ANGULAR MOMENTUM GRAPHS
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@ phases are indicated with arrows (note where it points!)
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ANGULAR MOMENTUM GRAPHS
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ANGULAR MOMENTUM GRAPHS
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free to add/remove _ _ _
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VECTOR COUPLING COEFFICIENTS

CLEBSCH-(GORDAN COEFFICIENTS

(Amijamy | jams) = (—1)* 2™ (/23 4+ 1 ( "

my
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(= 1)fi=irtm — ( _ 1 )jl _j2 +_/3
: jam:z
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= (-1 -
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VECTOR COUPLING COEFFICIENTS

CLEBSCH-(GORDAN COEFFICIENTS

__’m— =[] jm (3.11)

Using the notation (3.11) we get the following graphical representation of
the vector-coupling coefficient:

jams jim

imys oy | jams) = . (3.12)

jamz

[]=2j+1

June 3 2026



WIGNER-ECKART’S THEOREM

!

. . i ik . .
oim 8 1my = -2y (T Y ek

@ the reduced matrix element independent of all the magnetic
quantum numbers

jm - j'm'
Cim|th|y'm’y = villEENY s>

kq
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COUPLING OF TWO ELECTRONS

THE STRAIGHT FORWARD WAY

LS - coupling: L =>",¢;, S =), s; gives the LS-terms
Example: 2p?

| némgms) =| 21m;ms)

2 -3 = 6 possible combinations

two electrons 6 - 5 = 30 combinations

The electrons are indistinguishable — 15 combinations

we are looking for 15 micro states
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COUPLING OF TWO ELECTRONS

THE STRAIGHT FORWARD WAY - 15 STATES AS EXPECTED

M, = -2 (—1+ — l_)

M, =-1 (O_ — 1_) (0+ — 1_) (0+ — 1+)
(=1707)
(1" -17)

M, =0 (1_ — 1_) (O+0_) (1+ — 1+)
(-171°)

M, =+1 (0_1_) (O+1_) (0+1+)

(1707)
+M; =2 (1+1_)
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COUPLING OF TWO ELECTRONS

THE STRAIGHT FORWARD WAY

Maximum M; = 2, only in combination with Mg = 0 — there
isalD-term. M, =2,1,0,—1,—2 — five terms.

Maximum Ms =1, for M; <1 — a 3P -term. 3-3 = O states
belongs to this term.

@ 9+ 5 = 14 states. One is missing?

o Three states with M; =0, Ms = 0. One belongs to 3P. One
belongs to 'D. The third is the the single member of a third
term — must be 1S.

2p? can couple to 1S3 P1D
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COUPLING OF TWO ELECTRONS

e Singlet o L=0—(-1)0"1"1=1
(—1)0-1/2-1/2) = 1 o Ll=1-(-1)"1"1= 1
o Triplet (—1)171/271/2) = 1 o L=2—(—1)2"1-1=1

June 3 2026



THE COULOMB INTERACTION

We can expand the Coulomb Interaction using Legendre
polynomials (discussed in for example Jackson or Arfken)

k
1

7_2 k+1 k(cos ) Z k+ 2k+1zyk9¢yk*(9¢)

o C-tensors
k /
Cq 2k +1 q ( )
@ gives
1 rk
Palcos) = €(1) - €*(2) = —— = 3" 7€+ (1)- €2
r >

o radial part times angular contribution
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COUPLING OF TENSOR OPERATORS

ch(1)- € (2)

o CK tensor operator of rank k
@ two tensor operators of the same rank can couple to rank zero
@ above we have a scalar product

The general form - as we couple angular momenta:

et @)}, = Y stk | KQ)

q1,q2

i.e. with a Clebsch-Gordan coefficient

tk and u* work on different parts of the system
Coulomb interaction - different particles
Spin-orbit interaction (I -'s) spin part - spatial part
@ Breit interaction - all of it.
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COUPLING OF TENSOR OPERATORS

Couple to zero rank

[t (1) ¥ (2)}2 =3t (1) ¥, (2) (ka, k — q | 00) =

k k 0 .
Seme,@( D)= mz 1785 (1) i 2)

q

o compare 2.82 - here the phase (—1)k=¥0 =1

@ The expression for the 3j-symbol is calculated in Problem
2.14.

Scalar product defined slightly differently

t(1)-uk(2) =) (-1)tE (1) vk, (2) =

(—1)k 2k+1{tk(1)uk(2)}z
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THE COULOMB INTERACTION

ok rk
1 Z Tilck (1)-Ck(2) = Z(*l)kmrkiil {ck(1)ck (2)}2
k > z

rz P
We want to evaluate it between orbitals:

1 ,
(ab | o~ | cd), with | a) =| nalame,ms,), Pne, (r) Yo, m, (8, ¢) x (ms,) etc.

Special case of the general expression:
(ab |5 () £ (1)u* ()} | ed) =
[ [ Pa) Pote2) (1, 2) Pe12) P (r2) s
x Y (altg | ) kaikoq | KQ)(b| ug | d)

q1,92
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UsE WIGNER-ECKART

(a| ti | c)(kiqikoqz | KQ)(b | uf2 | d)

Iom lymf

(alth|e) = kiqr O(me, mi) (al|t™ley Blus)dy = ko © §(md, md) (bljw|dy

lemf P
Igmf

@ no spin dependence assumed — § (ms,, ms.),d (ms,, ms,)
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UseE WIGNER-ECKART -AND COUPLE THE OPERATORS

(a| ta | c)(kiqikoqz | KQ)(b | ug2 | d)

lymi Iym}

5 kg kiqy + k:@z_____ kg2
1
I.m§ Igm§
KQ
o If K =0 (Coulomb case) jimm oy
the zero line can be removed

(3.18)

: = Ui

< k k 0 > _(—1)ke
q _q 0 V 2k+ ]_ Jamy Jamy
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THE COULOMB INTERACTION

(ab| — | cd) = Ek://Pa (r1) Py (r2) rg_%_lpc(rl)Pd (r2) dridrs

x(=1)(ea [| €1 ) (s || €|l £a)

times @ Reduced Matrix Elements:
o ot lat+k+lc=even, | ly—lc |< k<{l,+ L
and same for £p, {4

@ Rule: the internal m/q quantum numbers are
summed over.

L o o Typically the diagrams can -eventually- be
evaluated analytically.

@ Next time we will couple to total LM and see
how all the m :s can easily! be taken care of.
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