ANGULAR MOMENTUM & SPHERICAL TENSOR

OPERATORS

The problem: In QM we need to evaluate many types of
operators.

@ some couple different particles, e.g. le and can transfer
angular momentum between particles.

@ Some couple the system (e.g. an atom) to an external field
e.g., er - E, and again angular momentum is transferred. If
the field lacks spatial variation (the dipole approximation)
only the vector operator r works on the atom.

The solution:

@ Transform all operators to (combinations of) spherical tensor
operators in order to be able to deal with arbitrary operators.

@ The spherical tensor operators will then be a our operator
basis.
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ANGULAR MOMENTUM - REPETITION

Classically: | =r x p

o Conservation of angular momentum: An isolated system is
invariant under the rotation of the whole system by an
arbitrary angle — Z, l; = constant

Quantum mechanically: p = —iAV

. 0 0 . 0 0
EX = _/h <'yaz _Zay) ,Ey = —Ih <Zax _X82> s

. 0 0
L, =—ih <X3y — y@z)

all the same if we replace x — y,y = z,z = x

— [l b)) = ihl,, [0, 0,] = ihly, [0, 0] = iRl
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(GENERALIZATION

Generalize to an arbitrary operator

J=JxX "’jy}/} +J22 (1)
and define it as an angular momentum operator if commutator
relation holds:

UXajy] = ihjz» U}’7jZ] = ith7 UZa.jX] = ihjy
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(GENERALIZATION

Generalize to an arbitrary operator

J=JxX "’jy}/} +J22 (1)
and define it as an angular momentum operator if commutator
relation holds:

UXajy] = ihjz» U}’7jZ] = ith7 UZa.jX] = ihjy

P =i +i+i2% [ cyz] =0 (2)

( last equation follows from the definition)
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(GENERALIZATION

Generalize to an arbitrary operator

J=JxX "’jy}/} +J22 (1)
and define it as an angular momentum operator if commutator
relation holds:

Uxajy] = ihjz» Uyajz] = ihjm Uza.jx] = ihjy

P =i +i+i2% [ cyz] =0 (2)
( last equation follows from the definition) Find simultaneous
eigenstates to j,,j? (now we use h = 1)

PV, s piz) = pV (v, s pz) (3)
IV (s s p1z) = VY (7, s piz)- (4)

With the the commutator relations we can in fact determine the
spectra of j2, j,.
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LADDER OPERATORS

Form

Ji = £ iy, i jI =)
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LADDER OPERATORS

Form

Ji = £ iy, i jI =)

Uzoji] = £jx [%,4x] =0
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LADDER OPERATORS

Form

Je = jx £ ijy, e jl =]

Uz,j:t] =4+ [j2aj:|:] =0
Jeiv = Ux = iiy) Gx + iiy) = 32 + 42 + i lieody] = i* — jz° — Jz
Jaie = Ux + iiy) Gx — iiy) = 32 + 42 + i [ dy] = 3* = jz° + Jz

[i%,)e] =0 = 2V (p, p2) = pje V(. pz)
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LADDER OPERATORS

Form

Ji = £ iy, i jI =)

Uzoji] = £jx [%,4x] =0

Jeiv = Ux = iiy) Gx + iiy) = 32 + 42 + i lieody] = i* — jz° — Jz
Jaie = Ux + iiy) Gx — iiy) = 32 + 42 + i [ dy] = 3* = jz° + Jz

[i%,)e] =0 = 2V (p, p2) = pje V(. pz)

J+izV (1, pz) = Uzie — Uz e DV (s 112) = Uzje Fix)V (1, pz) =
sz:tw(,UJa Mz)
Je £V (s piz) = (pz £ 1) 2V (i, pz)

Ladder operators!
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LADDER OPERATORS

For a given vale i there must be a maximum i, and when we
work on that state with j we get zero, call the maximum j.

Je =V (s pz) = (pz £ 14V (@, pz) = j+V(p,j) =0
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LADDER OPERATORS

For a given vale i there must be a maximum i, and when we
work on that state with j we get zero, call the maximum j.

Je =V (s pz) = (pz £ 14V (@, pz) = j+V(p,j) =0

J—J+W(M7J) =0
(:u _j2 —J)W(Mal) =0
—p=j(+1)
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LADDER OPERATORS

For a given vale i there must be a maximum i, and when we
work on that state with j we get zero, call the maximum j.

Je =V (s pz) = (pz £ 14V (@, pz) = j+V(p,j) =0

J—J+W(M7J) =0
(:U' _j2 _J)W(Mn]) =0
—p=j(+1)

Similarly: (j — r) lowest eigenvalue of j,
j,\lf(,u,j - r) =0 _>J+./7‘U(:u7./ - r) =0
p=G=rP+0-nN=j0+1)-0G-r+({-r=0
rP—r(2j—1)—2j=0—=r=2j

lowest eigenvalue j — r = —j.
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LADDER OPERATORS

Thus we have for every 1 = j(j+1), 2j + 1 eigenfunctions W(u, m),
with m= —j, —j+1,...j. 2j must be an integer !
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LADDER OPERATORS

Thus we have for every 1 = j(j+1), 2j + 1 eigenfunctions W(u, m),
with m=—j, —j+1,...j. 2j must be an integer | Normalization

J+ [Jm) = a | jm+1)

U [Jm)* =a"(jm+1]|
(m |t =a*(jm+1]
gm|j-=a"(m+1|

= (jm | joyy | jm) =| o |?
| P=j(+1) = m(m+1)
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LADDER OPERATORS

Thus we have for every 1 = j(j+1), 2j + 1 eigenfunctions W(u, m),
with m=—j, —j+1,...j. 2j must be an integer | Normalization

J+ | Jm) = o | jm + 1)

U [Jm))" = a*(jm+ 1]

Gm |} = a*(im+1]

gm|j-=a"{jm+1]|

= (m | jyg | jm) = o |?

[aP=j(+1) = m(m+1)

Finally!

1/2

Jy lim) = (G0 +1) =m(m+1))7" [jm+1)

Jo 1jmy = (j(j + 1) — m(m — 1))}/

[jm—1)
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SPHERICAL TENSOR OPERATORS

Definition Operators that behave as angular momentum states
when they are acted on by angular momentum operators.
tX, with components t(’;

e th] =

e th] = Vi + 1) = q(a 1) thas

A basis for operators
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COUPLING OF ANGULAR MOMENTUM

AND COUPLING OF OPERATORS

With two particles we may look at the sum of their angular
momenta

J=ji+})

o J will satisfies the same commutator relations as j
| Gu2) IM) = > | umijama) Grmjoms | IM), M = my + mp
my,m2

Used that eigenfunctions to an Hermitian operator form a
complete set, i.e.

> Liamijama) imijamy |= 1

my,myz
(jimjamy | JM) is a Clebsch-Gordan coefficient (possible to
choose them to be real i.e. (jimijomy | IM) = (UM | jimijomy) )



3/-SYMBOLS

An alternative, and more symmetric, quantity is the 3j symbol

h 2 B hm 1 . )
= (=17 ——=(jimyjom —m
(L k k) apim LG, |- m)
non-zero only if my +my+m3=0,and | 1 — p [<j3<ji+1
From the Clebsch-Gordan coefficients it follows that even

permutations (1 — 2 — 3 etc.) does not change the 3j-symbol
and odd permutations introduce a factor (—1)p1T213. Also

R 3 _ (—1)iti Wil 2 3
my my m3 —my —my —m3

Angular Momentum & Spherical Tensor Operators May 2026



3j-SYMBOLS

MANY GOOD-TO-KNOW RELATIONS
Since

> Usmly | rmijama) (imijamy | jama) = 6(js, j3)8(ms, m3)

my,m3

. Ly,

ho2 B W/ S N R T /
mz; ( my mp ms3 ) < my my mj > 2j3+1 (3.3)3(ms, m3)
1,2

and

Z(2j3+1)(£1 i j3><11 i j3>:

, my m3 my m, m3
J3:m3

§(my, m})6(ma, mb)
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WIGNER-ECKART’S THEOREM

An operator that acts like an angular momentum can be coupled
to the initial state to form the final state

o yimi) = Y |jeme) Geme | kq,jimiye G, e, dis i)

Jfsmevf
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WIGNER-ECKART’S THEOREM

An operator that acts like an angular momentum can be coupled
to the initial state to form the final state

o yimi) = Y |jeme) Geme | kq,jimiye G, e, dis i)

Jfsmevf

(yejeme | ti,‘ | vijimi)
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WIGNER-ECKART’S THEOREM

An operator that acts like an angular momentum can be coupled
to the initial state to form the final state

o yimi) = Y |jeme) Geme | kq,jimiye G, e, dis i)

Jfsmevf

(vejeme | t8 | yijimi) = (emy | kq, jimi)e (e, Ye. iy i)
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WIGNER-ECKART’S THEOREM

An operator that acts like an angular momentum can be coupled
to the initial state to form the final state

o yimi) = Y |jeme) Geme | kq,jimiye G, e, dis i)

Jemeyf
(vejeme | t8 | yijimi) = (emy | kq, jimi)e (e, Ye. iy i)

i iV . k i ] . .
— (_l)k Jit(me—j)+ir /2,/f+ 1 ( ¢ ./I. Jf ) C(Jf77f7]i77i)

m;  —my
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WIGNER-ECKART’S THEOREM

An operator that acts like an angular momentum can be coupled
to the initial state to form the final state

o yimi) = Y |jeme) Geme | kq,jimiye G, e, dis i)

Jfsmevf

(vejeme | t8 | yijimi) = (emy | kq, jimi)e (e, Ye. iy i)

i iV . k i ] . .
— (_l)k Jit(me—j)+ir /2,/f+ 1 ( ¢ Ji Jf ) C(Jf77f7]i77i)

m;  —myf
i ko i it - . .
= () [ B T i)
1
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WIGNER-ECKART’S THEOREM

An operator that acts like an angular momentum can be coupled
to the initial state to form the final state

o yimi) = Y |jeme) Geme | kq,jimiye G, e, dis i)

Jemeyf
(vejeme | t8 | yijimi) = (emy | kq, jimi)e (e, Ye. iy i)

i iV . k i ] . .
— (_l)k Jit(me—j)+ir /2Jf+ 1 ( ¢ Ji Jf ) C(Jf77f7]i77i)

m;  —myf
i ko i it - . .
= () [ B T i)
1

— P ki . ,
= (—1)" ""f( o i )mfutkuvu,»

—mg q m;

o the reduced matrix element independent of all the magnetic
quantum numbers
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EXAMPLE: DIPOLE OPERATOR

o Length gauge: er - E, assume E
independent of r.
Xy z

r=(x,y,z)=r (f =, 7> = r(sin @ cos ¢, sin fsin ¢, cos )

)
r r r
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EXAMPLE: DIPOLE OPERATOR

o Length gauge: er - E, assume E
independent of r.

Xy z

r=(x,y,z)=r (f =, 7> = r(sin @ cos ¢, sin fsin ¢, cos )

r’r’r
z 47 1
F:COSHZ ?Y]_O(Q,Q[))ZCO

1x=+iy sinfcos¢ =+ isinfsing 47 1
- = =1/ —=Y] 0,9)=C
r 2 V2 3 121 (6,¢) £l
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EXAMPLE: DIPOLE OPERATOR

o Length gauge: er - E, assume E
independent of r.

rz(x,y,z)zr(i y E) = r(sin @ cos ¢, sin fsin ¢, cos )

4
f:cosez,/gvm(e,gb): cl

r’r’r
Ix+i sin@cos ¢ + isinfsin A7
Ix2y _ ¢ % i (0.6) = Ly

rv2 V2 3

@ Spherical tensor operator of rank one: components tf;jll,o’l
o C} interaction with linearly polarized light (along z-axis).
o C1, with circularly polarized light (in the xy-plane).
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EXAMPLE: DIPOLE OPERATOR

1ol t O —m' 4 1 ¢ 11
(n''m' |z | ntm) E; = (—1) , m (n"l"|| v || nt) E,
Selection rules:

e m= m', triangle condition | £ — ¢ |< 1 < ¢+ ¢, from the

three-j symbol
o {4+ ¢ +1 = even comes from the reduced matrix element

(|l e ]l nt) = (" C ] 6) /in(f) r Py (r) dr
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REDUCED MATRIX ELEMENTS OF C-TENSORS

Since the reduced matrix element is m- independent we can pick
any m and g:

A7
2k +1

(o | ck oy = / Y0 (0,9) Yio (0,0) Yoo (8, 9) sinf0dode
, 0 k0
—cveneio(y 5 o)

Addition theorem for Spherical Harmonics gives

Il = (-)VEFDE D (o g g )
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EXAMPLE: SPONTANEOUS PHOTON EMISSION

transition rate ~ Z | (n'0'm | ¥ | ntm) |?

n'l'm’

(n"l'm" | r| ntm) = / Pow (r) r Ppg(r)dr (¢'m’ | Ct | ¢m)

vector with three components CC}

_ 1N et e
Sl w1 lm =3 (5, 0 n ) xlwnc e

q,m’
_ et
20+1

@ independent of m
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EXERCISES

@ Time to do all from Chapter 2 (except 2.19 which we haven't
got to yet)
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