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Finite depth circuit

Gapped phase

smooth deformation 

without closing gap

Finite depth circuit

Chen, Gu, Wen, 2010

Necessary and sufficient



Finite depth circuit

Finite 
Depth

§ Everything stays local
§ local operator à local operator
§ short range correlation à short range correlation
§ short range entanglement à short range entanglement

Chen, Gu, Wen, 2010



How to jump between gapped 
phases?

gap closing

what kind of circuit?



How to jump between gapped 
phases?
• Linear depth is lower bound, Bravyi, Hastings, Verstraete, 2006

• But generic linear depth circuit is too powerful
• entanglement volume law, high energy states, 
scrambling and chaos
• How to jump between gapped phases without 
leaving the gapped region?
• Sequential quantum circuit

XC, Dua, Hermele, Stephen, Tantivasadakarn, Vanhove, and Zhao, arXiv: 2307.01267



Symmetric to Symmetry breaking

Global symmetry

short range correlation à long range correlation

Schön, Solano, Verstraete, Cirac, Wolf, 2005; Ho, Hsieh, 2019



Symmetric to Symmetry breaking

1 2 N+1. . .

Schön, Solano, Verstraete, Cirac, Wolf, 2005; Ho, Hsieh, 2019



Symmetric to Symmetry breaking

1 2 N+1. . .

Depth 

Schön, Solano, Verstraete, Cirac, Wolf, 2005; Ho, Hsieh, 2019

Sequential



Trivial to topological 



Trivial to topological

Depth 

Liu, Shtengel, Smith, Pollmann, 2022



Sequential circuit

1

2

3

4

5

6

7

8

…
…

1

2

3

4…
1 2 3 4…

1 2 3 …

Schön, Solano, Verstraete, Cirac, 2005; Schön, Hammerer, Wolf, Cirac, 2007; Bañuls, Pérez-Garcia, 
Wolf, Verstraete, Cirac, 2008; Wei, Malz, Cirac, 2022 …. 



Sequential circuit

1 2 3 …

• Sequential application of local unitaries / finite 
depth circuits

• Generically linear depth of higher
• Each local DOF acted on by a finite number of 

gates
• total # of gates ~ volume of system



Sequential circuit

1 2 3 …

• Does not preserve locality
• Does not preserve ground state degeneracy
• Does not preserve short range correlation
• Does not preserve short range entanglement
• Preserves entanglement area law
• Preserves gap



Symmetric to Symmetry breaking

1 2 N+1. . .

Depth 

Schön, Solano, Verstraete, Cirac, Wolf, 2005; Ho, Hsieh, 2019



Trivial to topological



Sequential circuit

Preserves 
entanglement 
area law



Sequential circuit
Maps between
§ Trivial state
§ Symmetry breaking GHZ state
§ Symmetry protected topological state
§ Fractional topological state
§ Fracton state 
XC, Dua, Hermele, Stephen, Tantivasadakarn, Vanhove, and Zhao, Phys. Rev. B 109, 
075116 (2024)



Sequential circuit
High temp / thermal phases

Low temp / localized phases

Linear 
depth 
circuit

Sequential Linear depth circuit

Finite 
depth 
circuit



Comparison

preserves Finite depth 
circuit 

QCA Sequential 
circuit 

Linear depth 
circuit

Area law Yes Yes Yes No

Locality Yes Yes No No

Short range 
correlation

Yes Yes No No

Short range 
entanglement

Yes Yes (in the 
bulk)

No No



Sequential Circuit  = Generalized Symmetry on Lattice



Generalized Symmetry
Conventional

§ Global action

§ Point-like charges

§ Unitary / anti-unitary

§ Forms a group

Generalized

§ subsystem

§ higher-form

§ non-invertible

§ fusion category

<latexit sha1_base64="i1fkSicmQlRyJXQiBr7bgtsad3s=">AAACDnicbVBNS8NAEN3U7/oV9ehlsQieSiJSPQpePCpYLTS1bDbTdulmE3YnhRLyC7z4V7x4UMSrZ2/+G7dtDlp9MPB4b4aZeWEqhUHP+3IqC4tLyyura9X1jc2tbXdn99YkmebQ5IlMdCtkBqRQ0ESBElqpBhaHEu7C4cXEvxuBNiJRNzhOoROzvhI9wRlaqesewn0uAhwAMhqMgOeBEf2YFQGPEpwpqii6bs2re1PQv8QvSY2UuOq6n0GU8CwGhVwyY9q+l2InZxoFl1BUg8xAyviQ9aFtqWIxmE4+faegh1aJaC/RthTSqfpzImexMeM4tJ0xw4GZ9ybif147w95ZJxcqzRAUny3qZZJiQifZ0Eho4CjHljCuhb2V8gHTjKNNsGpD8Odf/ktuj+t+o964Pqmdn5VxrJJ9ckCOiE9OyTm5JFekSTh5IE/khbw6j86z8+a8z1orTjmzR37B+fgGbcSc+Q==</latexit>

ei✓~�·~n
<latexit sha1_base64="i1fkSicmQlRyJXQiBr7bgtsad3s=">AAACDnicbVBNS8NAEN3U7/oV9ehlsQieSiJSPQpePCpYLTS1bDbTdulmE3YnhRLyC7z4V7x4UMSrZ2/+G7dtDlp9MPB4b4aZeWEqhUHP+3IqC4tLyyura9X1jc2tbXdn99YkmebQ5IlMdCtkBqRQ0ESBElqpBhaHEu7C4cXEvxuBNiJRNzhOoROzvhI9wRlaqesewn0uAhwAMhqMgOeBEf2YFQGPEpwpqii6bs2re1PQv8QvSY2UuOq6n0GU8CwGhVwyY9q+l2InZxoFl1BUg8xAyviQ9aFtqWIxmE4+faegh1aJaC/RthTSqfpzImexMeM4tJ0xw4GZ9ybif147w95ZJxcqzRAUny3qZZJiQifZ0Eho4CjHljCuhb2V8gHTjKNNsGpD8Odf/ktuj+t+o964Pqmdn5VxrJJ9ckCOiE9OyTm5JFekSTh5IE/khbw6j86z8+a8z1orTjmzR37B+fgGbcSc+Q==</latexit>

ei✓~�·~n
<latexit sha1_base64="i1fkSicmQlRyJXQiBr7bgtsad3s=">AAACDnicbVBNS8NAEN3U7/oV9ehlsQieSiJSPQpePCpYLTS1bDbTdulmE3YnhRLyC7z4V7x4UMSrZ2/+G7dtDlp9MPB4b4aZeWEqhUHP+3IqC4tLyyura9X1jc2tbXdn99YkmebQ5IlMdCtkBqRQ0ESBElqpBhaHEu7C4cXEvxuBNiJRNzhOoROzvhI9wRlaqesewn0uAhwAMhqMgOeBEf2YFQGPEpwpqii6bs2re1PQv8QvSY2UuOq6n0GU8CwGhVwyY9q+l2InZxoFl1BUg8xAyviQ9aFtqWIxmE4+faegh1aJaC/RthTSqfpzImexMeM4tJ0xw4GZ9ybif147w95ZJxcqzRAUny3qZZJiQifZ0Eho4CjHljCuhb2V8gHTjKNNsGpD8Odf/ktuj+t+o964Pqmdn5VxrJJ9ckCOiE9OyTm5JFekSTh5IE/khbw6j86z8+a8z1orTjmzR37B+fgGbcSc+Q==</latexit>

ei✓~�·~n
<latexit sha1_base64="i1fkSicmQlRyJXQiBr7bgtsad3s=">AAACDnicbVBNS8NAEN3U7/oV9ehlsQieSiJSPQpePCpYLTS1bDbTdulmE3YnhRLyC7z4V7x4UMSrZ2/+G7dtDlp9MPB4b4aZeWEqhUHP+3IqC4tLyyura9X1jc2tbXdn99YkmebQ5IlMdCtkBqRQ0ESBElqpBhaHEu7C4cXEvxuBNiJRNzhOoROzvhI9wRlaqesewn0uAhwAMhqMgOeBEf2YFQGPEpwpqii6bs2re1PQv8QvSY2UuOq6n0GU8CwGhVwyY9q+l2InZxoFl1BUg8xAyviQ9aFtqWIxmE4+faegh1aJaC/RthTSqfpzImexMeM4tJ0xw4GZ9ybif147w95ZJxcqzRAUny3qZZJiQifZ0Eho4CjHljCuhb2V8gHTjKNNsGpD8Odf/ktuj+t+o964Pqmdn5VxrJJ9ckCOiE9OyTm5JFekSTh5IE/khbw6j86z8+a8z1orTjmzR37B+fgGbcSc+Q==</latexit>

ei✓~�·~n

Gaiotto, Kapustin, Seiberg, Willett, 2014
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Generalized Symmetry
Topological defect

Ising CFT
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Sequential Circuit  = Generalized Symmetry on Lattice
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Generalized Symmetry

Unitary

Local 
Unitary

Gaiotto, Kapustin, Seiberg, Willett, 2014

Symmetry twist
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Sequential Circuit  = Generalized Symmetry on Lattice

?



Generalized Symmetry

Generation

Sweeping

Annihilation

Sequential 
Circuit

potentially 
nonunitary

potentially 
nonunitary



Kramers-Wannier

1 2 N+1. . .

Shao 2024

<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>�

<latexit sha1_base64="cdKhUwKk4xP+Gfz760kY8RwZ194=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBEEoiUt0IRTcuK9gHNKFMppN26EwSZm6EErp046+4caGIWz/BnX/jtM1CWw8MnHvOvdy5J0gE1+A431ZhaXllda24XtrY3NresXf3mjpOFWUNGotYtQOimeARawAHwdqJYkQGgrWC4c3Ebz0wpXkc3cMoYb4k/YiHnBIwUtc+9DTvS4I94JJpnFdX2MWn2GNAunbZqThT4EXi5qSMctS79pfXi2kqWQRUEK07rpOAnxEFnAo2LnmpZgmhQ9JnHUMjYtb62fSQMT42Sg+HsTIvAjxVf09kRGo9koHplAQGet6biP95nRTCSz/jUZICi+hsUZgKDDGepIJ7XDEKYmQIoYqbv2I6IIpQMNmVTAju/MmLpHlWcauV6t15uXadx1FEB+gInSAXXaAaukV11EAUPaJn9IrerCfrxXq3PmatBSuf2Ud/YH3+AD4smDM=</latexit>

� ⇥ � = 1 + ⌘

Kramers-Wannier

<latexit sha1_base64="NEc4TaqhoDd3KEMC5m4CAu0Tc3k=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUSkeix6EbxUMG2hDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbmBbHgGh3n21pZXVvf2CxsFbd3dvf2SweHDR0lioHHIhGpVkA1CC7BQ44CWrECGgYCmsHoZuo3x6A0j+QDTmLwQzqQvM8ZRSP5XjftIDxhetfMsm6p7FScGexl4uakTHLUu6WvTi9iSQgSmaBat10nRj+lCjkTkBU7iYaYshEdQNtQSUPQfjo7OrNPjdKz+5EyJdGeqb8nUhpqPQkD0xlSHOpFbyr+57UT7F/5KZdxgiDZfFE/ETZG9jQBu8cVMBQTQyhT3NxqsyFVlKHJqWhCcBdfXiaN84pbrVTvL8q16zyOAjkmJ+SMuOSS1MgtqROPMPJInskrebPG1ov1bn3MW1esfOaI/IH1+QM/W5Ju</latexit>

UKW



Kramers-Wannier

<latexit sha1_base64="NEc4TaqhoDd3KEMC5m4CAu0Tc3k=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUSkeix6EbxUMG2hDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbmBbHgGh3n21pZXVvf2CxsFbd3dvf2SweHDR0lioHHIhGpVkA1CC7BQ44CWrECGgYCmsHoZuo3x6A0j+QDTmLwQzqQvM8ZRSP5XjftIDxhetfMsm6p7FScGexl4uakTHLUu6WvTi9iSQgSmaBat10nRj+lCjkTkBU7iYaYshEdQNtQSUPQfjo7OrNPjdKz+5EyJdGeqb8nUhpqPQkD0xlSHOpFbyr+57UT7F/5KZdxgiDZfFE/ETZG9jQBu8cVMBQTQyhT3NxqsyFVlKHJqWhCcBdfXiaN84pbrVTvL8q16zyOAjkmJ+SMuOSS1MgtqROPMPJInskrebPG1ov1bn3MW1esfOaI/IH1+QM/W5Ju</latexit>

UKW

1 2 N+1. . .

not translation 
invariant

and invertible



Kramers-Wannier: 
matrix product operator representation

=

<latexit sha1_base64="NEc4TaqhoDd3KEMC5m4CAu0Tc3k=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUSkeix6EbxUMG2hDWWznbZLN5u4OymWkN/hxYMiXv0x3vw3btsctPXBwOO9GWbmBbHgGh3n21pZXVvf2CxsFbd3dvf2SweHDR0lioHHIhGpVkA1CC7BQ44CWrECGgYCmsHoZuo3x6A0j+QDTmLwQzqQvM8ZRSP5XjftIDxhetfMsm6p7FScGexl4uakTHLUu6WvTi9iSQgSmaBat10nRj+lCjkTkBU7iYaYshEdQNtQSUPQfjo7OrNPjdKz+5EyJdGeqb8nUhpqPQkD0xlSHOpFbyr+57UT7F/5KZdxgiDZfFE/ETZG9jQBu8cVMBQTQyhT3NxqsyFVlKHJqWhCcBdfXiaN84pbrVTvL8q16zyOAjkmJ+SMuOSS1MgtqROPMPJInskrebPG1ov1bn3MW1esfOaI/IH1+QM/W5Ju</latexit>

UKW

<latexit sha1_base64="tdy5cBUx22e49sInllEMc7AaEZY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn/GPLg==</latexit>�



Kramers-Wannier
<latexit sha1_base64="hDk7RanS+fAazdvIwvNN8XDh1/o=">AAACEnicbVDJSgNBEO2Je9yiHr00BkERwoyIehFEL3pTMCaQiaGmU5k09ix01whhyDd48Ve8eFDEqydv/o2d5eD2oODxXhVV9YJUSUOu++kUJianpmdm54rzC4tLy6WV1WuTZFpgVSQq0fUADCoZY5UkKaynGiEKFNaC29OBX7tDbWQSX1EvxWYEYSw7UgBZqVXa9o0MI7jJ/TaEIeo+90lGaPhI50f8nO9wHwlapbJbcYfgf4k3JmU2xkWr9OG3E5FFGJNQYEzDc1Nq5qBJCoX9op8ZTEHcQogNS2Owa5v58KU+37RKm3cSbSsmPlS/T+QQGdOLAtsZAXXNb28g/uc1MuocNnMZpxlhLEaLOpnilPBBPrwtNQpSPUtAaGlv5aILGgTZFIs2BO/3y3/J9W7F26/sX+6Vj0/GccyydbbBtpjHDtgxO2MXrMoEu2eP7Jm9OA/Ok/PqvI1aC854Zo39gPP+BaPenMs=</latexit>

�† ⇥ � = I + ⌘
<latexit sha1_base64="v7lmX6+Q/Yy0fkgm8Js81vK05kk="></latexit>

�†Xi� = Zi�1Zi (I + ⌘)
<latexit sha1_base64="HXZmNojlH5wXxzUa+A+p00+14is="></latexit>

�†Zi�1Zi� = Xi�1 (I + ⌘)

Shao, 2024



1D generalized symmetry

§ “sequential” Matrix product operator
§ Implemented with the sequential circuit in the 
bulk, together with non-unitary operations at the 
end



1D generalized symmetry

§ Forms a fusion category
§ 
§ ‘anti’-symmetry is unique
§ 

<latexit sha1_base64="2UDPX/yXSnbuSIdE3qkFeJ7Oqk0=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQhJAUqW6Eoi50V8E+oIllMpmkQycPZiZCCfkPN/6KGxeKuBJc+DdO2i5q64ELh3Pu5d573IRRIU3zRystLa+srpXXKxubW9s7+u5eW8Qpx6SFYxbzrosEYTQiLUklI92EExS6jHTc4VXhdx4JFzSO7uUoIU6Igoj6FCOppL5es0MkBxix7Dp/yGwPBQHhObQlDYmAMya8gLfwBBqG0derpmGOAReJNSVVMEWzr3/ZXozTkEQSMyREzzIT6WSIS4oZySt2KkiC8BAFpKdohNRqJxv/lsMjpXjQj7mqSMKxOjuRoVCIUeiqzuJYMe8V4n9eL5X+uZPRKEklifBkkZ8yKGNYBAU9ygmWbKQIwpyqWyEeII6wVHFWVAjW/MuLpF0zrLpRvzutNi6ncZTBATgEx8ACZ6ABbkATtAAGT+AFvIF37Vl71T60z0lrSZvO7IM/0L5/ASAFoCM=</latexit>

D† ⇥D = I + ...

<latexit sha1_base64="mys8FW+mdtK+da67DwzqsiUaIFs="></latexit>

D� ⇥D↵ =
X

�

N�
↵�D� , N↵� 2 Z

‘weakly’ non-invertible



q Sequential Quantum Circuit as map between gapped phases
Phys. Rev. B 109, 075116 (2024)

q Renormalization of Ising cage-net model and generalized 
foliation
Phys. Rev. B 108, 035148 (2023)

q String operator for Cheshire strings in topological phases
Phys. Rev. B 109, 165149 (2024)

q Sequential Adiabatic Generation of Chiral Topological States
SciPost Phys. 19, 107 (2025)
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q Fusion of one-dimensional gapped phases and their domain 
walls
Phys. Rev. B 110, 165144 (2024)

q Topological defects of 2+1D systems from line excitations in 
3+1D bulk
arXiv:2407.02488

q Fusion of Low-Entanglement Excitations in 2D Toric Code
SciPost Phys. 18, 106 (2025)

q Sequential Circuit as Generalized Symmetry on Lattice
arXiv:2507.22394
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