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Motivation

Most theoretical descriptions assume

• Equilibrium distributions in injection contacts 
• Weak perturbations from these equilibria

This work: 
We develop a unified framework for non-equilibrium FQH edge transport
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Outline of results

Our work provides

• A Keldysh action and generating functional for the chiral Luttinger liquid
• OOE Green’s functions for generic edge quasiparticle excitations
• Full counting statistics (FCS) of charge
• Expressions for tunneling current and noise far from equilibrium 
• Identifies experimental signatures of anyonic braiding
• Demonstrates fractionalizations of both charge and braiding angles for edges with

multiple, interacting edge modes (see paper)
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The Laughlin edge

For filling factor ν =
1
m

, m ∈ 2ℤ + 1,

The chiral Luttinger liquid action

S0 =
1

4πν ∫c
dt∫ dx ∂xϕμ(x, t)[−η∂t − v∂x] ϕμ(x, t)

SV = ∫c
dt∫ dx Vμ(x, t)

η∂xϕμ(x, t)
2π

S = S0 + SV
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1
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Chirality: right or left mover
Non-universal edge velocity

η = ± 1

v
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Anomalous commutators

These relations encode the topological order of the bulk via the edge theory
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The price to pay in comparison to equilibrium is keeping track of Keldysh indices

ϕ, ϕ = (ϕ+ ± ϕ−)/ 2
ρ, ρ = (ρ+ ± ρ−)/ 2
V, V = (V+ ± V−)/ 2 .

Basis change, Keldysh rotation:

A. Kamenev: Field Theory of Non-Equilibrium Systems (2011)
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Generic distribution function of fermions
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Ansatz: anyons ``follow’' the electrons
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The effective bosonic action of density fields is generally not free (Gaussian):
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In equilibrium, only  contributes: quadratic (Gaussian) theoryn = 2
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ρ Π−1
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All correlation functions are known: use to benchmark our theory!
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eϵ/T + 1
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4π

⟨⟨(δQ)k⟩⟩ =
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2π
, for k=2,

0, otherwise
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κ(λ, x0, τ) ≃ e− eV𝒯τ
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𝒢>(τ) = − i⟨ψn(τ)ψ†
n(0)⟩ =

−i
2πa

⟨Tceinϕ−(0,τ)e−inϕ+(0,0)⟩

𝒢<(τ) = + i⟨ψ†
n(τ)ψn(0)⟩ =

+i
2πa

⟨Tce−inϕ−(0,0)einϕ+(0,τ)⟩ .

Lesser and greater GFs
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𝒢≷(τ) =
∓i
2πa ( a

a ± ivτ )
n2

2ν

Δ[δτ(t)]
1

n2
1ν .

δτ(t) = 2πn1n2νwτ(t,0) = 2θ12wτ(t,0)

GFs probe braiding between injected particles and probed particles

Generally, for injecting particles of type   and probing correlations of type n1 n2

(x1, t1) (x2, t2)

f(ϵ)
n1 n2
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Szegö misses additional logarithmic branches in the determinant 
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𝒢≷(τ) ≃
∓i
2πa

an2
2ν

(a ± ivτ)n2
2ν

exp[−
𝒯 |e*1 Vτ |

2πn2
1

(1 − e−iδ0sgn(e*1 Vτ))]( 1
|e*1 Vτ | )− 2n2

πn1
𝒯 sin( δ0

2 ) exp[i δ0
2 sgn(e*1 Vτ)]

× [1 +
𝒯
n2

1ν
e−iδ0sgn(e*1 Vτ)/2{ δ0

2π2
sin( δ0

2 )(2 − ψ(1 −
δ0

2π
) − ψ(1 +

δ0

2π
)) − e−ie*1 Vτ 1

(Γ( δ0

2π ))2 ( 1
|e*1 Vτ | )2(1− δ0

2π )}]
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u (−τ)𝒢>
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Note: All expectation values are taken w.r.t. to the generic input states!
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Inject shifted equilibrium states: fu/d(ϵ) = Θ(−ϵ + e1Vu/d)

Δ[δτ(t)]
1

n2
1ν

u/d = e−ie*2 Vu/dτ

 Exact determinants (Gaussian theory) 

We recover usual results: shot noise probes the tunneling charge

⟨IT⟩ ∝ e*2 |e*2 (Vu − Vd) |2ζ−1

ST ∝ 2(e*2 )2 |e*2 (Vu − Vd) |2ζ−1

F ≡
ST

2e⟨IT⟩
=

e*2
e

= νn2

ζ = νn2
2

Scaling dimension

C. L. Kane et al.: Phys. Rev. Lett. 72, 724 (1994); Saminadayar et al., PRL 79, 2526 (1997) 
De Picciotto et al., Nature 389, 162 (1997)
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Tunneling current and noise

⟨IT⟩ ∝ e*2 cos(πζ)
sin[(1 − 2ζ)tan−1(p)]

( |ωu − ωd |2 + (γu + γd)2)1/2−ζ

ST ∝ (e*2 )2sin(πζ)
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( |ωu − ωd |2 + (γu + γd)2)1/2−ζ
.
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Tunneling current and noise

⟨IT⟩ ∝ e*2 cos(πζ)
sin[(1 − 2ζ)tan−1(p)]

( |ωu − ωd |2 + (γu + γd)2)1/2−ζ

ST ∝ (e*2 )2sin(πζ)
cos[(1 − 2ζ)tan−1(p)]

( |ωu − ωd |2 + (γu + γd)2)1/2−ζ
.

F =
e*2
|e |

cot(πζ)cot[(1 − 2ζ)tan−1(p)]

p =
eVu𝒯u − eVd𝒯d

|eVu𝒯u | + |eVd𝒯d |
cot(θ12)

The Fano factor depends on scaling dimension  and braiding angle ζ = νn2
2 2θ12 = 2πνn1n2
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π
2

− θ̃12)]

θ̃12 = θ12 mod π , 0 < θ̃12 < π .

Braiding 
F = ν

Trivial braiding 
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QPC QPC

+

Injected quasiparticles, , braid in the time-domain with the tunneling 
quasiparticles, 

n1
n2

2θ12 = 2πνn1n2

C. Han, J. Park, Y. Gefen et al.: Nat. Commun. 7, 11131 (2016); H. Bartolomei et al.: Science 368, 173 (2020); P. Glidic et al.: Phys. 
Rev. X 13, 011030 (2023) J.-Y. M. Lee et al.: Nature 617, 277 (2023); B. Lee, C. Han, H.-S. Sim: Phys. Rev. Lett. 123, 016803 
(2019; J.-Y. M. Lee et al.: Nature 617, 277 (2023)
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Central messages

• A full non-equilibrium theory of the chiral Luttinger liquid model

• Strongly correlated and non-equilibrium setting!

• Both FCS and GFs in terms of Fredholm functional determinants of Toeplitz type

• Gives information about, e.g., anyonic statistics, 2θ12

• Generalizes to any Abelian FQH edge structure (see paper): interactions modify scattering 

phases: fractionalization of both charge and braiding angle 

Single mode (this talk)

f(ϵ) 1

2 L

SL SR

I III
II 1

2L

SL SRf1(ϵ)

I III
II

f1(ϵ)

f2(ϵ) f2(ϵ)

Co-propagating modes Counter-propagating modes
27
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Outlook

• More involved geometries: non-equilibrium MZ and FB interferometers

• Time-dependent drives (modulated tunneling)

• Relation between FCS and entanglement entropy?

Can we generalize to non-Abelian edge structures?
P. Fendley, M. P. A. Fisher, C. Nayak: Phys. Rev. B 75, 045317 (2007)

I. Klich, L. Levitov: Phys. Rev. Lett. 102, 100502 (2009) 
B. Hsu, E. Grosfeld, E. Fradkin: Phys. Rev. B 80, 235412 (2009)
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Thank you!

https://sites.google.com/view/christianspanslatt
christian.spanslatt@kau.se

Non-equilibrium bosonization of fractional quantum Hall edges 
C. Spånslätt, J. Park, and A. D. Mirlin, arXiv 2603.05088


mailto:christian.spanslatt@kau.se
https://arxiv.org/abs/2603.05088
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Evaluation of Fredholm-Toeplitz determinants

Δ[δτ(t)] = Det[1 + (e−iδτ(t) − 1)f(ϵ)]
δτ(t) = δ0 [Θ(−t) − Θ(−t − τ)]

[ϵ, t] = i

f(ϵ) = Θ(−ϵ) ≡ f0(ϵ)

Δ[δτ(t)]T=0,V=0 =
e−iδ0τΛ/(2π)

(1 + τ2Λ2)
1
2 ( δ0

2π )
2

f(ϵ) = f0(ϵ − e*1 V) ≡ Θ(−ϵ + e*1 V)

Δ[δτ(t)]T=0,V = e−iδ0τe*1 V/(2π)Δ[δτ(t)]T=0,V=0

{Δ[δτ(t)]T=0,V}
1

n2
1ν ≡ { Δ[δτ(t)]T=0,V

Δ[δτ(t)]T=0,V=0
}

1
n2

1ν = [e−in1νe(δ0/2π)Vτ]
1

n2
1ν = e−ie*2 Vτ

Zero temperature

Toeplitz form
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Evaluation of Fredholm-Toeplitz determinants

f(ϵ) = fT(ϵ − e*1 V) ≡
1

e(ϵ−e*1 V)/T + 1

Δ[δτ(t)]T,V = ( πTτ
sinh(πTτ) )

( δ0
2π )

2

×
e−iδ0τΛ/(2π)

(1 + τ2Λ2)
1
2 ( δ0

2π )
2 e−iδ0τe*1 V/(2π)

{Δ[δτ(t)]T,V}
1

n2
1ν ≡ { Δ[δτ(t)]T,V

Δ[δτ(t)]T=0,V=0
}

1
n2

1ν = ( πTτ
sinh(πTτ) )

n2
2ν

e−ie*2 Vτ

Finite temperature
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Evaluation of Fredholm-Toeplitz determinants
Szegö theorem

U(z) =
∞

∑
k=−∞

Ukeiφk , where Uk = ∫
π

−π

dφ
2π

U(z)e−iφk .

g(z) = exp{U(z)} z = eiφ φ ∈ [−π, π]

Δ[δτ(t)] ∼ det(gN) ≈ e−i δ0τΛ
2π eie*Vβ1τ(Λτ)−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1 ,

det(g) ∼ det(gN) ≈ exp(NU0 +
N

∑
k=1

kUkU−k) ,

Δ[δτ(t)] ≈ e−i δ0τΛ
2π eie*1 Vβ1τ(Λ |τ | )−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1

“Symbol"

Fourier transform

Large size  asymptoticsN
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Evaluation of Fredholm-Toeplitz determinants
f(ϵ) = 𝒯f0(ϵ − e*1 V) + (1 − 𝒯)f0(ϵ) .

Apply Szegö theorem

Double step

Δ[δτ(t)] ∼ det(gN) ≈ e−i δ0τΛ
2π eie*Vβ1τ(Λτ)−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1 ,

g(z = eiπϵ/Λ) = [1 + (e−iδ0 − 1)f(ϵ)]e−iϵδ0/(2Λ) .

β0 = − β1 −
δ0

2π
, β1 = −

i
2π

sgn(e*1 V)ln[1 + 𝒯(e−iδ0sgn(e*1 V) − 1)] .

Δ[δτ(t)] ≈ e−i δ0τΛ
2π eie*1 Vβ1τ(Λ |τ | )−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1

Δ[δτ(t)] ≡
Δ[δτ(t)]

Δ[δτ(t)]T=0,V=0
≈ eie*Vβ1τ( 1

|e*1 Vτ | )−2β0β1 .

Δ[δτ(t)] ≈ exp[ −
|e*1 Vτ |𝒯

2π
(1 − e−iδ0sgn(eVτ))]

Δ[δτ(t)] ≈ e−i δ0τΛ
2π eie*1 Vβ1τ(Λ |τ | )−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1
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Evaluation of Fredholm-Toeplitz determinants
Generalized HF conjecture 
(Symbol with singularities)

hzj,βj
(z) = {

eiπβj , − π < arg z < φj

e−iπβj , φj < arg z < π ,

g(z) = eU(z)z ∑m
j=0 βj

m

∏
j=0

|z − zj |
2αj hzj,βj

(z)z−βj
j

Δ[δτ(t)] ∼ det(gN) ≈ e−i δ0τΛ
2π eie*Vβ1τ(Λτ)−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1 ,

ΔN ≃ eNU0 ∑
k0+⋯+km=0

m

∏
j=0

zkjN
j N−∑m

j=0 β2
j ∏

0≤ j<l≤m

|zj − zl |
2βjβl

m

∏
j=0

G(1 + βj)G(1 − βj)

βj→βj+kj

Δ[δτ(t)] ≈ e−i δ0τΛ
2π eie*1 Vβ1τ(Λ |τ | )−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1

Large size asymptotics with sum over logarithm branches
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Evaluation of Fredholm-Toeplitz determinants

Δ[δτ(t)] ∼ det(gN) ≈ e−i δ0τΛ
2π eie*Vβ1τ(Λτ)−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1 ,

Δ[δτ(t)] ≈ e−i δ0τΛ
2π eie*1 Vβ1τ(Λ |τ | )−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1
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Evaluation of Fredholm-Toeplitz determinants

Δ[δτ(t)] ∼ det(gN) ≈ e−i δ0τΛ
2π eie*Vβ1τ(Λτ)−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1 ,

Δ[δτ(t)] ≈ e−i δ0τΛ
2π eie*1 Vβ1τ(Λ |τ | )−(β2

0+β2
1)( Λ

|e*1 V | )−2β0β1

𝒢≷(τ) ≃
∓i
2πa

an2
2ν

(a ± ivτ)n2
2ν

exp[−
𝒯 |e*1 Vτ |

2πn2
1

(1 − e−iδ0sgn(e*1 Vτ))]( 1
|e*1 Vτ | )− 2n2

πn1
𝒯 sin( δ0

2 ) exp[i δ0
2 sgn(e*1 Vτ)]

× [1 +
𝒯
n2

1ν
e−iδ0sgn(e*1 Vτ)/2{ δ0

2π2
sin( δ0

2 )(2 − ψ(1 −
δ0

2π
) − ψ(1 +

δ0

2π
)) − e−ie*1 Vτ 1

(Γ( δ0

2π ))2 ( 1
|e*1 Vτ | )2(1− δ0

2π )}]

Summing over two logarithmic branches gives, with  , the GFsδ0 = 2θ12


