THE COULOMB INTERACTION
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o Reduced Matrix Elements: ¢, + k + ¢, = even

@ Rule: the internal m/q quantum numbers are summed over.

o Typically the diagrams can -eventually- be evaluated
analytically.
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THE COULOMB INTERACTION

(ab | ri | cd) = " R¥(ab, cd) X (k, Ls, L, Le, La)
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THE COULOMB INTERACTION

SUMMING OVER A COMPLETE SHELL

Example: What is the total interaction of one electron a with all
the electron in a filled shell? (we call them b)

ZZ(ab||ab> (ba|r112|ab>>

mb  mb

First term:

sm}
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S Rk (ab, ab) X (k, €5, £, Lo, €) ) . O
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@ Rule: the internal m/q quantum numbers are summed over.
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HOW TO THINK ABOUT THE GRAPH
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How TO THINK ABOUT THE GRAPH

REMOVE A ZERO LINE
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THE COULOMB INTERACTION

lymf

@ Note minus
sign at left
vertex, plus at
the right.
Unimportant if
{ integer.

—-m, 0 m,

= (-1)fmm ( ta 0 6 > V2Up+1=
mg

20, +1
20,+1

5 (k,0)

Remember what is in front:

R'=0 (ab, ab) (€5 || C*=0 || £a)(ly || C*=0 || L) =
R*=0(ab,ab) \/20, + 1/20, + 1

Altogether:
Rk=0(ab, ab) (20, + 1)
Why? And what about the

spin part?
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THE COULOMB INTERACTION

SUMMING OVER A COMPLETE SHELL

Example: What is the total interaction of one electron a with all
the electron in a filled shell? (we call them b)

1 1
g E ((ab||ab>—<ba||ab>)
~ — r» o
my  m¢
Second term:
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—> " R¥(ba, ab) X (k, b, s, La, L) X
k

a
Iomf

LSy apn (B kB (k6
b q b g a b g a




THE COULOMB INTERACTION

THE EXCHANGE TERM

:ZZ(—I)zea”aHbH( by kL, >( by kL, >:
my g my )\ my q m,

b
mg 9
1

2.91) (-1 2034+-La+lp+k
( ) ( ) 205+ 1

@ non-relativistically: ¢; + £, + k =even, £ integer — no phase
o relativistically: (—1)%ateatibthk — (1Yo tk

Conclusion

> R (ab, cd) X (k, £, b, Lc, Lq)
k

times simple numerical factors.
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LS-TERMS FOR TWO ELECTRON CONFIGURATIONS

Iy ——
2 X(k, LLLL)R*(ab, ed) /
k
lbmf' ———
Couple them!
Sgmyg
+
2L SMg
mime
5p m,”

Gives (for L)

I.mf Samy Sy
| &
Igmd  symf sgmy’
a
I,my
+
2. Lm,
a_b
b
lymy
. |
LM, - M,

iy la

June 3 2026



THE 6J SYMBOL

COUPLING OF THREE ANGULAR MOMENTA

LM,

e Sum over m/q internal lines
o Each vertex a 3j -symbol.

@ How it is connected to coupling of three angular momenta?
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THE 6J SYMBOL

COUPLING OF THREE ANGULAR MOMENTA

| s Gad) Jo3, ) = D | () s, I){(inf2) Srafa, I | v, (as) a3, )
Ji2

i) Js IM| = M
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@ Join the J-lines —
> "M — 2J 4 1,remove the
thick lines

3
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THE 6J SYMBOL

COUPLING OF THREE ANGULAR MOMENTA

<(./1J2) J12j37 J | .j17 (.]2./3) J237 J> =

the phase: note that j + j3 + Jo3
is always an integer

= (1 [y, T ]

(_1)21'2 )(_1)J+J23+j3(_1)j2+J23+j3(_1)2j3 —

(_1)]1+j2+j3+J(_1)2U2+j3+J23)
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THE 6J SYMBOL

COUPLING OF THREE ANGULAR MOMENTA

}jl Jl?. JZ} .
j} JB J

allm

Z i J12 P2 a3 J J2  J 3
—ma —M12 -—m?2 m —M23 M M12 -M ms3

% J2 J3 J23 (_1).il*m1+J12*M12+J'2*m2+J'3*m3
my —m3 Mo

@ arrows added on empty lines — phases
@ note triangular conditions
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THE 6J SYMBOL

COUPLING OF THREE ANGULAR MOMENTA

@ A triangular shape
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THE 6J SYMBOL

COUPLING OF THREE ANGULAR MOMENTA

Jams
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THE 6J SYMBOL

COUPLING OF THREE ANGULAR MOMENTA
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THE 6J SYMBOL

COUPLING OF THREE ANGULAR MOMENTA
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THE 6J SYMBOL

COUPLING OF THREE ANGULAR MOMENTA
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LS-TERMS FOR TWO ELECTRON CONFIGURATIONS

P e — (= 1)kt 2ot Lttty
Iy Iy
L 45 4
k éd BC

Mg =1 (1)

(_1)k+€c+4€a+L+£b — (_1)k+€c+l_+eb

@ true for both integer and half-integer angular momenta
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LS-TERMS FOR TWO ELECTRON CONFIGURATIONS

Example np?

1
({np*} LM SM, | - | {np®} LM;SMs) =

HH»M
o)
-
—~
S
R
s
S
el
N
SN—

SR

@ k=-even, L=0,1,2
o ifk=0— RO (npz, np2) regardless of L

o if k = 2 different angular factors
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LS-TERMS FOR A TWO ELECTRON CONFIGURATION

({np?} 5| | {np?}' S) = R (np?, np?) + §R2 (np?, np?)
1

({np?}’ DI | {np?}" D) = R® (np?,np?) + S R? (mp?, np?)

{np } P ] {npz} P) = R® (npz, np2) - %RZ (npz, np2)

np
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SUMMARY AND OUTLOCK

e Couple two angular momenta — 3j -symbol (Clebsch-Gordan)
e Couple three angular momenta — 6/ -symbol (Term splittings)

e Couple four angular momenta — 9j -symbol (Translate
bweteen LS and jj-coupling). Still todo!

@ The angular momentum graphs gives simple numerical factors
that can easily be recognized. No explicit summation over m:s
necessary!
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