THE INDEPENDENT PARTICLE MODEL

The full many-body problem can only be solved for very few
particles (two or three). Strategy: Start with reasonable
approximation and improve it systematically:

@ All electrons move in the average field from all the other.

@ Best possible choice (— lowest energy) with the (unrestricted)
Hartree-Fock potential uyr (r)

o But different spatial wave function for different
spin-components — complications

o Common starting point Restricted Hartree-Fock with
additional approximation that the potential is spherically
symmetric: uyg (r)

@ For a closed shell system Restricted Hartree-Fock
=Unrestricted Hartree-Fock

o Correlation Energy = True Energy - Hartree-Fock

@ Or Correlation Energy = True Energy - my starting point ...
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THE INDEPENDENT PARTICLE MODEL
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Well chosen u — small corrections from V
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THE INDEPENDENT PARTICLE MODEL

With

N N
V= 01(1)$2(2)$3(3) ... = HoV = (Z ho(i)) V= (Z €i) v

i i

o (8

i

Pauli principle — Slater determinant

\/>{¢1¢2¢3 (9i | &5) =
E.g. two particles

v =\ Hora) = /(162 - 2 @)
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MATRIX ELEMENTS BETWEEN SLATER

DETERMINANTS

Slater determinant W =| {abc...}) (position gives particle
number).

@ one-particle operator f;
W|Zf|\ll Z¢,!f|¢>

Example
ab — ba ab — ba
— A+ h| —F—
( 7 | fi+f 7
V; = {abce...}, Yy = {abde...}, differ on one orbital

<\U1|Zf,-|\|12):<c]f|d>

y=(alflay+{b[f]b)

zero if they differ on two or more orbitals
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MATRIX ELEMENTS BETWEEN SLATER

DETERMINANTS

Slater determinant W = {abc...} (position gives particle number).

e two-particle operator E,<J
Example
ab — ba ab — ba

( /2 | g12 | T
(12 812 | ab) + (ba | g12 | ba) — (ab | gua | ba) — (ba | g1z | ab)) =
((313 | 812 | ab) — (ba | g1z | ab))

VU, = {abcdg ...}, Vo = {abefg ...}, differ on two orbitals

<‘U1Izgij!‘“z):<cd!g\ef>—<dC\g|ef>

) =

zero if they differ on three or more orbitals
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SLIGHTLY NEW NOTATION

Initial state «, relative to o, af is singly excited:

a=|{abc...}), a, =|{rbc...})

and thus

<a§|Zfi|a>=<r!f|a>=

<a2|Zgij!a>= \/
> (rb| g |ab)—(br|g|ab)= "‘JCO”

b
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HARTREE-FOCK

Find the lowest expectation value of H (full H!) with a single
Slater determinant «

(E)=(a|H]|a)

Since the eigenfunctions to hg form a complete set we can use this
set to improve any function. Let's vary orbital a

la) —=la)+nlr)—
| o) =) + 1| )
(E) 2 (E)+n((af |H| o) +{a|H]|al))
H Hermitian —
(aj [H|a)=(a|H|a)"

can be chosen to be real, and the equal
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HARTREE-FOCK

BRILLOUIN’S THEOREM

At the minimum!

{0z [ H[a)=0

o With a Slater determinant constructed from Hartree-Fock
orbitals H has no matrix elements between it and any
determinant with a single substitution.

e Z N2 1
H }: . =S 1,0
< ‘ |a a| ( ’ 4-7T60r,'>+i.471'€0r,'j|a>
2 e? Z 1
—— V2 - (rb| — | ab) — (br | — | ab
{r 2mV 47Teor Zr| ]a (r|r12]a>

b
=0
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HARTREE-FOCK

h? e?
hpe = ——V? — —
hf 2m 4reg + UHF
2 occ
(i'| unr | J) = Mzb]ib\ — | jb) = (bi | — | jb)

@ The Hartree-Fock potential is non-local

@ One-particle eigenvalue equation

h? e’ Z
h (Mg &4 _
nf | @) < om “amer b UHF> |a) =¢a|a)

€5 is the orbital energy. The basis where hys is diagonal is our
HF-basis since then (r | hpr | @) = (| H| a) =0



KOOPMAN’S THEOREM

Slater determinant o =| {abc...}), expectation value of H:

occ
h2

<E>=<a|H!a>=Z<a!—ﬂV

a

e

Z)a+

drteg r

occ

1 e? 1 1
— ab| — | ab) —(ba| — | ab
meg 270 | 7 1) = (bal o at)

Remove one electron (e.g. ¢)?

@ same expression, but sum runs over one electron less:

h? e?
(Eatom) — (Eion) = (c _ﬂv 4meq r | A
2 occ 1
b|— | cb)—(bc|— | cb) =
47reozb:<clr12‘c> <C|f12’C> “
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KOOPMAN’S THEOREM

@ The orbital energy is equal to the negative of the binding
energy

o IF we assume that all the other electrons remain unaffected
when one electron is removed from the system

@ This is a rather good approximation for outer electrons
Example

@ Ar 3p: exp. ionization energy 15.8 eV Hartree-Fock: 16.1 eV.

o Ar 3s: exp. ionization energy 29.2 eV Hartree-Fock: 34.8 eV.
Why does it work less well for 3s?
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RESTRICTED HARTREE-FOCK

o With uyg(r) i.e. spherically symmetric

P_, e Z
<_2mv - %7 + UHF(r)> ¢a = ana
and
P(r)
Y= R(r) Yﬁmg (9’ Cb) Xms = i Yfmg (ea ¢) Xms
10 ,0 1 0?2
25" o) = 1 pa )

@ radial equation

(hz (_§;+e(e+ 1))) €2 Z+UHF(,)) P(r) = eP(r)

2m r2 4rreg 1
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RESTRICTED HARTREE-FOCK

@ The radial solution and the energy depends on ¢, but not on
my or ms

@ we number the solutions with n = ¢ 4+ v + 1 where v is the
number of wave function nodes

e Hydrogenlike - no ¢-dependence of the energy (but still on the
wave function). Here (-dependent energies

o Pauli principle: each ¢-shell can house 2(2¢ + 1) electrons -
and is then called a filled or closed shell (otherwise an open
shell).

o Configurations: 1522s522p® for neon for example.

<n2 <_ i w; 1))> ez UHF(r)> Pot(r) = enePus(r)

2m or? dmeg r
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How TO OBTAIN HARTREE-FOCK ORBITALS?

@ self-consistent procedure

@ start with a good guess for all the orbitals in your atom

@ construct the Hartree-Fock potential

@ solve the eigenvalue equation and get new orbitals

@ construct the Hartree-Fock potential with the new orbitals

@ repeat until convergence
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THE HARTREE-FOCK ENERGY

(a|H|a)= athHF ZMW ZUHF( | )
:Zeaqtl ¢ §<3b|—|ab>—<ba|i|ab>
2 \ 4meg " ro r2
2 occ
e 1 1
— b|—|ab)—(ba| — | ab
<4m02<" v <a\r12|a>)

ab

@ When we add all the orbital energies we double count
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How TO SETUP THE HARTREE-FOCK POTENTIAL?

Direct term

' 1
__’:\_‘Ob = Z<rb| a | ab> = //Pr(’l)Pb(Q)ipa(’l)Pb(’Z)drld’Z
mp
x (20 1] € || £2) (s || C° 1] £)
Only k=0,
=1,

1 V2l,+1
://P,(I’l) Pb(rg)ZPa(rl) Pb(rg)dl’ldrz X \/2€a+1\/2£b+1ﬁ

and then there will be a factor of two from the spin-diagram (c.f.
Lecture 4) — 2(2¢, + 1) i.e. number of electrons in the shell.
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How TO SETUP THE HARTREE-FOCK POTENTIAL?

Exchange
term

- _ 1 S N A O Lkil Pa (1) Py (2) drydr
(br | | ab) 2 i3
p— ro

x(—1)K¢ea [ € 1] £5) (s |1 € ] £3)

éa = gr Imf

Iymf
where the last diagram gives (note that k + ¢, + ¢, = even)

1 1

7(_1)k+£a+zb+2£b - -
20,+1 20, +1
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HARTREE-FOCK INCLUDES FULL EXCHANGE

@ Non-local. Why is that a problem?

@ Density functional theory based on a local approximation of
the exchange potential, derived from a free-electron gas
model:

Vex (r) ~ /3 (r)

@ p is the charge density
o original idea from Dirac, used by Slater.

o Formalized in a practical approach: Self-Consistent Equations
Including Exchange and Correlation Effects by W. Kohn and
L. J. Sham (> 50000 citations), Nobel prize 1998 (to Kohn).
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RPAE

@ RPAE is Time-Dependent Hartree-Fock
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