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Outline of the course

1. Superconductivity that breaks time reversal
symmetry.

2. Flux quantum fractionalization and ungquantized
vortices in multicomponent superconductors.

3. Electron-Quadrupling condensates in
multicomponent superconductors with strong phase
fluctuations.

Superconductor with
broken time-reversal
symmetry
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Lecture | - Superconductivity that breaks time reversal
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symmetry

Superconductor with
broken time-reversal
symmetry

The aim of the first lecture:

1. To introduce the concept of multicomponent superconductivity with
broken time reversal symmetry.

2. To introduce experimental techniques that are capable of detecting
this type of superconductivity.

3. To discuss the materials in which these states were detected or
expected.
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Fundamental properties of superconductors
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» Superconductivity is a unique state of matter characterized by zero electrical resistance pg- < 1024 Q-cm
(for example, psc~ 10° Q-cm for pure Cupper at T = 4.2 K (liquid He temperature)).

Non-superconductive

Metal \

Superconductivity (zero resistivity) was
discovered in 1911

== Superconductor

Resistance

i i 0K T T 1
Heike Kamerlingh Onnes ¢ Temperature

» Superconductors repulse magnetic field — ideal diamagnetic materials (Meissner effect).

Walther Meil3ner Meissner effect was discovered in 1933
and his PhD
student Robert Q Superconductors are “antagonistic” to
Ochsenfeld . g
magnetism!
T>Tc T<Tg 4

https://en.wikipedia.org/wiki/Meissner_effect



Cooper pairs, superconducting order parameter in
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Bardeen—Cooper-Schrieffer (BCS) theory

» Pairing of two electrons with opposite
spins via exchange of phonons.

= ) ) - | ky k)
) £ 1 > In superconductors, the size of a Coopfrpa" -
Surdcen (boper  Schmiclier Cooper pair is large compared to the l \q ,
crystal lattice unite cell. ! 5 kQ
» Cooper pair is therefore a correlated
state of two electrons. The first was described in 1956 by Leon Cooper.

Order parameter A = |A| e’
» The formation of electron pairs results in a phase transition at T, with the

order parameter A = |A|e’?, which has amplitude and phase.

» Below T, the state is characterized by an ordered ¢ resulting in \
spontaneous breaking of Ul gauge symmetry.

» |A| characterizes how strong the symmetry is broken below transition
temperature and is the energy characteristic of the state.

https://slideplayer.com/slide/5363094/



Cooper pairs, superconducting order parameter in
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Bardeen—Cooper-Schrieffer (BCS) theory
> |A| corresponds to the energy gap between the ground state and exited state. Excited states
» The electrons interacts only in the vicinity of the Fermi energy. T
» For a circular Fermi surface with electron-phonon interaction the gap has an “s- Bo
” : . . Ground state
wave” symmetry (in analogy for orbitals in atom). 1 00— 00—00—CO—00—
2 |
Momentum-independent ..g , \/
interaction of the electrons in w &1
icini = K > |
the vicinity of E; = - .E ~ |4 - energy gap
20k a | |
E. Energy
A(T)/A(0)
O T mT e Dots - experimental
- The gap in the density of states can be measured in 0.8 TN, perim
the experiment and is temperature dependent 0.6- e, data, dashed line -
' 0.4k % BSC theory (1957)
0.2f e
0 0.'2 0.14 Ofﬁ 0:8 1?0 6

V. V. Sshmidt, “Physics of superconductors” (1997)



Superconducting order parameter symmetry
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Dependence of the order parameter on the direction of the Cooper pair Complex Fermi surface

momentum on the Fermi surface S Sy

ky'

nodal s d
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Ax = Ag cos 26y

An s- wave order parameter: O O
independent on momentum An d- wave order parameter:
Rev. Mod. Phys., 75, (2003) has 4 nodes Rep. Prog. Phys. 74 (2011) 124508

» The order parameter symmetry is named after the symmetry of the atomic orbitals: s, p, d, etc;
» An s-wave superconductivity is more common in nature- conventional superconductivity;
» Other than an s-wave type of the order parameter imply unconventional superconductivity.



Ginzburg-Landau (GL) theory the first phenomenological

theory of superconductivity

v' The theory assumes that superconducting state is more
ordered compared to the normal state and the transition to
superconducting state (in zero magnetic field) is a second order
transition.

v In the GL theory the field y () (made of Cooper pairs) takes a
role of the order parameter.

Ginzburg-Landau Theory

of Superconductivity, 1950
Zh. Eksp. Teor. Fiz. 20, 1064 (1950)

2003 Nobel Prize in physics

Vitaly Ginzburg Lev Landau

Superconducting transition is continuous at T, but results in spontaneous broken U(1) guage symmetry

R - [T (r)[? = ny/2.
- LL
% Vo (T) T n, - the density of superconducting
% < electrons
= @)
S 5 T>T
o (D) C
o S To<Ty Free energy close to T, in zero
'g @ magnetic field, where | Y(r) |<<1
T B
> L b > Fy = F, + a|¥|? + —2—|\Il|4,

! Yo=-a/f qummm g% =0



Ginzburg-Landau (GL) theory the first quantum

=30\ A 3 4% %7
. . . el V= 8k & L LSJ"'L‘
phenomenological theory of superconductivity
For non-homogeneous superconductor in magnetic field, close to T_ free energy can be expressed:
2, By o L _ (VxA)? VxA-Hg
Gt = gn+f[a|l11| + Sl + | ihV'¥ A‘If‘ - el 14
— 2 1 . 2e . .
éu+Gsg =0 , a¥ + BY|T| +—-(zﬁV-|— A) ¥ =0 -first GL equation
SAGar =0 minimization of the energy gives: 4m
: js = J..h_e(\p VU — IVT*) — _|q;|2A - second GL equation, expression
mc

for supercurrent
The one can define:
A2 Type-l superconductor Type-ll superconductor

¢ = ——, - GL coherence length ,
. . O — 0 ¢
2= o mcgﬂ . - magnetic penetration depth & fn—tsc $Hem L Boundary H
drnge?  8me|qf _ H = P

S Boundary 9

@ = nhc/e - flux quantum o 5 Normal
5 Normal T
c S metal

) 9 metal O \
Y — )

% (N+—A) b -+ Phpf? = 0 3 . 2 ¢ .
S A S
A 3 n A

i',bl2

Js = ('ff) Vip — pVp*) -

H_.,, - thermodynamic critical field
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Superconductors with broken time-reversal symmetry

At T, broken U(1)

Order parameter AA = |A| ¢
A V(A)

T .
0 and T(Z,)-time reversal symmetry: A = A*# | A |e'°

Electrical

A _
V4 (A) Magnetic field Gl

Im (A) &
\ / ..... ( Electrical
) i | N current

Magnetic field

Re (A)
https://slideplayer.com/slide/5363094/ ‘ | ’ >
The fundamental symmetry which A~ 0 A
spontaneously waates by any Two energetically equivalent states with A # A*
superconducting state. meaning spontaneously broken Z, symmetry.

> Broken time-reversal symmetry (BTRS) state can be described by two component imaginary order parameter:

A +iA,
» Two different phase transitions — T # Tgzs and two different coherence lengths §, ., # {2,.

» The Broken Time-Reversal Symmetry state results in the appearance of spontaneous currents and magnetic fields.

Where these currents come from? 10



Superconductors that break time-reversal
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symmetry (BTRS)

Two-component order parameter |4, |e®* @ with double degenerate states:
{148,1, 18,1, ¢, — @, = 6.5} — {1841, 18,1, @, — @, = -6}

Degenerate (symmetry protected) order parameters Non-degenerate or accidentally degenerate order parameter

intrinsically |81 = 18,1, %= #17/2 =T, = Tors |8, ] # 18,1, 6., # 0,7 mmpfine tuning for T, = Tgyes
Examples: py £ ip,, d £ id; - Examples: s is, s £ id, d % ig, ... i

Superconductivity 2
T (SC2)

stress

\cemperatu re

Superconductivity 1

uniaxial stress
Lifting degeneracy by strain (SC1) Competition between SC1 and SC2

The degciiciavy 1> nitcu vy any perwiivauutt.

V. Grinenko, S. Ghosh et al. Nat. Phys. 17, 748—-754 (2021). V. Grinenko et al., Nat. Phys. 17, 1254—1259 (2021).

Spontaneous currents appear as a result of a non-trivial phase difference between the components of the
order parameter (internal Josephson effect). What is the internal Josephson effect?



Phase of the order parameter

Phase of the order parameter ¢ is a key to define the properties of a superconductor and
can be measured directly in the phase sensitive experiments such as Josephson effect.

Josephson junction between 2 The evolution of the system can be described
superconductors by time-dependent Schrodinger equation
Brian David
Insulator or Josephson
normal metal v R | | 1962
Superconductor Superconductor Zha = HU with a wave function ‘I’(t) = Z C’a(t)'gba
' ' a
Cp¥p (7
D) dC’
Cooper pair
Nature 474, 589-597 doi:10.1038/nature 10122 ‘Zh Z Hﬁac (t) Wlth Hﬂa - / ¢6H¢a dV

v' Here we assume that the system can be in two discrete state y, and g,

v Hgg is the energy of the system at state g;

v' Hg, is the matrix element characterizing the transition of the system from the state yj;to the state y,, ;
v C, is the amplitude of the state w,and | C,| is the probability to find the system in the state y, .



Phase of the order parameter

Phase of the order parameter ¢ is a key to define the properties of a superconductor and can be
measured directly in the phase sensitive experiments such as Josephson effect.

Josephson junction between 2 superconductors

Insulator or
normal metal

., dCh
Superconductor Superconductor zh dt — BVC]_ (t) + KCQ(t), K iS tunneling from
_ | Cp¥s Cols dC energy level 1 to
@ ih—2 = KCy (t) — eV Ca(t). the energy level 2
Cooper pair dt
Nature 474, 589-597 doi:10.1038/nature10122
V
Energetical equivalent schema of the junction C, = ynge ¥« with n, as a density of superconducting
electrons at the level 1 and 2
=
i rsoncurens
14 | dn 2Kn. - Josephson current is
eV] a Js o — = 2 sin(¢, — ®1) propositional to the phase
] dt h .
difference between left
eV )
2 and right
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Phase of the order parameter GL theory

It is useful to consider the Ginzburg-Landau (GL) theory to describe the Josephson effect.

£2 (N + ?-EA) w—p+YlpP=0 IfL K &then v2y ~ /L2 Since |y|~ 1in the bulk, one get VZf(r) = 0.

= 1€’
////////g///////

With a possible solution: v = 111 f(r) + 122 (1 — f(r)) where fir)=1in1andf(r)=0in 2. L «¢

—cocherence length

I'«ifl2

Js = {w Vi — pVy*) — - expression for supercurrent

In zero field and for 6; and 6, are independent on r we can get

- the result depends on the phase difference
between left and right and the gradient of the
amplitude.

B s —i(Bs—8y)\ pr - Dy . g —_
o Im (‘t,frl't,bze )_f (r)F = m( Uty sin(fy — 6,)) f'(r)F

js:

For 6,(r) and 6, (7).

0
2m\2

js = =5 [Wif(r)VOL + ¥3(1 — f(7)) VO, + Prehy sin(f, — 61) f'(r)7] - this adds gradients of the phases

Currents in a superconductor appear spontaneously when there is a variation of phase
and amplitude of the order parameter!
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Phase of the order parameter GL theory e Rt

Now we can understand what will happened if there is a superconductor with a multicomponent order parameter in

the real space ¥, = |[4,|e’** where a=1,2,3and &, — P, = @, The order parameter components are

_ _ _ separated in the momentum space.
Domain wall between regions of different ~

chirality of the phase

A >
’x Py 4 OF
\ P53 P
l/cp1 OF
A1
(s-is) (S+is)
m=1 m=-1

Z, Ising order parameter m characterizes an inter-band phase locking



Ginzburg-Landau description of the multicomponent

S+is state

Free energy for a multicomponent order parameter , = |4,|e’** where a=1,2,3 and @, —~ @; = ¢, (an s+is’ sate).

1A% AP
:zL [ 2 1A W] A+ Y [T + Xyl A1l costd, — +ZV(|A| A, )+— where p? = A? + A2+ A2
i=1,2,3

i>j jpz i>j e
SC TRSB _ Change of the phases and
Internal Josephson coupling amplitudes at the domain walls
) us T -
Case || Sign of 712, 713, 723 | Ground State Phases %
/2t
1 || spp ——— $1 =2 = ¢3 . >“ 12 >_’
2 s+is’ — — + Frustrated 023
_1 /9l ‘
3| s+ —++ $r=¢2=¢3+m m/ —_— P13
4 s+is’ + + + Frustrated o ] .
L2} |thn |2
V Stanev, Z Te$anovié PRB 81 (13), 134522 (2010) 1.0
J Carlstrom, J Garaud, E Babaev PRB 84 (13), 134518 (2011) 0.8 v
J Garaud, M Silaev, E Babaev Physica C: 533, 63-73 (2017) 8'2' |[19]? = 3|2
0.2¢
We also assume that |4 | = const but this is not the case on "o 5 0 5 10

: . o X
the domain walls or around inhomogeneities! Julien Garaud, thesis, 2022

This s+is’ state breaks time reversal symmetry and induces fields at domain walls and around inhomogeneities.



Spontaneous currents in s+is superconductor

Magnetic field
B 4.0x107 P12 n Counterflows ,
. I 2.0x 1073 I /2 ¥ 2.0x 1072
. 0.0x10" H O 3.9x10*

- i -2.0x 10" i -n/2 : -2.0x 10”2
: - ‘A -4.0x10" . -4.0x1072
Defect pins / X < .

the domain wall J Garaudand E. Babaev, PRL 112, 017003 (2014); A. Benfenati et al., PRB 101, 054507 (2020)

. . 1€0m 9yt s Ay ; +1 if (4,7) = (1,2)
By = Ay, — O At = —1n0s (215 ) eI 0P, 0 + Wi wo, W]l where e;={ 1 if(i,j) = (2,1)
] 0 ifi=y

The spontaneous fields originate from a second term having the Skyrmionic form of CP? topological charge density. [E.
Babaev, L. D. Faddeev, and A. J. Niemi, Phys. Rev. B65, 100512 (2002).]

In2-band case: Y = (YP1,Y,) B = curl A = curl 2|¢|2[(¢1w’1 V1V ) + (Yo V5 =5 Vip,)] — curl

I?,blZI

[y [
0:0,.
N \wulz] m

B contains products of density gradients and gradients of the phases of the form  9;




By T d R

Spontaneous currents in s+is superconductor

Magnetic field
B 4.0x107 P12 n Counterflows ,
. I 2.0x 1073 I /2 . 2.0x 102

L 0.0x10Y MO0 | 3.9x10%

. ' 2.0x 107 ' /P : -2.0x 10”2
: ‘A -4.0x10" . -4.0x 102
Defect pins / X = :

the domain wall J Garaudand E. Babaev, PRL 112, 017003 (2014); A. Benfenati et al., PRB 101, 054507 (2020)

. c . i€ m 2. - ‘ .
Bk‘ — dIA'm — dm.A.E — _E{.mdf (H{gllz) _{{2‘;‘4 [‘lpﬁdiqﬁdmlp + \DTdIlPdmthI,]

The spontaneous fields originate from a second term having the Skyrmionic form of CP? topological charge density. [E.

Babaev, L. D. Faddeev, and A. J. Niemi, Phys. Rev. B65, 100512 (2002).]

v The fields associated with the magnetic field induced by internal Josephson currents between different bands (in
momentum space), in the presence of relative density gradients caused by inhomogeneities.

v" Without inhomogeneities, spontaneous fields are perfectly compensated (counter-flow) since in momentum space all
directions are equivalent, and there is no net current transfer.



Spontaneous fields in non-chiral pairing states, domain

the phase difference

between s and d
20 components
s+ id -

B

= 0 0
—5
—10

—20 9

A. Benfenati et al., PRB 101, 054507 (2020).

Domain boundary pinned by defects
produces dipolar spontaneous fields.
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A domain wall stabilized by randomly located
pinning centers for an s+is state

B P12
74x1073 w
- 34x10°3 n/2
) . | ’ A
6.2x104 0
4.6x107 -1t/2
. -8.7x1073 -
|11 |
2.3x10° 2.0x10°
I 1.7x 10" 1.5x 10"
U 1.1x10° 1.0x 10V
I 5.7x107! 5.0x107!
0.0x 10" 0.0x 109

J. Garaud and E. Babaev, PRL 112, 017003 (2014)

Dipolar structure of the field — the net magnetic flux is zero 19



Spontaneous fields in non-chiral pairing states due to
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Inhomogeneity

L. ) Spontaneous magnetic field due to spherical inhomogeneity
Spontaneous magnetlc In s+id superconductor

(a) s+is (b) s+id
yb) g F y(b) 1 A
0 e 5 0‘
4 =0-1 lo _2‘..”.-
1 —_————— 2
e !
081 2(c) o}
06F - - - -+« « . A —1"-2
............ -2t
- LTI TR R ‘ 4 L\u.
0.4F = = = =+ + « « Vgt -2 B
........ N vt T
02F « « « & & & ® \ i : @ -------- 2
- - - - - T T S ( \ - P s . - - - -
R e : Pl Order parameter’s modulus |y,|,|w,|
g . - Lol o 1 b B I - - ad ]
02t - - .- .. .. ® : H :@ ....... (@) (b) @,
--------------- 10 10
—-04fF « + o .. - L L S 0.400
....... I 0.375
........ N 0.350
B E C e e e >~ 0 0325 > 0
.......... L 0.300
I 0.275
P N . _10 0.250 10
-1 -08-06-04-02 0 02 04 06 0.8 1 -10 0 -10 0
,;’ X X
W.-C. Lee, S.-C. Zhang, and C. Wu PRL 102, 217002 (2009) (c) 10* x B, (d) 10° x B,
0.5
>~ 0 0.0 >~ 0
-0.5 —i
Non-chiral superconductivity has similarities with o . -1.0 10 -6
1 ' ' H -10 0 10 =10
antiferromagnetic state -> the average field is zero. % 2

V.

—

. Vadimov and M.A. Silaev, PRB 98, 104504 (2018)
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Chiral p, * ip, superconductivity

Distribution of spontaneous fields and currents in one domain (p, +ip, )

Chiral edge current
N . L'

Meissner screening current

Dimensionless
vector potential

01 F :
magnetic field v
current density
5 | | : C. Kallin http://www.icmr.ucsb.edu/programs/documents/Kallin.pdf
-0.
0 S 10 15 20 J. R. Kirtley et al., Phys. Rev. B 76, 014526 (2007).

/&

Furusaki, M. Matsumoto, and M. Sigrist: Phys. Rev. B 64 054514 (2001)
M. Matsumoto and M. Sigrist, J. Phys. Soc. Jpn. 68, 994 (1999)

Spontaneous currents flow along the surfaces, domain boundaries, and crystalline defects.

Chiral superconductivity has similarities with ferromagnetic state — spontaneous bulk magnetization.
21



Experimental methods (bulk) sensitive to BTRS

0\ A i 4 %

. . g'UNGiL AO LEE N;';T:JTE
superconductivity 7 peemens
v .
. . . H ¥
Muon spin rotation/relaxation (uSR) 0 0= )

/Q¢> 22ps

Ve https://www.psi.ch/
MSR is a local probe is sensitive to both chiral and non-chiral states with broken time reversal symmetry (BTRS)

\J/ \’V
Polar L itudi

Polar Kerr effect: _ o , » ,
A change of the reflected light polarization — ‘“reliably” sensitive to chiral

superconductivity, only.

The most direct are
Scanning SQUID or NV center magnetometry

https://doi.org/10.1007/978-981-10-6156-1_108

-SQUID on tip

Pick up Loop
Diamond probe
/ w/ single NV center
d3 e -

Spontaneous Nernst and Hall effects in zero Magnetometry
magnetic field
A4
b Magnetic sample
JConsFriction/'
unction
ACS Nano 2025, 19, 8, 8255-8265

— due to averaging can be zero in a BTRS state
E / Heat or electrlcal J. Phys. Mater. 7 (2024) 032501
% charge flow High sensitivity >~ 10 nm resolution

https://doi.org/10.1080/14686996.2019.1585143 e

Magnetization t

Surface fields in BTRS state are not yet reported



Muon spin rotation relaxation (USR)

Angular distribution of positrons from
the parity violating muon decay:

p+
a W(E,O)=1+a(E)cos(0)
) The asymmetry parameter a = 1/3
2.2 us when all positron energies E are

sampled with equal probability.

Positrons preferentially emitted along

By detecting spatial positron emission as function of time - time evolution of muon spin direction of muon spin at decay time

Electronic clock

(23

Positron
detector

0
|
Spin-polarized
muon beam
pt Muon
w detector
4 |

. _ AFM transition in Sr,RuO,
In typical experiments used 2 detectors schema

o =-1.05 GPa
Bext 0.10
—_—
<
muon beam Su = A(t) -
[0
Si [‘ (& E
: . >
muon  positron positron 2
time 0 forward backward
detector detector detector
0.00

Minimum sample thickness ~ 100 um

. . . V. Grinenko, S. Ghosh et al. Nat. Phys. 17, 748-754 (2021).
3D dynamic zero field compensation better than 0.02 Oe
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Ordered vs. BTRS magnetism

AFM transition in Sr,RuO,

=-1.05GP
. 3 6.0 Well defined fields in every unit cell due to
long-range AFM structure
> 4.5
<
Py < a
o 3.0 = ‘ ------- * u**
| e 4
@ 1.5 AFM transition
< o ‘ e
i * /1 l 1
- D 0.0 50
"0 2 4 6 8 0/ 2 4 6 8
SRAHE) SCresponse temperature (K) Spontaneous fields in BTRS SC
V. Grinenko, S. Ghosh et al. Nat. Phys. 17, 748-754 (2021). T

Random fields decay as ~e 2

0.020 25 s :
s 20| Stroola0o RO, [ = 50mK LF 50 b Sr, ogLag o RUO, o ZF where unit size a << A SC penetration depth
: e R —— AC/T| | 5o -3
022 o 50mK ZF 00154 | 9 _ 74x10
o | S i 3.4x 1073
$020 A g ) E 3.4x 10~
: bt e ) oo — Xl D 9 ®',,
?018- | =] .% ‘ / transition i = _6.2% ]0-4
| s 1 S
0.16 THT8 T IIT T © 0.005 1 < g
ik : et 4, 46x103
0.141 BTRS — ) .
0o 2 4 6 8 10 12 transition =~ 00 05 10 15 20 25 30 -8.7x10™
Time (us) Temperature (K)

Y. Li et al. arXiv:2512.24585



Where to look for multicomponent states? Ot T
f? Band structure
L Insulator Metal — 2 band Metal - single band
r d
4, ¢, 4, P § o
\ Ps P> o bo The electronic band
H ® t & structure of the crystals
OF 1 c w
) S | \ F 7 ~ c results from electrons
A, < = QN 5 moving in the periodic
Domain wall w &&Q\‘Q\ 3 e potential of atoms
; \-&\3&\§‘\\&\ W SN N\ .
7 J m

_ kF—» 7 F—> 5
We are looking for

multicomponent superconductors
in multiband metals. Hole-like FS sheet

M(rt/a, m/a) N

)
% Y
w0 oo O+ O

Electrion-like FS shedt
M N
_/ NG

Fermi surface (FS)
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Where to find multiband superconductors?

Fe base superconductors . .
Fermi surface (electronic
sates at the Fermi energy)

e

; Crystal structure 4

Ba

R Fe
W As

T max ~ 60 K

Watson, M.D., et al. npj Quantum Mater. 4, 36 (2019).

Possibilities: s+is’ and s+id

Domain wall Nfckerates
max
T max — 3.5 K L2 NiLO T, 50 K
C . a-Ni _
SrzRu 04 Bulk Surface + Bulk : 5 3711 Y B M
A D oL [ | |
' N ML 665665055 e
$ , BL | $EEESSEEEEAEE | 1212
/) ML [FeEEeseassaese fim
BL [ SEEFEIEEEE o %
| Bt S
: NN SrLaAo,
\ -~ CHHEORARORe  substrate
=ty g e 2t ov R,
C
LO La/Pr ¢ Ni ® Sr/La ¢ O
a

A. Tamai et al., Phys. Rev. X 9, 021048 (2019).
Z. Nie et al., Nature 652, 628—634 (2026).

Possibilities: s+id, d+ig, d+id Possibilities: s+id



Multiband unconventional — s-wave superconductivity in

4 W

Iron based superconductors

Proposal for s-wave superconductivity mediated by spin fluctuation

Crystalline lattice

Schematic representation of the
(@ VZax+vza

superconducting gaps at the Fermi surface.

S+ S+
0 02
oo oo

0 0"

DXD

nodal Sy d H = Hﬂ'l'UanETn:EJ, +U Z RigNiy
O O Theoretical treatment of the i<
interactions in  multiorbital 7 Z Z” c
ito :Er:r ita'Cit'o
O O o O O o system using Coulomb (U) i<t 0,0
O 0 and Hund’s (J) couplings. +J Z cjﬁgj“cm_.icm,
WAET
27

P. J. Hirschfeld et al., Rep. Prog. Phys. 74 124508 (2011)



Multiband unconventional — s,-wave
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superconductivity in iron based superconductors

2
! |A°1A1° B
F=oz || Z8PVe|-erh| + X [V |+ 3 m 8,118l costi — +ZV(|A| A0+ =

1—123 i>j o i>j o,
SC TRSB
Interband Josephson coupling results in s, superconductivity at optimal dopin
P pling + SUp Yy P pINg Ba, K Fe,As,

(0, 7) (T, )

SR\

P, =n Only two leading bands
» for optimal doping!

A

Case||Sign of 112, 713, 123 |Ground State Phases
Lol S+ ——— P1 =2 = P3 E 1(n, 0)
2 || stis — —+ Frustrated B
3 ISy —++ 01 =2 =P3+T a
4 || s+is +++ Frustrated \- r :
1
Yunkyu Bang and G R Stewart 2017 J. Phys.: Condens. Matter 29 123003 T. Sato et al., Phys. Rev. Lett. 103 (2009) 047002

It is broadly accepted that interband interactions between electron and hole Fermi pockets are responsible for

the magnetism and superconductivity.
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D. Evtushinsky at al.,

150 ARPES (unpublished) »The system is multiband with more then 3
4 Kb_o" O disconnected Fermi pockets.
oQ OQ

»Hole doping results in topological changes of
itz hole " the Fermi surface (Lifshitz transition) at X, = 0.7.
ion Q0 Q0

100-

N 0Q oQ Predictions for the phase diagram of Ba,  K,Fe,As,
% 7 T (a)
ot
2
O I =0 >
N

electron doping

1 —
O O O 5 1 O S. Maiti and A.V. Chubukov PRB 87, 14451 (2013).

X (Hole doping) N.xuetal, PRB 88, 220508(R) (2013)

L I I I Ll L L)

» The superconducting dome is continuous across the Lifshitz transition.

: - . 29
Is the BTRS sate possible close to Lifshitz transition?



Specific heat jump in superconductors direct probe of

2N A & 4 2
£ £ ¥
the order parameter structure
9 The free energy of the superconductor is related to thermodynamic critical field H_,, of a
Fn — FsO = Hcm/81r superconductor. Ss — Sny
INg. = — -— = . -
Using: S (OF/0T) g , we get SS. Sn T ( o ) . O\JT" T
The specific heat is given C = T (8S/0T), resulting in C. = v T
T BH 2 ¢ T OH 2
c cm | c cm
ACe|:CS_Cn:47T ( 8T )Tc ,I -47!'( BTI )TC
|
|
Within the BCS theory the free energy of the superconductor is related to the !
energy gap A, (the order parameter amplitude at T — 0). 0 1: -
HEm (0) _ lN(O)Az In a conventional s —wave superconductor AC_/ y,T. = 1.43, where ]fBAﬁC = 3.52
- 0
8 2 , For, an d —wave superconductor AC_/ y,T. = 0.95 with 280 _ 41 (for weak coupling)
BT

The jump reflects the order parameter structure!



Specific heat of Ba,_K Fe,As,
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1501

Lifshitz
transition

100

T (K)

501

nnnnnnn

4 8 12 16 20

T (K) V. Grinenko et al., Nat. Phys. 16, 789-794 (2020).
> In the BCS theory the specific heat jump AC_/ vy, T, = 1.43;

» AC_/y,T. is below BCS value at all doping levels -> multiband behaviour;
» Non-monotonic dependence on T.. 31



Thermodynamic signature of two superconducting

“e 1 \ )LLP ki oy s
: @) e
States In Ba1 -XKXFeZASZ "1‘” TSUNG-DAO LEE INSTITUTE

X

1501 B i
_ Llfiltz Ba, K Fe,As, IXx~04 @ e 4
j transition — 11 ® This work I ’ . q
~ ~
3 100- Ve O Hardy etal., : O X0-8 . l.
- ] o () Grinenko et al. ; s 197 ,‘ ./
B o) = CsFe, As, T17 v ’
: _E’ O Hardy etal., 4 '\\CS_~ ' & 5
] = 1 S B e /
0- \%\ X < /
. : . ‘ /
x s o BTRS?
@) 0.6 -
<] - 0 ﬁ I
03 - 4 8 12 16 20
: 1 10 Critical temperature, T_ (K)

K doping

V. Grinenko et al., Nat. Phys. 16, 789-794 (2020).

» Non-monotonous doping dependence of AC,/ y,T. indicates changes of the electronic or the superconducting gap structure;

» Two different scaling behaviors -> two qualitatively different superconducting states.

Possible BTRS state around x = 0.8! 32



Search for BTRS superconductivity in Ba, K, Fe,As,

with uSR

Normalized Heat capacity

AC /[y, Tat T,

« = Ba, K,Fe,As, = 0.65
1.2
x=0.8
101 SC2 !,1. X
’_. .. .’
/
0.8 -
/,\ /,
/
o
w , BTRS?
— TN
4 8 12 16

Critical temperature, T_ (K)

Proton Accelerator
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SuS — Swiss Muon Source at High Intensity Proton Accelerator Facility

Electronic clock

Positron
Spin-polarized detector

muon beam

V. Grinenko et al., Phys. Rev. B 95, 214511 (2017).
V. Grinenko et al., Nat. Phys. 16, 789 - 794 (2020).
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Search for BTRS superconductivity in Ba, K, Fe,As,

with uSR

Asymmetry, A({)

Muon-spin relaxation rate doesn’t

<
change across T, ~ 9K > 0.12 -
©
£
0.20 §>)~. 0.10 -
<
0.15 Mt | 0 2 4 6 8
B Time (us)
0.10 i :>\\:1 i /
0O 2 4 6 8 © ‘ —
Time (us) g . 10 \
+— "a | ' /
S~ SC2 —g °
= B =08 /
CIN) < / B SC1
N /
: | ¢ BTRS?
S g |
Z T T T 1 ; T T T
4 8 12 16 20
X =1 Critical temperature, T (K) x = 0.65
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) L/ >

\%, ‘ﬁ g £

\Z &)

%,
40 ToNG

X

0.14 {9g

x = 0.78(3)

Muon-spin relaxation rate is enhanced
In the superconducting state!

Relaxation doesn’t change
across T, ~ 19K

0.24 —
S '.';U.r' .
N 0224
]
()]
£ 0.20 - . )
3 1 o T=253K A1
< 0.18 4 o T=264K

Time (us)

V. Grinenko et al., Phys. Rev. B 95, 214511 (2017).
V. Grinenko et al., Nat. Phys. 16, 789 - 794 (2020).
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Search for BTRS superconductivity in Ba, K, Fe,As,
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J7=k
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o

5
&

with uSR

o 0.14 1 L x=0.78(3) Muon-spin relaxation rate is enhanced

< ' _~ in the superconducting state!

2 0.12 -

(O}

£

S 0.10 -

< No oscillations of the Asymmetry -> consistent with

R dilute field sources.
0 2 4 6 8
Time (us) B

t , %
> | 74x10°
o 104 . o9 3.4x10™
S o@ / * e : 2% 107
§ EC 1 SC2 \ .‘ ,. -6.2x 1

g %% Z -4.6x1073
~ /
39 " 08 7 sa1 3
— / 5 ~
T o B TRS’? 8.7x 10
g 0.6 - ﬁ ) J. Garaud and E. Babaev, PRL 112, 017003 (2014)
o
Z T +* T X T v T
4 8 12 16 20
X =1 Critical temperature, T, (K) x = 0.65 V. Grinenko et al., Phys. Rev. B 95, 214511 (2017). 35

V. Grinenko et al., Nat. Phys. 16, 789 - 794 (2020).



Search for BTRS superconductivity in Ba, K, Fe,As,

Dul .
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with uSR

T =z Muon-spin relaxation rate is enhanced
: : T ! ] ® : :
Muon-spin relaxation rate doesn't = x=0.783)11 <« in the superconducting state!
- 0.08 4 : ;
change across T, = AN — 5  Average spontaneous field "I
s 0.08 = c | - Q.o 2  <By>=AAA,~0.1G.
% i x= 0.85(2)~ Q _g 0.06 - 8 S i T\h -
g @ o Yy omas Tietze

o] o N =

© 0.06 | 200 40 2 E g

S T ~9K 3 Q 004+ —/—/—————— Z

S 0.04 - ! 2 0O 10 20 30 40 » Relaxation doesn’t change

E 1i-1 £ = —~

2 AN E: Temperature (K) N T across T

g o 10 20 3 40 > 12 L , 2 =

Temperature (K) X2 W - x=0.68(3)- 1 Q

S ‘ i o) 0.04 - o
Q . N © o
I 1.0 - — - 0
oK > S 8
S o | sc2 ot M = 0.02 - o
L% o8- / £ 2
-Qo =08 / ® =
(ORRSS / / SC]. (@) —
S % s 0 Z
s .l LT BTRS? a 0 N
S o] | Temperature (K) N
Z T N o § T T T T

8 12 16 20

4
X = 1 Critical temperature, Tc (K) X = 065 V. Grinenko et al., Phys. Rev. B 95, 214511 (2017).

V. Grinenko et al., Nat. Phys. 16, 789 - 794 (2020).
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BTRS superconductivity in Ba,_K Fe,As,
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Density Functional Theory calculations of the

40 ¢ effect of Lifshitz traction
Ba,_K Fe,As, 100 Lifshitz
Lifshitz - —‘- & I transition DFT
I - } £ '
30 transition o B_1 80 o =l
— < 3 E. 2
- Inmin o 8 - —~ 3 T \ 70FT min
o 3 2 2 \|
= -60 S o 1
®© 20 = &
o> C_>| 9 -03 -02 -01 0 01 02 03
o _ Be Xyca (hole doping)
qE_) TatRs W % "
- o O
18 50 - g 5, il Mean field T,
- '::) |
g 4
0 0 5 2
0.4 0.5 0.6 0.7 0.8 0.9 1.0 5 gl 1 St

The Moun-spin depolarization rate is enhanced around T, in a limited doping range only.

A narrow BTRS dome (0.7 < x < 0.85) close to the Lifshitz transition between two different superconducting states.

V. Grinenko et al., Phys. Rev. B 95, 214511 (2017). 37
V. Grinenko et al., Nat. Phys. 16, 789 - 794 (2020).
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BTRS superconductivity driven by Lifshitz transition

5
&

)

( =i \
“ L/ >
(21 723z
\ ?,@ 3 /

NS

Lifshitz : . : :
gt DFET Density Functional Theory calculations of the doping
_g ’ effect — predication of the Lifshitz transition effect.
E
s '\ VDFT,mi F \// \ \
:'9: J min : “\\ “\ . dxy
I \‘ | @ d
i\ e -
1 - T T T T T T T T T T T ; 0.50 I“:‘ d322-1 f
03 -02 -01 0 01 02 03 = : ® 9,
"4
. = - d .
Xyca (hOle doping) & 000 2% L Fermi energy
<) [ .
E . ’ . L 3 - /
S 6 5 Mean field T, R — \{* 4
e ] 5 A
(O} L
g 44 . \\‘ \
S 5. -1.00 —
g 2 1 r x Nm r Z R A Z
& O T T T : T T T

Hole doping
The result is consistent with a scenario where s+is superconductivity is driven by a Lifshitz transition.
J. Boker et al., Phys. Rev. B 96, 014517 (2017).

V. Grinenko et al., Phys. Rev. B 95, 214511 (2017). 38
V. Grinenko et al., Nat. Phys. 16, 789 - 794 (2020).
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ARPES measurements of Ba, K,Fe,As,

The electron pocket is still
Three hole pockets Three hole pockets | ifshitz transition oresent in BTRS state.

= _ Stanford
X_O.41 _0.78
S 0le-- il o ] N | L ] el N
[0)]
E 20
W 40
w .60
: ; S S N | 0. 0.0 : . ; 16 Zhi-Xun Shen 4
ky (A"
r 1 (A7) M r M Elena Corbae
h) Variation of superconducting gap _ Variation of superconducting gap around I
b in I-M direction x=0.41 x=0.53 x=0.78
& Id, | J A
a) Ba1_XKXFe2A32 3 Mdy 12 q 4«
101 N xelyz -+ 8
1.0- & rdy 104
% gl _l' M dy, + Y
hole doping S & Td. ]
0.5+ —; o ~ 8
= Xy £ 6 2
Z00- > @ — e g7 Ty Es
= — < <
yz 4 4
21 1.
-1.04 pre-Lifshitz post-Lifshitz 0o d
T T T T T T T T T T T T 040 045 050 055 060 065 070 075 04 “xy
10 -05 00 05 10 15 -10 -05 00 05 10 15 . i i , ; : : :
k, (A x (K doping) 0 20 0 0 20 0 0 20 40
r-M =X Azimuthal (°)

| | for BTR
3 nearly equal components for S state Elena Corbae et al., arXiv:2510.06435



Evidence for 3-gap superconductor in BTRS state

diidV (a.u.)
- N N
o o o

-
o

o
3

0.0

Bias (mV)

K1x1 surface of KFe,As,
effective doping Ba, ,5K, 75F€,AS,

Yu Zheng, Quanxin Hu et al.,
Science (2026).

Temperature (K)

Ba, K, Fe,As,

30 — 15
20 — 10
10 — 5

0 . (0]

0.40 0.50 0.60 0.70 , 080
X (K doping)

S+is(py# b, # )

superconducting state!

Elena Corbae

1 1 Variation of superconducting gap
in -M direction

81 -8 rd,
— -&- Md,,
> -8 ldy
& k- Md,
61 - rd,
Q T | -A- Md,.
<

(Pwy/, W) ssew aAndayse ~p

0 e

040 045 050 055 060 065 070 0.75
x (K doping)

/ \ Experimental results are consistent with 3 component

Elena Corbae et al., arXiv:2510.06435
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BTRS superconductivity in Ba,_K Fe,As,

2 Three-band superconductor x < x b Two-band superconductor x > x;
Brillouin zone M Brillouin zone
Electron
) C X Lifshitz transition
=S
H()I( (at x= x Ba,_K Fe,As,) Hole
( \ Hole Hole
S..: (j) = —(/) ++_4) ,.—(/)S—It S+ is (/)1;é #(/) = ¢,) (/)—’V=Jt

Qlujslol

The Moun-spin depolarization rate is enhanced around T, in a limited doping range only.

A narrow BTRS dome (0.7 < x < 0.85) close to the Lifshitz transition between two different superconducting states.

V. Grinenko et al., Phys. Rev. B 95, 214511 (2017). 41
V. Grinenko et al., Nat. Phys. 16, 789 - 794 (2020).
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v" Superconductors with multicomponent order parameters ¥, = |A,|e’®*, where a=1,2,3,... can
break more then one symmetry:

v We considered superconducts with broken time-reversal symmetry — broken U(1) and Z,
symmetries.

v' Two different phase transitions — T, # Tgzg and two different coherence lengths §,,, # §,».

v Phases of the order parameter @, play an important role and result in formation superconducting
domains and spontaneous currents below Tggs.

v" Spontaneous fields appear around inhomogeneities, at the domain walls and sample surefaces (no
spontaneous fields in infinite homogeneous superconductor).

The most universal experimental method to detect spontaneous fields regardless the
structure are the muon spin rotation/relaxation (MSR) experiments.

However, direct observations of the field sources with such probes as scanning SQUID
magnetometry is still missing!
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Evidence for multicomponent superconductivity

BTRS superconductivity is a multicomponent state.
Is there evidence of several components in the system?

1. Observation of the fractional vortices.

Y. Iguchi et al. Science 380,1244-1247(2023);
Yu Zheng, Quanxin Hu et al., Science (2026);
Q. Z. Zhou et al., arXiv:2408.05902.

2. The observation of three distinct superconducting gaps.
Yu Zheng, Quanxin Hu et al., Science (2026);
Elena Corbae et al., unpublished

3. Observations of two anomalies in the specific heat.
V. Grinenko et al.,, Nat. Phys. 17, 1254-1259 (2021);
|. Shipulin et al., Nat Commun 14, 6734 (2023).
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Outline of the course

1. Superconductivity that breaks time reversal
symmetry.

2. Flux quantum fractionalization and unquantized
vortices in multicomponent superconductors.

3. Electron-Quadrupling condensates in
multicomponent superconductors with strong phase
fluctuations.

Superconductor with
broken time-reversal
symmetry
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Lecture Il - unqguantized vortices

Aim of the lecture:

Provide a theoretical concept what unquantized vortices In
superconductors are and show experimental evidence for
their formation in multiband superconductors with broken

time-reversal symmetry.




Superconductivity Is a quantum phenomenon

Flux quantization in superconductors

Magnetic field

DO =nd, = ﬂ
2e
H < Hcl H > Hcl
Ciltcaat ‘ /FSuxquanlum
& _ 2 ';,?
Superconductor [
Magnetic flux Magnetic flux
Vortex lattice in l
a type-ll superconductor B/:\ 2
/:§: \ (A
AYTA
/W
_ \?A.\
| —

Field distribution in a type-Il superconductor

J. Phys.: Condens. Matter 21 (2009) 075701
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» Quantization of the frozen magnetic flux in
superconductors was predicted by
Fritz London in 1948

and discovered experimentally in 1961, only, by
B. S. Deaver and W. M. Fairbank and,

independently, by R. Doll and M. Nabauer

D, = 2i= 2.0679x107° [W =T m?]
e

Onsager (1949) Feynman (1955) introduced quantum
vortex states with cores, which was adopted by Abrikosov.

Theoretical explanation of
superconducting vortex lattice

100

1952-1957 by Alexei Abrikosov

The discovery of
type-ll
superconductivity
in 1937 by Lev
Vasilyevich
Shubnikov
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Vortices in superconductors

Flux-quantized vortices

London —flux quantization

Fritz London

h
€D=55A-dr=n2—e=nd>0

¥ = liple’

Wave function:

— he *V V *) Zezl |2A
Total current: ]_iZmO’b Y —yYpVyPr) — = Y

_ he 20 2e2| A =0
= Zypve - = ypa =

o h
@ Od=0A-dr =2nmn—=nd,
J=0 o 2e

Defined by fundamental constants alone

Wave function at band j:

Total current:
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Flux-unquantized vortices

by = o :

Egor Babaev

iZm

h 2e?
J = Z [ : (W; V) — V) _% |¢j|2A
]

If phase winding only in one of the bands,

_he| 12v6 22e2| |2A
]—mlpl 1 o om 'P]

J

2
qD:%A'dI' =L|2(DO
o %ilwjl

If |;|*has different temperature dependence,
® is non-universally un-quantized

* Non-integer

. Temperature dependent E. Babaev, PRL 89, 067001 (2002)

Defined by nonuniversal material parameters
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Flux-unquantized vortices

Free energy in U(1)xU(1) model (no Josephson coupling terms
% ( ) ( ) ( P Ping ) U(1) x U(1) Topological defects

1 , 1 | V x A)? b b
F o= LV + iAW+ 51V +igA)nl + A a1 Pt anfunf? + 2 RN Y
£
5 .o P
iq i % 0 *(1,0) +sin (E)(DO
For supercurrent then we get  J = — (¢ Vi1 — 1 Vi) + — (103 Viha —1o V3 ) —¢* p* A =
2 2 £ +(0,1) +cosz(£)CI)
, where p? = [U1]? + |¢s]? = O gl
and superconducting penetration depth A = ﬁ. s
g O +(1,1) +®,
1 2 2 2 1 2 2 24)\2, (VxA)? 2
F o= gg ol WP [V(0 =)+ o (0aPV0) + a0z + A )+ =25 1 S,
S
v For (1, 1)-vortices, the first term is zero, while the second term acquires E. Babaev, PRL 89, 067001 (2002)
the form equivalent to a single-component superconductor.
v Then for a single component vortex (1,0) the currentis J = —qp? [sin*(3/2) V1 + gA]

with sin(8/2) = [¢1]/p, and cos(8/2) = [t2]/p . Then 1) = §, A-dl = B o) =sin’(5/2) g
with &y = —27r/q



Repulsion force between fractions induced by domain
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walls in U(1)xZ, with Josephson coupling

Normally, vortices neve split | The repulsion at short distances between different
due to attractive potential between fractions. fractions appears when the vortex is located at the
domain wall.

Counter
Current

:T//\

dmin/’\

The blue (big) dot represents the vortex in ¢; while the red Julien Garaud, thesis, 2022
(small) dots represent the vortices in ¢,.
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Vortices in more 3-component superconductors

Unquantized vortices are confined in analogy with quarks.

Composite vortex in 3-component superconductor Quarks confinement

Physical Review B 71 (21), 214509 (2005) https://medium.com/starts-with-a-bang/there-are-no-free-quarks-ddec8cb831ea



Unquantized vortices in multicomponent
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superconductors - historical outline

v Flux unquantized vortices were predicted in 2002 o fA-d gl
[E. Babaev, PRL 89, 067001 (2002)]. LT sl
v'Flux unguailed vortices were discovered in 2023 using SQUID « - ie S
magnetometry [Y. Iguchi et al. Science 380,1244-1247(2023)]; a y ‘i o &
After 3rd  After 2nd  After 1st Before

v'Integer-vortex flux fractionalization were observed in 2024 using
SQUID magnetometry [Q. Z. Zhou et al., arXiv:2408.05902];

v'Integer-vortex core fractionalization were observed in 2024
using STM [Yu Zheng, Quanxin Hu et al., arXiv:2407.18610;
Science (2026)];

5 ! e
0.7 W36



Discovery of flux unquantized vortices in the BTRS state

H 5

using Scanning SQUID Microscopy

S ford 3.5mG 5.6 mG
€3 Stanftor 3 g
46 ‘ University 80 [:-80 80 E-SO
C) - -
Ba, KFeAs § 100 ( Manipulatin
2 e o ‘ " p g \ 9
== 80 —t80 S ‘ K]
- | >3 : [}
@ 23 11.0K ‘ m
5 60 &3 —
§ 20 g | 3a
8 b =% R |
5 : ok 10l De2TTRHE : 2 B
10 | Nodeless s+ >3 2 e
‘20 2 Yusuke Iguchi Kathryn A. 2 8
o IR . Moler _ <
04 05 06 07 08 09 1.0 -.*q:'2
X (K doping) L Cg\l
V. Grinenko et al., Nat. Phys. 16, 789-794 (2020) =
-120  -60 4120 -60 : i &
E X [um] X [um] FV are mobile un ‘ <
_ 1 Support for multicomponent . rel f |
b = %A cdr = ——— @ - pgrcond i P ~ 10% of vortices are elated to defects! e
U Zjllpfl up u y: fractional vortices (FV) “ =
E. Babaev, PRL 89, 067001 (2002) ¥ <
Abrikosov vortices Fractional vortices _ _ . _ _
10 16 —_ Abrikosov and Fractional vortices pinned at the same location.
—= -'—o = -'_'o 90 " — =100 10
- % -15 | E. -15 g 5 region.2~ . e; regio g region 2 ; I
e E-20 e E-20] ' e F & -20 ' s -2 5} _-20 ‘ wls3
g = Lo 2. ' =R E P (s E s K E
= i } 22 . -i >-§§ . i ” H 25 ! =25 ! =25 s
" 2um| &
Simulation sﬂn o -35{110K regon2f g -35{11.0K region 2| S S co SIS KJEE — Szv 107.20K 75&" S B0 _70“_ L,
80 e -60 80 e -60 -60 L 0 T X [um]
Total flux  1.02 ®, 0.99 ®, 0.36 ®, -0.41 ¥ FV — quantum objects unrelated to specific defects in

the sample. 52
Y. Iguchi et al. Science 380,1244-1247(2023).



Temperature dependent fractions A d 4

. g y - o tional vortex Fractional vortex
Conventional vortex i ‘e, region 2 gsp  Fractionalvortex 1.0
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= Delocalization of fractional vortex
->consistent with the theory: E. Babaev et a/, PRL 103, 237002 (2009)

Scan height z,

Conventional vortex

Sample surface

./ Penetration depth A
nd, point source

5 T T T T

— Susceptibility at rg. 1
4/ 3% region 1
3
2

J.R. Kirtley et al,, Supercond. Sci. Technol. 29, 124001(2016).

— ' ion 2

E3l + region 3 Th . flux of fractional vortices |

= e magnetic Tlux ot fractional vortices IS
The expected 1 temperature dependent!
temperature - i g :
dependence for the 008 08 09 095 1.0 Is it consistent with a multiband model?
penetration depth. TIT, ;

Y. Iguchi et al. Science 380,1244-1247(2023)



Fractional vortices: Open questions.

»Are the unquantized vortices stable at low temperatures?

» If unquantized vortices with &,,=a®, (a < 1) are the

result of integer vortex fractionalization they must have
counterparts with ®,,,,=b®,,wherea +b = 1.

_ -10 L -10 - - S
Y E = eo K Go - E
g ~ 15 g 15 2 5
. s T s g o g2 =
3 =25 e =-25 S -2 H
H 30 H 30 H
Simulation KM - -35{11.0K region 2 | o -35| 11.0K region 2 [ & <
' ' ' 80 -70 -60 -80 -70 -60 -60
X [um] X [um]
Total flux  1.02 @, 0.99 @, 0.36 & -0.41 @,

A d R T

,
(T =i\
L7
?t:-:’ &)
Y /
Lo TONS,

€

TSUNG-DAO LEE INSTITUTE

region 2

.o, 35
b [ ]
100 . 30
. -—
L] [=}
* © o5t
— 80 « Conventional £
< vortex © o0F
£ 60 . E
M G 15f
< S
© . ©
& 40 5 10
(]
. =
20+ = Fractional vortex
s " O
g 10 1 40 -5 0 5 10
TIK] Cross section [um]

Y. Iguchi et al. Science 380,1244-1247(2023).
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AC scanning SQUID magnetometry of Ba, ,3K, -Fe,AS,

)

( =i \
“ L/ >
(21 723z
\ ?,@ 3 /

NS

5
&

Signal generator T=175K 247K 3.02K
—— e — e 15
, —_— = = — ] & . .
S | P — —— | == 3 Fractional vortices at T<<T,
a7 e el . i B = o ~ can be resolved in AC
o — Amplitude B% = e = -
[SQUID] Tuning Lock-in et | ¢ ) 15 mode Only.
fork = amplifiter 0.1
T=3.18K & L
pickup coil 3
60 )
L . A A 4
field coil = 8 -01
i ‘ i ﬁﬁu{, < i T=502K 6.56 K 6.89 K 7.31 K
20 pm -60 20pum (-0.9 0.1 .
fl= 2 — The flux of unquantized
The nano-SQUID chip is mounted on a quartz | vortices grows with
. . . . ©
tuning fork which oscillates at its resonant Zopm | > temperature in accord
frequency under the drive of a dither piezo. 811K 9.09K 9.88 K 1057k | 3 with the previous study.
' ’
-0.1




Integer vortex fractionalization in Ba, ,3K, ,Fe,AsS,
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Fractional vortices merging with

Integer vortex fractionalization with temperature increase. :
temperature increase.

T=3.18K 3.94 K 5.60 K 8.10 K 9.83 K - T=290K 6.41 K 9.84 K 10.57 K
() (ii) (iii) ‘ (iv) . (v) 89 a ) (ii) (iii) (iv) 35 S
AR L [* ] - s s »l
10 ym & - . D £
— -60 10 ym 35
(i) (i) (i) (iv) V) L5 b hp
a » AN T Fam | |15
3 - ma .- »l:
| o . . p - - U ®
10.52 K 10.63 K 10.72 K 10.79 K 10.87 K -1.1
(vi) (vii) (ix) a 10.68 K 10.75 K 10.84 K 10.91 K
| ' W) : (vi) (vii) (viil) 32 &
s A . " % s
' ' . . - < - o
(vi) | (vii) | [(ix) ‘ -35
taction| > J) (vi) (vii) (viil) 0.6 o
| ‘ ‘ . - - U 3
06

» Here the fractionalization is randomly process driven by thermal fluctuations and pinning.

Q. Z. Zhou et al., arXiv:2408.05902



Integer vortex fractionalization in Ba, ,3K, ,Fe,AsS,

Seesaw effect (experiment) Flux of fractionalized vortices vs. temperature

a  1052K 10.63 K 10.72 K 10.79 K 10.87 K BTy
Vi) Vi) (vil) ) ® 0.6 , 0.8 : 1
_ . ;
b - —— : Yy o o |
(vi) I (vii) (viii) (ix) (x) i |
oper |y 2 % 1]
frlggiec;n s Qg <>:
- -05 éot | _1 00
Seesaw effect (GL theory) 2
. ; !}0 [
0.856 /T = 0,001 T/TMF = .92 T/ =004l TT™ 0.95 ”:“v"‘ytx B § a ? _q_
1.0 ; 2 [ . é W ¢ |
Ho.a ; el 11 :
fos ; ‘_’_’..“ 6 0
Hﬁ: 6 8 10
0 T (K)

» The flux of individual fractions is strongly temperature depended but total flux of split fractions is
equal to &, = h/2e (seesaw effect).
Q. Z. Zhou et al., arXiv:2408.05902
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Integer vortex fractionalization in Ba, ,5K, ,,F€,As, £t e R
Tqiﬁf(?ggr}‘(t examples of unquantized vortices Flux of fractionalized vortices vs. temperature
( ( ﬂ ) o We observe two types
@ ge fractions  with  nearly 200
N0 0 T8 3 doubled flux values we
= B ~ attribute them to (1,1,0)
= 1-60 and (1,0,0) vortices. |
 |+-100
0.6 ‘
. o (1,1,0) fractions have
. ®=-054, i more pronounced
®=-099, y=165 3 _
y=108 o elongation presumably .
r 3 Gv indicating two nearly split
®=-0370, ®=-0550, - fractions.
y =125 y =1.64 \

» The flux of isolated fractional vortices increases with temperature consistently with the previous observation, but there is no
quantitative agreement — very high sensitivity to material parameters.

Q. Z. Zhou et al., arXiv:2408.05902
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Elongation of unquantized vortices

Integer vortex

\Y; 10pm (0.9
(1,1,1) .
3
‘ B
-0.9

Unguantized vortex

uv (1,0,0)|0.1
g or &
" 1,1,0) ‘l§
k)

o 10,1

Unquantized vortices elongates with increasing of temperature

731K

T=502K 6.56 K 6.89 K
20 uym
8.11 K 9.09 K 9.88 K 10.57 K
\

0.1

-0.1

8
3
®

e

28/

2.2

1.6

‘ S\ A i 4 %

) & L !

““a/9

: .UV, B
. flv %+T
.
._.
P L X
3 5 7 9 11
T (K)

Three-band

Bogoliubov-de-Gennes

model

Unquantized vortices must locate at the domain wall which results in elongation (intrinsic elongation)

Elongation due to incomplete fractionalization of composite fractions (1,1,0).



Integer vortex fractionalization in multicomponent

superconductors

Applied ®
magnetic field

Integer vortex
®, = h/2e

Order parameter

Yy = |Aa| e'%a

| A 7141

2=

i>j

[V(q.‘a- - r;b,-)] " 3 01 Ail14;]cos(¢h — ¢
i>j

Internal Josephson coupling

v Josephson coupling of fractions, resulting in a strong
attractive potential that holds the fractions together.

£) Fud i
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Fractional vortices
Py =P, +P, +P; and P, = D, = D,

|:32 |:12 |:13 |:23

v The vortex splitting at the domain wall.



Integer vortex fractionalization in multicomponent

e

superconductors

Current distribution

% Anton Talkachov,
KTH

~

v J, current is coupled to J, current to keep overall
net current along the domain wall zero.

v The specific position of the split fraction on the
domain wall is stabilized by inhomogeneity
(pinning center).

v' Unquantized vortices are elongated along the
domain wall.




Stable unquantized (1,0,0) vortex at the domain wall: microscopic 2\ A d s
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demonstration (3-band Bogoliubov de Gennes model solution).

30 (a) 5323355'33?55' 30 (b) B

il

e L s R A e = N

@
R
/§\
) 4

SN N s N s

o+ |10

|

N R ]

il

0

w
S

0.5 1.0 0.5 1.0 0.5 1.0 —27/3 0 27/3 —27/3 0 27/3

Igor Timoshuk and Egor Babaev, New J. Phys. 27 (2025) 123501
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Unquantized vortices: Open questions.

Onsager-Feynman relation — one vortex core per flux quantum

What is about the unquantized vortex cores?



STM experiments: Surface reconstruction and disorder

i o

( =i\ \
«{ 727}
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X

X

In Bag 3Ky 77Fe5AS,

d e
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-
o

diidV (arb. units)
Probability
=1
T

a
n

b Ba/K surface
© O O Assurface

R ZNZNZNZNINY
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r O 0 0 0 0 O "
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X

0 ﬂ Imyg Quanxin Hu

Agc (meV)

(o]

-20 -10 0 10 20
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> Initially, we searched for fractional vortices in the same sample where they were observed in scanning SQUID experiments.

> The vortices was not resolved on the disordered Ba/K surface. |. Shipulin et al., Nat Commun 14, 6734 (2023).
> As surface is non-superconducting — exabits a charge density wave (CDW) state. Q. Hu, Y. Zheng et al. Nat Commun 16, 253 (2025).
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Surface doping on K-terminated surface of KFe,As,

5
3
<

({72t
29 Y /
%,

a0 TonG S5

K termination
©Bak ©Fe ©OAs

— "1 x 1" K-terminated surfac
— Bay 23K 77FesAs;

didV (a.u.)
o
(0]

©
»

0.0
-10

-80  -40

0 40
Bias (mV)

Bias (mV)

v' 1x1K surface has nearly the same characteristic spectra as
Ba, ,3K, --Fe,As, sample.

f-. w .
o % = § v' 1x1K surface has a large gap which close at ~16 K.
- b 60 23 Bulk T, of the KFe,As, is 3.4 K only!
S 20 JEEEE , 3a
@ L 52 - O
g 0 8
@ | LS . . . .
=10 8 e We concluded that extra electron doping resides within a
' single unit cell layer.
0 3 . = 0
04 05 06 07 08 09 1.0 Yu Zheng, Quanxin Hu et al., arXiv:2407.18610; Science (2026)

X (K doping)



STM observation of vortex core fractionalization at CBY) Ak d % T
K-terminated surface of KFe,As,

The key observations:
1. Vortex core fractionalization.

2. Vortex core of fractional vortices
IS spectroscopically different from
the integer vortices.

3.0K 2.5K 1.8K

3.5K

Experiment

1.1
1 r— Anomalous_V
0 [— Normal_V

k

o
w0

o o
~N @

difdV (a.u.)

o
[=2]
-

Bias (mV)

10

Theory

Quanxin Hu Yu Zheng

- Y
'

Hong Ding Chi Ming Yim

v'One quanta (conventional) vortices spits into 2 or 3 fractions! S+ IS (61 % b, # o)

v" Counting the number of vortices indicates a significant increase in the number of
cores with the temperature increase at the fixed applied field. (

v The result is consistent with 3-component order parameter!
Yu Zheng, Quanxin Hu et al., arXiv:2407.18610; Science (2026) T
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Unquantized vortices are not a consequence of integer

vortex fluctuations
T =4.2 K the same surface at different experimental cycles at 2T
Vortices Superconducting-gap map
in zero field

B 24 days later
a v o e . : v e S 2 . 2 A= g
. I & S o, o 5. g
N o o 190 ki = ' " W Sy P *
QP56 ool Y OV L
. i A i, % 2 2 <% 9
WA % RS L PR N Y Lo ; B e -
e 3 . . S 2 Ra & 3 2 g 2 e > . 5
2 > AT e k., Y pa 5 b ke 2N Y, o
Py A y 7 - ' » T
o » " 8 s . & ! ¢ 2 . < B v." ..'. v . i By ¢ »
. a3 . L - =3 b . , y 3o . v
~ 4 o 57 & iy - b Bl A : o h L 2
. . i ) = . B . i 5y “ o e Y S v » s
s Y 3 ’ e . 925 o Y »
’ a2 % P b - i P - 3 y ‘ W ‘ | . - ~ | .‘ - - :
.- .' ‘c o ‘ - - v L 7 - - : > O
- (3 A . -
. e .l" _\f q
; : ”, O«
N ’ 4
3

v" Unquantized vortices are very stable at constant temperature — not a simple fluctuation effect.

v The positions of unquantized vortices are unrelated to the locations of inhomogeneities — the
vortex positions are stabilised by the pinning landscape and interactions with other vortices.

Yu Zheng, Quanxin Hu et al., arXiv:2407.18610; Science (2026)
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Theory
Total density

B, = %[sztp’r < VY + (W) x (Tetw)]. v The unquantized vortex chins are new type of

°e topological defects in superconductors
3 f eBsy I v They carry a topological charge of CP2
T ) 2m T Skyrmions.

Unquantized vortex chains align along the superconducting domain walls.



Electron-Quadrupling condensates

BCS paradigm: electrons can form only pairs.

Could there be electron-quadrupling condensates?



Electron-Quadrupling condensates oy

. Pairing
BTRS-SC U(1)xZ, Quadrupling phase Z, fluctuations
<A>#0 <A>=0 <A>=0
<A A>#0 <A Ai>#0 <A A>=0
Superconducting ground state Electron quadrupling sendo-sap metallic phase =
with BTRS . condensate with BTRS . Pseudo-gap metallic ph (b) Beyond Mean-field TBTRS S Tc

symmetry of
the normal state

Three-component
model

Two-component

temperature

tuning parameter

V. Grinenko et al., Nat. Phys. 17, 1254-1259 (2021).



Types of fermion quadrupling in metals

~ - - Metallic phase o - |
(d) - = ~ lwi,l =0 -~ - -
)
=
= . P .
w - Preformed Cooper Pairs
© < 4 oo e
: -~ -
A2 Electron-quadruplet superfluid Disordered Charge-4e SC
0,, and 6, _
‘_v’c_’ Q Disordered 8 7 put BN Disordered 6, , S =
but L2+ w12l #0 but P 4«
ha Ordered 6 Ordered 0, S oy
;Z -, - X y, >
W) =0 but (s +c.c)#0 W) =0 but (yn+c.c)#0
(b1) (b2)
. ==
SC ground state of two species of Ordered 0, ;, = Ordered 6, and 0_

Cooper pairs N Do
(a) e & & (i) £ 0



Predicted phase diagram of Liquid metallic
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In an external magnetic field LMH may undergo phase transitions governed by vortex matter
between phases with all types of “super” properties:

 Superconducting Superfluid 48 LMH in external field [Nature 431 666 (2004)]
- G 00 Nl |5 Evee] 0 Corten
° SuperfIUId < MSFY In) A EMPERATORE OF | “ONE-GAP" SUPERCONDUCTOR
N\ - NF EB “IONIZATION” OF 'T/l ;(z 4
« Superconductor AN COMPOSITE VORTICES
= NUTv
% 1\...’?11_'_“' < /’ 7
k{rSLM‘ ----- FLUX LmEi;ﬁgICE
The system is characterized by 2-component SSF ‘\Es e T L/' ) 4 ( v
order parameter with U(1)xU(1) symmetry \%ﬁ T T
I ’ I | p(a) ( ) SUPERCONDUCTING SUPERFLUID| (A,A}f + ATAJ_) £0
Vo = |Wule a=1,2 * i
co e yor op ol w=o_, m K 4

rror A EQ&E‘Q{
rrrle x 1 °e)

Egor Babaev, arXiv cond-mat/0201547 (2002) E.Babaev., et al Nature 431 666 (2004)




Fluctuations in s+is and s+id

systems: quartic phase

1

Domain Walls

Z, (BTRS) symmetry

restoration is driven by the
proliferation of unquantized
vortices and domain walls;

Spontaneous fields are induced by current counterflow term

[|111\23le8,“111 + wfalwamww]

uartic state |
Q : a 0 Bu)xza .
< A; >=0 [ Bz, | ks
< Al-A!- >+0 o Bun 3
>_. \( BTRS superconductor
= < Al. >0 U(1) symmetry restoration is driven by
‘\( Y < AiAj >=0 >_’ >_’ the proliferation of composite vortices.
1/T - = u [ ® >—> >—o N
n
4: h
N . .
— © B = A, — 0 = —€1m0, 2) —M
0.4} <A; >=0 o i )(Qm oy
>" {" <A A >=0 ©
| |
Expected / 0.1 0.2 0.3 0.4 0.5
pseudogap 1/2e2

A Bojesen, E Babaev, A Sudbg PRB 88 (22), 220511 (2013); PRB 89 (10), 104509 (2014)

I. Maccari and E. Babaev PRB 105, 214520 (2022)

Most detailed recent Monte-Carlo simulations: I. Maccari, E. Babaev PRB 105, 214520 (2022)

above T,

T = (vf, v, v3)

In the quartic phase the current counterflow term is non-zero!

Are there BTRS and pseudogap state

in Ba, K ,Fe,As,?



Evidence of BTRS state above T,

TSUNG-DAO LEE INSTITUTE

40 o Te T
] ‘v o
Ba,_KFeAs, § 100 2
I .22 " © 0.08] =
o0 [ e 3 5 Z
o | an 2 32 5 2
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T 20 3a e 2
@ - O o 7
Q. _.8 7
£ r40 <& S L
o LD 2 . S ‘ ‘
= 10 & E 0 5 10 15 20 25 30
20 =
> temperature (K)
6 NI
' < i 1 (b)x=0.77
0 e 0 = ¥ 7}
04 05 06 07 08 09 1.0 S o =
: 2 <
x (K doping) E, ol P
V. Grinenko et al., Nat. Phys. 16, 789-794 (2020). ) E
3 2
()
. - = (&]
Evidence for the Z, transition g >
above T_ from PSR, note also spontaneous Nernst effect. 8

0 5 10 15 20 25 30
temperature (K) 74
V. Grinenko et al., Nat. Phys. 17, 1254-1259 (2021)

Is there a thermodynamic evidence for the phase transition above T_?



What is the expected size of an anomaly in the specific

heat at the BTRS phase transition?

Vortex melting transition in HTS 3 ‘ N | Monte-Carlo (MC) simulations of

Y — — 0.109 SN ““« ' two component BTRS model with
s HIC '= 0.108- ‘ K phase fluctuations.
_ £

| $ 0.1074 llaria I\/Iaccarl ETH . | .
< . Vortex melting,  Domain walls proliferation,
° 1400 | NN ] ¥ ’ T 22
E / | 2 0.105- c
E 1380 - S n 1 C
= J — 1] 0.104 .
¢ 1360 g i 1 1 191 i L 10
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s -\ 4 () A1 (d)
ifi i S -0014 : : . — :
Total specific heat of an untwined & 0.08 1.00 1.07 1.03 1.09
YBa,Cu;0-_4 single crystal for H|c. G 002 “ T/T. T/T,
A. Schilling et al., PRL 78, 4833 (1997). £z 5003 - — . Shipulin et al., Nat Commun 14, 6734 (2023).
E‘E a.%
2 0006 N The simulations predicted two different

75 80 85 90 95

. anomalies in the specific heat.
Total specific heat C/T of YBa,Cu30;4 ¢4 Temperature (K)

as a function of T, Science 273 (5279), 1210-1212 (1996). 75



Temperature (K)

V.

Iy
v

b AR

Bl
( =i\ \ ,‘S”
e/ TSUNG-DAO LEE INSTITUTE

Is there a phase transition above T_?

60 60
11 1 ZFC (a) x=0.68 (b) x=0.73 15 _
40 14 b specific heat (e)
Ba, K Fe,As, § 100 o N. onset
| .- 4 140 =, . superconducting T,
- e B8_94 \‘é’ - 0 = 10T, . if— ACsusceﬁtibiliiy
.’8 [ i§¢‘3° —_ S Q * k .,\ D transport
L60 T3 = @ = 5 :
20 ' 3z [ i {20 O. @ o
23 < 20 = o 2 Py ©
- 40 75‘% ~— (@) %) b*' Q.\
| 38 oy -y 3 SC p_ o
10 o i —
+ 20 2 = D ~ R |
4 B 0 LD 6. 0 8 "4 6 8 ‘EATT
o [ < 0 S 15 16 17 18 19 20 21 17 &
04 05 06 07 08 09 10 () @) Temperature (K)
x (K doping) 8 T T22 Q:|
Grinenko et al., Nat. Phys. 16, 789-794 (2020). a ¢ < B0 60 — .. . .
. I (¢)x=0.8 3 The splitting increases in
.. | < . . g
Is there specific heat £ %—» o o3 , 3 applied magnetic field.
s re) .3mg {4 140 ©
anomaly at Tgrs * 2 i 3 'a ~1pug 5
[ 3 [ N
: 2 : 20 120
What is the nature of the T\ \ ! |
transition above T.? 0 Tl 0
8 9 10 11 12 13 14 5 6 7 8 9 10 11

Temperature (K) V. Grinenko et al., Nat. Phys. 17, 1254-1259 (2021).

The splitting between transitions seen by the specific heat and susceptibility is observed for the samples
with the “strongest” BTRS phase found in the uSR experiments.



Calorimetric evidence for phase transition
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above 7. in zero maagnetic field

l TC C
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Susceptibility, 4y @50e||ab



Calorimetric evidence for BTRS phase transition above
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T. in zero magnetic field
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Can we get the data with a higher resolution? 78



Calorimetric evidence for phase transition
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above 7. in zero maagnetic field
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Calorimetric evidence for phase transition
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The small size of anomalies
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with theory predictions.
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NMR and PSR evidence for pseudogap behavior in Ba, K, Fe,As,
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S

with a quartic state: F. Bartl et al., arXiv:2501.11936 (2025)

NMR spin-lattice relaxation rate: x = 0.77 Phase diagram: x = 0.77
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> 1T, T o}, X'(d,w,) (spin-lattice relaxation rate) is flat with temperature in the normal state no evidence for proximity to
magnetism;

» 1/T,T reduces below T* -> pseudo gap like behavior;

» Close to T* we observed onset of the anomaly in the specific heat — consistent with preformed Cooper pairs scenario.
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Evidence for domain walls above T,
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Coupling of superconducting domain walls to charge

density waves in the BTRS state
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Coupling of domain walls to charge density waves

Experimental signature for domain walls (DW)
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Coupling of the CDW order
parameter with superconductivity
results in /2 - CDW domain walls.

The CDW domain walls are an
image of superconducting
domain walls!

Quanxin Hu et al., arXiv:2512.07272
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Properties of domain walls

On the nanoscale domain walls exist up to T*> T~ 11 K Domain walls change with time
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CDW invisible Domain Wall disappears

v' Domain walls change the shape with temperature, time
and magnetic field.

» Domain walls are metastable objects.

Quanxin Hu et al., arXiv:2512.07272
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Conclusions:
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» The first singlet superconductor with broken time reversal
symmetry discovered by uSR.
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» Discovery of unquantized vortices.
» Evidence for a new state of matter — electron quadrupling
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Microscopic theory of electron quadrupling: Albert Samoilenka and Egor Babaev
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(b) Schematic representation of the phases
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