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Classification in closed systems

e cquivalence relation for Hamiltonians
two local, gapped Hamiltonians Hy and H; belong to the same quantum phase if and only if

there is a smooth path H(g) connecting H( and H, the energy gap A(g) is always finite along the path

adiabatic path H(g)
without gap closing

S | ¢
e [J, H(g)dg] { l ) ( [ [ ) lim e #Ho lim e P
| I s sk

e~ T o H(g)dg]
| W) < 3 >|y)
e~ iT 1= 1y H(g)dg]

e cquivalence relation for ground states
two local, gapped Hamiltonians Hy and H; belong to the same quantum phase if and only if
their corresponding ground states |1g) and |11) can be connected by

finite-time local evolution |1)1) = e—iTLJy H(g)dg] l10) and |1pg) = e T~ Jy H(9)dg] 1%1)

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 82, 155138 (2010)



Real-time Lindbladian evolution in open systems

e time evolution of a mixed state in an open system is described by the Lindbladian master equation
% = —i[H,p] + ¥ | LipL], — ${L]Ls, p}]

e density matrix p = Y, Ag|tr) (¥g| = supervector form |p)) = >, Ak|vr) ® |95)

o Liouville supervector L|p)) = (—iHeg @ I+ @ Hlye + >, L ® L})|p))
Hyg=H-Y, tL1L,

e the eigen-decomposition of Liouville superoperator L|p;)) = X;i|pi))
Re(A;) < 0,and Im(\;) = 0 if p; is Hermitian

o the steady state is obtained by real-time Lindbladian evolution pg = lim¢ .+ e“tp(0), satisfying
Llpss)) =0

e Liouville gap is A = — Re(\1), where J; is arranged as 0 = Ag > Re(A;) > Re(A2) > ...

H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford University Press, 2007)



Paradox in open systems

adiabatic path H(g) adiabatic path £(g)
H H, Z Z
without gap closing without gap closing
lim e lim e P lime? €) lim e
p—o0 p—o0 =00 N =00
Vo omiTlHdsl Vo eT U Zeds)
| wo) = >y ) Po = - = P1
¢~ 1= I, H(g)dg] e Ty Loi(8)dg]

e inconsistency when degrading to the pure state

1. take the jump operators L = 0, Lindbladian equation — Schrodinger equation

all eigenstates of H become the steady states of e~% with zero eigenvalues — not degrade to ground state

2. although the Liouville gap may close along a path £(g) connecting £(0) and £(1)
it is still possible to connect p(0) and p(1) via finite-time Lindbladian evolutions L£g; = £(0), £L19 = £(1)
because p(7) can be achieved through £(7) from any initial states not orthogonal to it

all p(¢) in the same phase — cannot distinguish between distinct phases



New framework: Imaginary-time Lindbladian evolution

(a) Closed system
adiabatic path H(g)

HON/HI

without gap closing

lim e "o

f—o00 p—o0

\ e—iT L, H(g)dg]

lim e PH

lwo) < i
¢~ iT (- Iy H(g)dg]

N

y

> y)

(b) Open system

adiabatic path Z(g)
Z

without gap closing

lime? €) lim e?
=00 ® =00

Vo eI Z10(8)dg]
Po =

e 7 Llo Zoi(g)dg]

Z,

N

4

> P

(c) Open system

adiabatic path Z/(g)

g

without gap closing

] o
Z0  lim e

T—00

lim e~

T—00

) 6‘7”(; Z10(8)dg]

Ak

Po < =

07 s Zoi(8)dg]

v

P

e consider the time evolution for the entire system (system and environment) then trace out environment

real-time

imaginary- dp [ 1 ' . 1
giary L= (Hp}+ ), Lka]j+§{L,ij,p} = - Z(p) g’|p»=(Hgﬁ®1+1®Hgﬁ—2Lk®L,j‘)lp» Héff=H—52Llek
kb - k .

time

e imaginary-Liouville superoperator L£!

dt

dr

dp . - 1 -
r L J

i
=Z(p)  Zlp)= (—iHeﬁv®I+ il ® H + ZLk®L,;") p)  He=H-2 D L[,
% k



Classification in open systems

e equivalence relation for imaginary-Liouville superoperator
two local, gapped open systems £(0) and £(1) belong to the same quantum phase if and only if
there is a smooth path £!(g), the imaginary-Liouville gap Af(g) is always finite along the path

adiabatic path Z/(g)
g &
without gap closing

. _cpl . _cpl
lim e~Zo* lim e~Z1°

7T—>00 T—>00

e T 15 Z10(8)dg]
Po = = P1
e Ty Loi(8)dg]

e cquivalence relation for mixed states
two local, gapped open systems £(0) and £ (1) belong to the same quantum phase if and only if
their corresponding steady states p(0) and p(1) can be connected by
finite-time local Lindbladian evolutions |p(0))) = eT Uy Lor(g)d |p(1)) and |p(1))) = eT Uy Lu(g)d] 1p(0))



Phase transitions in open systems

e imaginary-Liouville superoperator £/
d
% = —{H,p} + ¥ | LenLl + HL\ L, o} = —L(p)

o diagonalize £!, L1 (p) = Ep
sort the spectrum according to real parts, Re(Ey) < Re(E7) < Re(Fs) < ...

the imaginary-time Lindbladian evolution has a steady state if and only if £ 1s real
e imaginary-Liouville gap Al = Re(E;) — E
A gap closing = phase transition in open system

naturally degrades to closed systems



Phase diagram

o four imaginary-Liouvilles £! in an open system with 2§ X 23 symmetry

Izgazi Hamiltonian jump operator quantum state
trlv(lglol;ure H00= — ZT;:_I/Z— ZO’IX L00=O |... _)0_ -, _)0_ -, ...)
SPT H' = - Z 01720741 ~ Z 120 Tz L0 =0 N2 Z [ To =2 To o do
(091) i {0}
o ) I
trivial mixed A0 = _ Z T L0 = g2, L1210 = 5 T THIENL D @1 = )= ]
(1,0) - ?
l?lsll);r Y= - Z 0; Ti+1120141 L =of, LN =<f | ol'c, ) Z Wio) Wiy |

{g}}

¢ (P007P017P107P11) = (H007H017H107H11)7 (L007L017L107L11) (‘6007‘6017‘6107‘6{1)

e linearly interpolation between these four systems, calculate the ground state of £ (a, )

EI(O% B)=(1—-a) - 5)560 + (1 - )5511 + a1 B)LIO + O‘5511’ EI(aa B) = pa,s

2N/2 Z |""{a}
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SPT phase: cluster state (Haldane phase)

cluster state 1in the closed system (Haldane phase)
H=-), (Jz Ti11/2%i41 T Tii1/203 7'+1/2)

two global Zs symmetries U = | [, 07 and K =[], 7* ey

ground state follows the decorated domain wall construction

PP = 5 Do = ot rborrbotrTo o) = gvm 2o Vo)
O
TR e
(o} (0] (0]
excitations of 7 spins are placed at the domain wall of o spins
all components |¢SPT> span the degenerate ground states manifold of H; = — ) . o7

— > .77 2 /2 IT +1 /2 introduces a map between different components

X. Chen, Y.-M. Lu, & A. Vishwanath, Nat. Commun. 5, 3507 (2014)

Z
i z+1/2 Tiv1
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Average symmetry-protected topological (ASPT) phase

e decohered Haldane phase

one of the Z, symmetry is broken to weak symmetry due to decoherence
) Wioy
where [¢)777) = |-+ To=rTotrdorrdot—rTo - )

« K=][;,7", /2 remains a strong symmetry , Kp = e*“p

density matrix is constructed as p*5FT = 2% Z{G.

U =1]], 07 becomes a weak symmetry ,Up # e?obut UpU' = p
nontrivial topological properties jointly protected by strong and weak symmetries

R. Ma and C. Wang, Phys. Rev. X 13,031016 (2023)
Y. Guo *,J.-H. Zhang *, H.-R. Zhang, S. Yang #, and Z. Bi1 #, Phys. Rev. X 15, 021060 (2025)
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Correlation lengths

e expectation value over the density matrix (O) = Tr|[pO|, detect strong symmetry

expectation value over the supervector ((O ® O*)) = it ’233;") ) — Trr[lior([)p’;?” , detect weak symmetry

e linear correlation function C (3, §) = (0;0;) — (0;)(0;) ~ e~ li=l/&
Renyi-2 correlation function C () (3, §) = ((0:0; ® 0;03)) — ((0; ® 07))((0; ® O%)) ~ e—li—il/&

1.0 10°
(a) d,d, (b) 3|
| | | N | N | O | | | | | | | ] JE—
Ip)) = '[—)' P p — — — - - - —
' T T T T T = 0.5k 1 H1o!
d
(c) M (d) . — '
(0) — - IE1 = = fl _Inll%/a(l)l . .
@ 90 0.5 1o 10
X
1.0 r 10°
e oonooon © [ 3
LT i LT — B 1
[E - l f e “_,‘-““-‘_\‘
(0 ® 0%)) 0 R 7 A « 0.5k 10'
™ ™ u ™ ™ .._—‘#
- 0 1 0
o 0.5 o 10 13

(8]



Symmetry properties

e strong symmetry indicator [(K)| = | Tr(p][; 7", /2)\ =1

the steady state always preserves the Z; symmetry

e weak symmetry indicator ((U @ U*)) = Tr[p(HichrZ[";g](Hi 7
e string order <Ostr> = 1im\i—j\—>00 <G§Tia—j|—1/27ia—jl—3/2 T Tf—S/ZTjw—l/ZO?

O(1), domain wall decoration (ASPT)

O(1),
0,

O..) ~
(Ostr) <afaj>, trivial decoration ~ {

e imaginary Liouville gap Al (a,1 — 8) = Al(, B)

73 SSB
75 trivial

)

symmetry indicator of Z7
1.0 1.0
ko.s

© 0.5
10.4

0-9.0 0.5 1.0
(8%

string order (O,)

1.0 \1.0

110.5

0.5

0-9% 0.5 o 00

imaginary Liouville gap Af

1.0

0.5
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Phase diagram

VAR WA
entanglement entropy and entanglement spectrum Gap12ess ASQPT ! 5ot 170
. -
for the supervector |p)) 79 x Z5SPT | ESD — 9 110 —210g )
GSD =16 =zoz I lL.
entanglement spectrum degeneracy (ESD) Lo\ ‘(.)a _1(1) 20 15
4-fold degeneracy for SPT, 2-fold for ASPT 0.8k ! u CESD =2 "l |
| t 3 33 33 3
ground state degeneracy (GSD) under OBC, N =6 (¢ ESD=4i o o
o~ __Oi_Z__Q______’____ i Zg POB X Z;trivial . ESD_ i
2-fold degeneracy for SSB 04 ESD=1111" 5 GSD = 9 P e
Ar i1t e o o w e o]
8-fold for ASPT P UL HOS
, 0.2 bt o 79 trivial x Z7 trivial O DI i
totally 3 independent edge modes, GSD = 2% = 8 S GSD — 1 T
d 1 U o CZT7J CZU7T 0.0 20 1|0 6_ e o -0.0
uality map Upw = [I; 2,7 5 ,CZ;5, 1 s ~2log 1, b= | St
gapless SPT < conventional Ising criticality B=0 X2y trivial
. 20f
trivial product state <+ cluster state

phase diagram has symmetry 8 < 1 — 3 o o

Upw ® UpwL' (e, B) = LM (e, 1 — B)Upw @ Upyy s

EE



Comparison with real-time
Lindbladian evolution (1)

method 1: use the same set of H and Ly

in the pure-state limit, degrades to the Schroedinger

equation

all eigenstates of H are steady states of e

= highly degenerate steady-state subspace

unable to characterize the phase transition between

trivial state and SPT state

this degeneracy survives when stepping into the mixed

state regime

2 a>0,0=1

<-a=0,=0
—<a=0,0=1

L Fa=0,0<8<1

+a>0,=0

12 16 20
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Comparison with real-time Lindbladian
evolution (2)

e method 2: use the same steady-state density matrix to construct real-

time Lindbladian = different H and Ly

e [ for four corner states

e trivial pure: LE”OO = Ufl_—;?gf+17 L?]OO = 2-2_1/2 1_75_1/2 Tziq/z
. SPT: L£1]01 _ o'jf 1—Tiz1/220f7'z.'z+1/2 Uf+1, L?[:2]01 _ ,L-Z_l/z 1—05_1;}301/205 Tii_l/g
e trivial mixed: L£1]10 =0, L?]m = 0o;, L£3]10 — z'z—l/Z 1_TT;CW7'z":1/2
o ASPT: L£1]11 = 0} ’L?m — 7'7;2—1/2‘7?7'7:11/2 ’
—g? . T% z
L?m =T 1/ : 02-_122-_1/2% Tii1)2

e entanglement entropy and entanglement spectrum are smoothly
connected between different phases = real-time Lindbladian

formalism fails to capture the essential phase transitions

3

0.6F

0.4+

0.2F

0.0

ESD=1

1.25

1.00

- | H075
m

1 H0.50

1 Hos

02 04 06 08 1.0
(8]
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(a) Closed system

01

A

DW duality
=

00

4.1

A 2.2)

H(a,p) = (1 = a)(1 = p)Hy, + (1 — a)fHy,
+a(l - p)H,, + apH,,

Hoo=-2(af+r;; )

11

10

H,, ——Z(tz a‘rz

+a‘ri%

i+

171,0=—Z(azoz +75)

Hy =~ (o

0.‘z+| + 0 T,+' 1+l)

0.2H

0.0

20
10 —2log A

00 100 20

"ESD =1

| v oL i
I v . . .| Z5trivial
o ESD=1| x 77 trivial
2010 Ofgsh =y 1 1} BSD-1
—2log A < oo ]

20t ol .

00 02 04 06 08 1.0

(b) Open system Z/(a,$) = (1 — a)(1 - p)ZL}, + (1 — @)L}, + a(l — P L', + apZ),
01 11
Hyy=- ¥ (6" +7° ), Lyg=0
. a6 (16,2) ” Z wy
. gapless ASPT triple point Hy = - Z (z” 0"1'2 +0{7 0 1% Loy =0
EIA @a Tl Ho=- 27 Lfé'.‘\/id‘ LY, = V20id},,
= ST U
o o Hy = - ) o' 6%, LIl =27 o7 |,
Z? Ising triple point & Z ° 'Hrc'*' 1L \/-T 56 Ti+5
s 2 —
Yolran (2,2) Ly, = \/_"z L
00 a 10 Ubw® Uk Z'(@,p) = L (@] - PUpy ® U,
b) Open system -]-..—-' E l:::]..
(b) Open sy . _ DI o
BSD 4 e
|- - - -2 D ESD=20 10 20
].O T T T : T T T ].5
0% ' | : Double | * | I '
' 0.8F | | ASPT 1 ESD=2 | |
o I T
0.6 0.6l . i, C oy o
w o |ESD=44 . ’ e——_. .. .
B R [ Z3 SNSSB x Zj trivial "“#;--;-,—--;-, ------- m
H0.4 ESD = 1| i 1 '
0.4} 111+ Te v o 0 | 7
R v o0 g e s [10:5
(-2 02/ 11Vt 78 trivial z3swssBT ESD="1,"
I 1 1 .| xZjtrivial xZjtrivial |. .
“0.0 0.0 v . PO e SP P : ! : H0.0
200100 Ofggh=q) T i " ESD =1
=2log A ¢ | i
201 i :
00 02 04 06 08 1.0

Strong-to-weak SSB meets ASPT order, Y. Guo and S. Yang #, Phys. Rev. B 111, L201108 (2025), Editors’ Suggestion
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.0 0.5 1.0
«
(a) Linear corr-length &,
1.0 : 10°
© 0.5¢ 110’
09 ~ I10”
.0 0.5 1.0

«

(a) Linear corr-length &;

1.0 1.0
2 0.5 0.5
05 -0.0

0.9.0 7.0
(87

(b) Symmetry indicator of Z7

1.0

2 0.5F

0.5
«

(c) String order (O )

1.0

1.0 - 10> 1.0
© 0.5¢ 4 H10' @05
E 1 i 0
0.9% 0.5 ro 100 045 0.5 7.0
(04 «~

(b) Rényi-2 corr-length &

1.0

(c) Symmetry indicator of strong Z7 (d) Symmetry indicator of weak Z7

Strong-to-weak SSB meets ASPT order, Y. Guo and S. Yang #, Phys. Rev. B 111, L201108 (2025), Editors’ Suggestion

(e) String order (Oygr)

Phase Edge modes| SSB GSDOBC GSDPBC
P 7 trivial X Z{ trivial 1 I 1 1
77 SWSSB X ZI trivial| 1 7z | 2 2
2

Zg SNSSB x Zj wivial | 1 |(z7)"| 4 4

oo BOXZIO)ASPT| 2=16 | I 16 1

' Double ASPT =8 | zg | 16 2
1.00 1.0 10 1.0 1.00
0.75 0.75
10.50 = 0.5 0.5 =05 40.50
10.25 10.25
1000 045 0.5 1o %0 995 0.5 .0 0-00

(83 «x



Summary of part one

e new framework to understand quantum phases and phase transitions in open systems

—Lir

e imaginary-Liouville superoperator £! — imaginary-time Lindbladian evolution e — steady state p

e completing the last piece of the puzzle for open-system quantum phases, open a new avenue

(a) Closed system (c) Open system

| wo) =

adiabatic path H(g)

without gap closing

lim e #Ho

e—i7 Ly H(g)dg]

lim e~

T7—00 T—00

lim e PH
p—c0 p—o0

> yq) Po =

¢ —i7 1= I H(g)dg]

Y. Guo, K. Ding, and S. Yang #, Rep. Prog. Phys. 88, 118001 (2025)
Y. Guo and S. Yang #, Phys. Rev. B 111, L201108 (2025), Editors’ Suggestion

adiabatic path Z/(g)

g — g

without gap closing

1/ .
Lot lim e

e 7 Lo Z10(8)dg]

e 7Ll Zoi(8)dg]

AL

> P



Part two

Locally purified density operator and purification perspective

Y. Guo *,J.-H. Zhang *, H.-R. Zhang, S. Yang #, and Z. Bi #, Phys. Rev. X 15,021060 (2025)
Y. Guo and S. Yang #, arXiv: 2602.21979
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Matrix product states for SPT phases

W) = iy Tr (A A iy i)

L 11 l l l i
y) = - _[ ) J_ = _[ A H A H A J_ A= DA @l = (BI

injective MPS , A? ; : (CPY®2 5 (C%)®L forms an injective map

(1 4+ 1)D system,

this implies that the physical space of the local tensor can span the entire virtual space
an injective MPS characterizes a short-range correlated state

C(i, 5) = (Y]0:049) — ($|0i[) ($|O;]¢p) ~ eVt

equivalent definition, transfer matrix [£ has a unique dominant eigenvalue

— A J—
— A=

E =

A*



Projective representation on virtual indices

impose symmetry constraints on short-range correlated states — SPT states

symmetry group K , the onsite symmetry action on the physical index forms a linear representation

U(kl)U(kz) — U(klkz), kl,kz e K

the symmetry action on the physical index induces a gauge transformation V' (k) on the virtual indices

Uy
o A @

sequentially applying U(ky) and U (k1) , the resulting tensor should be identical to that for U (k1k-)
the transformations on the virtual index should be equivalent up to a U(1) phase
V(k1)V(k2) = pa(k, k2)V(kik2), pa(ki, k2) € U(1)

projective representation of the symmetry K

X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Phys. Rev. B 87, 155114 (2013)
23



SPT phase: cluster state (Haldane phase)

decorated domain wall construction

PT 1 PT
YSPTY = LSy =i totrbo = rbotrTo o) = Fm Do Wing)
T T 0 T T
(o) (o) (o}
cluster state can be represented by an injective MPS with D = 2
1) =) 1) 1<) ) ) ) =)

- o |7 o |r o |r
0 0 1 1 1

symmetry actions

AN

nontrivial SPT phase characterized by the projective representation on virtual indices

24



e tensor network representation for mixed state, with physical (p) and ancillary (a) degrees of freedom

Locally purified density operator (LPDO)

p= see p
\_I—I_/

LPDO 1s Hermitian and positive semidefinite by design

natural and efficient representation for mixed states

quantum state tomography with locally purified density operators

Y. Guo and S. Yang #, Commun. Phys. 7, 322 (2024)

locally purified density operators for noisy quantum circuits

Y. Guo and S. Yang #, Chin. Phys. Lett. 41, 120302 (2024), Editors' Suggestion

locally purified density operators for symmetry-protected topological phases in mixed states

Y. Guo *,J.-H. Zhang *, H.-R. Zhang, S. Yang #, and Z. Bi1 #, Phys. Rev. X 15, 021060 (2025)

25



Weak Injectivity condition

:(CDxCD—>(CdP><Cd~

e linear correlation function C1 (0,1, ) = Tr[p0;0,] — Tr[pO;]Tr[pO;] ~ e~ li=l/&

e requires this map be injective

e transfer matrix has a unique dominant eigenvalue

Y. Guo *,J.-H. Zhang *, H.-R. Zhang, S. Yang #, and Z. Bi #, Phys. Rev. X 15,021060 (2025)

26



Strong injectivity condition

e requires this map be injective

e Renyi-2 correlation function C2) (0,1, J)

:CP x CP x CP x CP — Cdr x Cdr

Tr[p0;0,p0;0;] Tr[p0;p0;] Tr|p0;p0;] ~ €—|’i—j’/§2

Tr[p?] Trp?] Trp?]

e transfer matrix has a unique dominant eigenvalue

l

l

* *

27



Symmetries in the LPDO representation

strong symmetry U(k)p = e?p

strong symmetry indicator (O) = Tr[pO]

weak symmetry U(g)pU(g)T = p

weak symmetry indicator Tr[pOpO]/Tr[p?]

Y. Guo *,J.-H. Zhang *, H.-R. Zhang, S. Yang #, and Z. B1 #, Phys. Rev. X 15, 021060 (2025)

28



Purification framework

e mixed-state p — enlarged pure state |))

e classify all 1D mixed-state phases with Zy X Zo symmetry

by mapping them to a pure-state model with Zo X Zgy X Zis symmetry
Y. Guo and S. Yang #, arXiv: 2602.21979
e LPDO naturally encodes a purification as a matrix product state (MPS)

P a

P a

e each physical index is locally purified by an ancillary index, satisfying p = Tr,[|)(9)|]

29



Trivial weakly symmetric state

e trivial product state p)¥ = 2%\, I], 0}
does not satisfy the strong symmetry, Kp! # p¥

satisfies the weak symmetry, UpYUT = pW

e purification given by the product of Bell pairs

Yre') = 5xm LLi (Mot + Hovbe)

tracing out environment & yields p¥

e environment — local charge reservior, keeps track of symmetry transformation

30



Pure state Z5 x Z; SPT <> Mixed state Z5 SWSSB

the fixed-point density matrix characterizing Zo strong-to-weak spontaneous symmetry breaking (SWSSB)
AR 2%\7 (Hz o + 11, ‘7?) = P+ T P-
SWSSB __ _SWSSB

K =], o7, the entire state has strong symmetry K p? = p>
each term only has weak symmetry Kp, =p_, Kp_ = p;

pSWSSB can be purified to a 1D cluster state with SPT order protected by 2.5 X Zi5 symmetry

decorated domain-wall (DW) construction

hSPT) — FoatotwbotrTo ) = 585 Dot

1
KO — 9N/2 Z{o‘i} e
excitations of s spins are placed on the domain wall of o spins

nf$iég$;éi

we ) (o)

environment — stores nonlocal domain-wall information
long-range order appears in fidelity correlators and Renyi-2 correlator

microscopic mechanism of SWSSB from the purification view



Pure state Z5 x Z; SPT <> Mixed state Z5 SWSSB

o 15 x 4z SPT state, the symmetry transformation of the local tensor

B R R R

e after tracing out x, the local tensor satisfies

L L
{ar {arm- AR -{AFon
e e —2\5— ' J@f

o 75 X Zg SPT <+ nontrivial mixed anomaly between K and G < the resulting LPDO violates the strong

injectivity condition <> long-range Renyi-2 correlator <+ the mixed state has SWSSB order

2 . Tr|p0;0;p0;0j] Tr[p0ip0i] Tr|pO;pO;|
(0,1, ) 7 R IR




Domain wall (DW) duality map with controlled-Z (CZ) gates

o U_ DW — 11, CZ.,_,,,CZ,,, exchanges the trivial symmetric state and the cluster state
UDW‘¢Tr1V1al> ’ SPT> UDW|¢SPT> ‘ Trivial>

oT oT

el = 2y @ [Tl = T, 1) @ T, 1=+r)
ASPT

e pure state ‘wg;’z' SPT, o—«k Parallel> _ U(B_W (‘ Bell> ® ‘¢Tr1v1al>)

e mixed state pASPT Ubw ( pW ® |ypTrivial) <¢Ir1v1al|)U£WT

R. Ma and C. Wang, Phys. Rev. X 13,031016 (2023)
Y. Guo *,J.-H. Zhang *, H.-R. Zhang, S. Yang #, and Z. Bi #, Phys. Rev. X 15,021060 (2025)

Double ASPT

e pure state | g;z' SPT, o0~k SPT> _ U’BTW (’ SPT> ® ‘¢Tr1v1al>) UDWUDW|¢Trivia1>

OTK

o-double ASPT __ UDW ( SWSSB Q ‘ ¢7'I_‘rivial> <¢7t_rrivia1|)UDWT

po' oT

Y. Guo and S. Yang #, Phys. Rev. B 111, L201108 (2025), Editors’ Suggestion

e mixed state p7
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Minimal Z3 x Z:; X Z purified model

e pure-state SPT phases protected by Z3 x Z7 x Z5 symmetry are labeled by pt = (for, fbrrs ro) € {41}3

tap = —1 indicates the mixed anomaly between « and 3, with o, 8 € {o, T, Kk}

e cight fixed point wavefunctions can be constructed by decorating domain walls with controlled-Z gates

|¢0’7‘K)> — (UDW) (UDW) (UDW) —5 ‘ Trivial>

OTK

e quantum circuit to generate |¢ng b +1)>

starting from the product state | |, |T),, one layer of Hadamard gates (H) generates waﬁ’H’H) = |]:|—=);
g p 1 [ 1 34



Eight fixed points labeled by (14,7, firk, fro) € {E1}°

mixed state

(1) Trivial
p=(+1,+1,+1)

(2) SPT
H = (_17 —l_la —l_l)

(3) -SWSSB
p=(+1,—1,+1)

(4) o-SWSSB
p=(+1,+1,-1)

pure state
a T K
| 1 |
= ) | =)+ | =)+
a T K

:
T

I N B e P
Myl e

mixed state

(5) 7-double ASPT
pw=(—-1,—-1,41)

(6) o-double ASPT
pw=(—1,+1,-1)

(7) or-preserved SWSSB
u=(+1,—-1,-1)

(8) or-preserved
double ASPT

M= (_17 _17 _1)

pure state
Li

) H H—
) H H—
_HHiﬂ_
) H H—.

—()—HiH
— H—O— H —




Phase cube

e we implement a trilinear interpolation between eight fixed-point Hamiltonians

H()\O'T7 /\Tlm )\FLO') — (]- — )\07')(]- — ATF&)(]-

)\ )H(+1,+1,+1)

+ )\O'T(]- T )\Th:)(]- o )\na)Hé;ﬁ}’—i_l,—i_l)

+ (1= Aor) (1 = M) Ao Hi 07

+(1 — Agr ) Ari (1 — )\M)Héj;,—lﬁrl)
FArrAr(L = Aao) Hore 7 4 Xor(1 = M) o Hor 7
_|_(1 — AO’T)ATHAHO'HO(':;-,_]-’_]-) + AJT)\TKAHUHO(_;;[’_L_U

(7) ot-preserved SWSSB (8) oz-preserved double ASPT
4

. J
(ﬂGT’”TK’l,l'K.o.')E= (+1, '19'1) (‘1,"1, -1)
(4) 6-SWSSB: (6) o-double’ ASPT:
¢ - * :
(+1,+1, -1) (-1,4+1,-1)
/11«; E : E »
(3) -SWSSB + (5) 7-double ASPT
: » : »
: (i-ra '19+1) : ('},"1, +1)
(1) Ti'iyfal ™ (2) ST
&
(+1,+1,+1) 1 (-1, +1, +1)

oT

—— (Conventional SPT transitions

SWSSB transitions
Transitions between different SWSSB phases



c-SWSSB < o7-preserved SWSSB

e linear interpolation H(A;,) = (1 — )\M)H(H’“’—l) 4+ gL

OTRKR OTRKR

e duality relation UPWH(A,.) U = H(1 — A.,.), self-dual critical point at A, = 0.5

e compute the ground state using the VUMPS method

trace out K spins to obtain mixed states, calculate Renyi-2 correlators to detect SWSSB

M =m0 C?(0%,4,5), My = lim_ji,00 C?) (0772, 4, )

Correlation length &

Order parameters M ()
()
(W]

o
So

000 025 050 0.75 1.00

00 025 050 075 1.00
(a) A

A7'/<;

~
-y
~—

e 0-SWSSB phase (s, < Ao): MY £ 0,79 weak, Z7 strong, 7™ weak
or-preserved SWSSB phase (A, > A.): Mg) #+ 0, Z5 weak, Z7 weak, ZJ" strong

only in open systems , weak symmetry is hidden under SWSSB rather than eliminated
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correlation length

(@)éford,, =0 ) (b) éfor A, =1 5
0 . 100 1.0 , 10
@ SN0 (6) ®)
S o<l ' 5
’505} (13) ‘ —5101 F0.5F (14) 1 'gl()l
m N o, o NS el
040 0.5 o010 4o 0.5 ro 10
Ari A
(c) £ for A, =0 2 (d) & for 4y, = 2
. 10 0 . 10
@ s 00 (7) (8)
_20.5f ©9) e -:10' 205 (10) | -510'
O NS Ol (3) . S,
0820 0.5 010 985 0.5 1o 10
/\0—7— /\a’r
for 4., =0 for ,, =
0 (e)¢for 4 10° 1.0 () £ for A, 10°
® SO (7) ®)
,gfo.skzﬁ_; an - qfwo' Fosg (2 Ao’
O N o, @ NS O,
%820 0.5 ro10 09% 0.5 1o 10
)‘(77' )\07'

symmetry indictor

(a) KK)| for 2, =0
1.0

(b) KK)| for A, =1
1.0

@ ) 8)
,{3 0.5 (13)
| (3) | (5)
0-9% 0.5 o %9% 0.5 0

/\TH )"m
L@ KK for A =0 - (d) KK for A, = 1

5 o
’<‘ 0.5 /{c 0.5
0-9% 03 o 990 03 r.0
>\O'T /\JT
0 (e) |{K)| for A, =0 O(f) (K| for 4, =1
ey A (5) Lo (8)
_Fosf :
@
0-9% 0.5 o 990 05 r.0
)‘cr'r /\07'

Face phase diagrams

topological invariant

. (@) u for A, =

@
£ 0.5} (13) N
0970 0.5 o %90 05 Lo
/\TK
. (C),ufor/lﬂ = 0
(x4.)” e
I I i \ ‘
,Eo.s- G
(1) s
0.9%0 05

/\07'
0 e)uford, =0

Or—~—= A
Fosp (11) o fosp (12) -
(1) @) @ e
040 0.5 ro %o 0.5 L0
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Inside the phase cube

e each SSB region 1is rooted on one face and extends into the bulk, occupying a pyramid-like volume

e complete symmetry breaking at the cube center

7T T 77777777
S

Ao = 0.1 b) A, = 0.2 ks = 4 « = 0.46 (enl
1.0 (@) 1.0 (),,ﬁ._,:;,-;l,;,,.« 1.0 @ '1 O 6 Sf)'l 046 (enlarged)

L-pf=,” SIS 7/

- , ,
=
::ZZ:;Z" AR R et a—
— 'x&( 1 5) o d—

:::::E'ﬁ'%%( 16)_—_"_

——ly Ayl /i apfinamen.

== ?’/77:«::
0.4 0.5 0.6
A(T‘I'

(t? Ao = 0.5 (enlarged)

’///T//,/]/////’/‘__
7 I ISP
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All phases in the phase cube

Pure-state phase

Mixed-state phase

No. 4 L Ly Hatchyky por Mo Moo Hatch, 24 Z; )" Uor Phase name
1 |Symmetric Symmetric Symmetric None +1 +1 +1 None |Symmetric Symmetric Symmetric +1 Trivial
2 |Symmetric Symmetric Symmetric None -1 +1 +1 /  |Symmetric Symmetric Symmetric —1 SPT
3 |Symmetric Symmetric Symmetric None +1 -1 +1 \ |Symmetric SWSSB SWSSB +1 7-SWSSB
4 |Symmetric Symmetric Symmetric None +1 +1 -1 | SWSSB Symmetric SWSSB +1 o-SWSSB
5 |Symmetric Symmetric Symmetric None -1 -1 +1 /\ |Symmetric SWSSB SWSSB -1 7-double ASPT
6 |Symmetric Symmetric Symmetric None -1 +1 -1 /| SWSSB Symmetric SWSSB -1 o-double ASPT
7 |Symmetric Symmetric Symmetric None +1 -1 -1 \| SWSSB  SWSSB Symmetric +1  or-preserved SWSSB
8 |Symmetric Symmetric Symmetric None -1 -1 -1 /\| | SWSSB SWSSB Symmetric —1 or-preserved double ASPT
9 SSB Symmetric Symmetric // +1 +1 +1 None | SNSSB Symmetric SNSSB +1 o-SNSSB
10 SSB Symmetric Symmetric // +1 -1 +1 \ SNSSB SWSSB SNSSB  +1 o-SNSSB 7-SWSSB
11 |[Symmetric  SSB Symmetric \\ +1 +1 +1 None |Symmetric SNSSB SNSSB  +1 7-SNSSB
12 [Symmetric  SSB Symmetric \\ +1 +1 -1 | SWSSB  SNSSB SNSSB  +1 o-SWSSB 7-SNSSB
13 |Symmetric Symmetric  SSB = +1 +1 +1 None |Symmetric Symmetric Symmetric +1 Trivial
14 |Symmetric Symmetric SSB = -1 +1 +1 /  |Symmetric Symmetric Symmetric —1 SPT
15 SSB SSB Symmetric //\\ +1 +1 +1 None | SNSSB SNSSB SNSSB  +1 o-SNSSB 7-SNSSB
16 |[Symmetric  SSB SSB W= +1 +1 +1 None |Symmetric SNSSB SNSSB  +1 7-SNSSB
17 SSB Symmetric SSB /] = +1 +1 +1 None | SNSSB Symmetric SNSSB +1 o-SNSSB
18 SSB SSB SSB //\\= +1 +1 +1 None | SNSSB SNSSB SNSSB  +1 o-SNSSB 7-SNSSB
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Comparison of the phase diagrams

e imaginary-time Lindbladian — an infinite-size reservoir with a fast relaxation process

repeated reinitialization of ancillae at each time step

e this purified model — only involves a single ancilla on each site

(a) Purification perspective (b) Imaginary-time Lindbladian

o-SWSSB- . o-Double o-SWSSB ;. o-Double
d ~._ ASPT ASPT
24(‘0‘ ‘:\ o-SNSSB Axo' O-
~.SNSSB;.-
Trivial . .~ SPT Trivial SPT
Aot Aot

e while there exists a one-to-one correspondence between the phases in the two approaches

the precise locations of the phase boundaries do not coincide



Summary of part two

e propose LPDO and purification-based framework

— construct, classify, and diagnose quantum phases and criticality in open quantum systems
e cight fixed points form a phase cube — recover the full structure of mixed-state phases and transitions

e a unique class of critical behavior that connects distinct SWSSB phases, only exists in open systems

Y. Guo *,J.-H. Zhang *, H.-R. Zhang, S. Yang #, and Z. Bi #, Phys. Rev. X 15,021060 (2025)
Y. Guo and S. Yang #, arXiv: 2602.21979
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Quantum phase transitions in open
quantum systems

imaginary-time Lindbladian evolution
d __
L = —{H,p} + ¥, | LipL}, + H{LL Lk, p}| = —L7(p)

Y. Guo, K. Ding, and S. Yang #, Rep. Prog. Phys. 88, 118001 (2025)
Y. Guo and S. Yang #, Phys. Rev. B 111, L201108 (2025), Editors’ Suggestion

locally purified density operator and purification perspective
LPDO = MPS

Y. Guo *,J.-H. Zhang *, H.-R. Zhang, S. Yang #, and Z. Bi1 #, Phys. Rev. X 15, 021060 (2025)
Y. Guo and S. Yang #, arXiv: 2602.21979

Thank you!

adiabatic path Z/(g)
Ly
without gap closing

. _cpl . _cpl
lim e~Zo" lim e~Z17
T—>00 T—00

v eg[J.(l) ’?IO(g)dg] v
Po = = P

e’ | IoZ01(8)dg]
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real-time evolution

. . . ot o
ot + Ab), =T, [ o iH@LA-iLi @0} VAt-iL{ ®c; VAt

dp

dt

p(t) ® |O><O| eiHs®]aAt+iLZS®0'; \/Kt+iLks®0'; \/Xt]
S a

=Tr, [(o(t)s — iHp()sAt + ip(t)sHAt) @ [0)(0),
— iLsp(t)s ® |1)(0l, VAL + ip(1)s L @ [0)(1], VAL
+ Lisp(t)s Ly, ® [1)(1], At

1
- 5 (Lzstsp(t)s + p(t)ststs) ® |0><0|a At]

=p()s — i[HSap(t)S] At

+ ) | Lip(0) L, - % {LZsts,p(t)s}] At,
k

—i[H,p| + D4 [Lka;i - H{LlLy, p}]

= L(p)

p(T + A7),

dr

Real-time and imaginary-time Lindblandian evolution

imaginary-time evolution

= Tr, ’ o~ Hs®LAT-Lis@0} VAT-L] 805 VAT

p(7)s
=Tr, [(p(7)s — Hyp(1)sAT — p(1)sH,AT) ® [0)(0),
— Lisp(7)s ® |1)(0], VAT = p(7)L{ ® [0)(1], VAT
+ Lisp(7)s L} ® [1)(1], AT

1

+ 5 (LisLisp(D)s + p(D)s L Lis) ®10)(0l, Ar]

=p(1)s — {Hs, p(7)s} AT

1
+ ) |Lisp(sLi + 5 {L,tsts,p(r)s}] Ar,
k

® |0)(0| e—Hs®IaAT—LZS®0'; VAT-Lis®0 \/A_T]
a

= —L'(p)
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Different correlation functions for a mixed state

e linear correlator C(O, 1, 5) = (0;0;) — (0:){0;) ~ e~ li=il/¢

n n

Tr [p70p70

|

* Renyi-n correlator C™ (0, 4, ) = (0;07)™ — (0;)M(0;)t") ~ el (0) W =

e conditional mutual information (CMI)
I(A:C|B) = S(AB) + S(BC) — S(B) — S(ABC) ~ e Ls/tu
S(X) = —Tr|px In px]|, £nr is Markov length

S. Sang and T. H. Hsieh, Phys. Rev. Lett. 134, 070403 (2025)

(D5)c

e divergence of Markov length 1s an indirector for phase transition

Markov length remains finite in the same phase
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Calculation of Markov length
e calculate conditional mutual information with Renyi-n entropy and extrapolate ton — 1
SM(X) = —InTr [p’k]

e linear or Renyi-n correlation lengths are determined by the spectrum of the transfer operators [E and [£,, for

cven n

e Spectral decomposition E,, = > A% [r? ) (1% | with decreasing order [AY] > |AL| > ...
Renyi-n correlation length £, = —1/1In |A} /A\Y]

(a)

é/ E

[] [] [] Vv

VA Al Al Al 4

/7 / /7 N
YAl

P ?fEé - |-
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Calculation of Markov length

Renyi- n conditional mutual information

Tr[p%] = 32, () (10 r ) (%) = 32,(N) £

Lx
SM(X) = - InTr[p%] ~ +In {()\O)LXfO [1 + ( )
(n (A . ClB) Lﬁ_% |: LAB/gn _I_ e_LBC/gn _ e_LB/gn _ 6_LABC/£n]
L ;; (1 — e Lalén) (1 — e~Lo/&n)e=L/én o e=Ln/tn

Renyi-n Markov length & ]\Z) is just Renyi-n correlation length &, for even n

in 1D systems, finite £, = finite &

n—1
L! is gapless = divergent £ = divergent &qx = divergent &/

- e | - |

| oy . |
E,| [m]| =2 [m

B o B e

;z]}w {Lxln)\()#—lnfo foe LX/gn}

[ =2 [i]=

LI
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Parent Haimiltonian and mixed state

the stabilizer Hamiltonian for the trivial state W((;;’H’H)) =11, |—=), is Hivel = — N (0% + 7.7 + k¥)

OTK

the parent Hamiltonian for |14, ) can be generated by conjugating with the corresponding DW maps

- - - - . e 11
i = |(O8) 75 R 0B e 2 T R o)
using the relations U;?rwo-ff UUEWT — z'z_lo'gj Tiz and U (BWT z'w U, £-WT =% ,f T z'mU f+1
the parent Hamiltonian has a compact form Hye = — >, ( SE 4+ S+ S/f;b)
So, = o7 (17477) o+ (k_157) E
Sé‘_t — Tz’w (0'50'5_1_1) 1—’2‘07 (Klf_l/{f) 1—,L2L7'I£
St = wi(ririn) T (oiora) T

tracing out the x degrees of freedom yields mixed states p5, = Tr, Ugbﬁmﬂ iy H
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String order and fidelity correlator

e parent Hamiltonian of the cluster state |3, 1) is Hot ' = — Y, |k 07K7 + 0ZKk%07, |

. |¢,§§T> exhibits nonlocal string order , lim;_;_,o | (S(0%, %, 4,7))| = 1
where (S(0%, 57,4, 7)) = (¥S20|o? (TT1} K7 ) o3 |¥5ET)

o fidelity correlator of the mixed state C” (0%,4,j) = F ( ;05p0;0, p)

F denotes the fidelity between two mixed states F (p1, p2) (Tr \/ A/ P1P2/P )

e we introduce two pure states [¢2) = o707 SPTY and [1)) = Hl ! g2 |opSPT)

o string order parameter can be expressed using the fidelity between these two states

S(o%, k%, 1, 9))| = [(Y1|2)] = /F ([Y1)(d1], [2)(W2]) < /F (Trallvh1)(@h1]], Trel[th2)(¥2]])

\/ F vajpEWSSB o j,p?,WSSB) = /C” (02,1, ])

o if the original pure state has a long-range string order lim;_;_, | (S(0?, &%, 4, j))| — O(1)

the mixed state is long-range correlated in terms of the fidelity correlator limj; ;o C (0%,1,7) — O(1)
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