y = e TVEDALS (1)]7—0.v=

B L Alo(D]r=gy
{A[éf(t)]ko,v} L= {A[5T(f)]T=(),V=O}

1

—inve(oy/2n) VT] nv

S
—_DI =
T‘

ik
le; Vt

:[e =



—valuation of

~iNite temperature

{Z[ér(t)]T,V} )

—-redholm-loeplitz determinants

J€) = frle —efV) =

ele—efV)IT + 1

L ) <2—ﬂ>2 o —i8oTA/(27)

: X e —19yte; VI(2r)
sinh(z77)

A[éf(t)]T,V — (

2

(1 72A2)%<5>

n3u
;o wlz —ici Ve
sinh(z77)

r—t[\)‘r—k
: ‘
V)

1%

{ Alo(D]7y }
Alo/()17=0,v=0
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—valuation of Fredholm-Toeplitz determinants

Szegd theorem

“‘Symbol' g(z) = exp{U(2)} z=¢% @€ |—n,n]
N ik " dy —igk
Fourier transform UR)= ), U, where U= | ——U()e *.
k=—00 Y 21
N
| arge size N asymptotics det(g) ~ det(gy) =~ exp(NU, + Z kUU_p)

k=1
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—valuation of Fredholm-Toeplitz determinants
Double step fle) = Tfye —exV) + (1 — T)f(e) .

Apply Szego theorem

g(Z — eiﬂG/A) _ [1 4 (e_i50 . l)f(e)]e—ieéo/(ZA) .

Alo(1)] ~ e_i%giefvﬂlf(/\ | 7] )—(ﬂ§+ﬂ12)< )—2ﬂoﬁ1
' | e V]
A[5.(1)] = AloD)] ~ el¢Vhir < : )—2ﬁoﬂ1 .
Al0()]7=0,v=0 eV |
5 ' R
Bo=—Pi—=>, B =—=—sgn(e*V)in[1 + T (e~ HSINGV) _ 1],
2T 2T I

| eV | T
21

K[éf(l‘)] ~ exp (1 — e—i(SOSgﬂ(eVT))




—valuation of Fredholm-Toeplitz determinants

Generalized HIF conjecture m
| ' " — S U® N . 2a. —;
(Symbol with singularities) g(2) = ez =0 ’H\z z| ’hz]ﬂ](Z)Z 7
j=0
eiﬂﬁj, —7z<argz<¢j
hz-,ﬂ.(z) — :
I ] e—lﬂ'ﬂj, €0]< argz<ﬂ.,

Large size asymptotics with sum over logarithm branches

4 kN |-y g 5T
Ay=eo N T |IN 2T T 15—l ][ ea +8)G6a -p)
=0

kg+---+k, =0 j=0 0<j<i<m
bt
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—valuation of Fredholm-Toeplitz determinants

Summing over two logarithmic branches gives, with 0y = 26, , the GFs

2

Fi a™" I |efVr|

C(1) ~ — exp| 1
2na (a %+ ivr)?

T ) 5 0 5 5 - 1 1 -

X |1+ ——e~ 53N VT>/2{—02sm(—0)<2—w(1 L) — (1 - 0)) L < . )2(1—3—9,>}

] n{v 2 2 2T 2 (F(_O))z | e V| _
21

_%9] sin<570> exp[i%OSgn(@ikVT)]

(1 L e—iéoSgﬂ(eikVT))]<

27n? | efVr| )




