
what we have done

Simple perturbation approach for 2 particles (formal version in
Chapter 9)

Hartree-Fock starting point V = 1/r12 − uhf → no single
excitation corrections in lowest order

double excitations remain and will dominate

Goldstone
diagrams
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Second Quantization

creation operator

| ϕi ⟩ ≡ a†i | 0⟩, ϕi : ni , ℓim
i
ℓ,m

i
s

hermitian adjoint operation gives

⟨0 | ai ≡ ⟨ϕi |,

Create a Slater determinant:

| {ϕiϕjϕk . . .}⟩ = a†i a
†
j a

†
k . . . | 0⟩, ⟨0 | akajai = ⟨{ϕiϕjϕk . . .} |,

exchange two particles gives minus sign:

a†i a
†
j = −a†j a

†
i
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Properties of Creation and Absorption
operators

The creation and absorption operators anticommute{
a†i , a

†
j

}
= a†i a

†
j + a†j a

†
i = 0

{ai , aj} = 0

Use the orthogonality:

⟨{ϕiϕj}⟩ | {ϕkϕl}⟩ = δikδjl − δilδjk

⟨{ϕiϕj}⟩ | {ϕkϕl}⟩ = ⟨0 | ajaia†ka
†
l | 0⟩

requires
{
am, a

†
n

}
= δmn
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Properties of Creation and Absorption
operators

{am, an} = 0,
{
a†m, a

†
n

}
= 0, an | 0⟩ = 0

Show that we need
{
am, a

†
n

}
= δmn

ajaia
†
ka

†
l = aj

(
δik − a†kai

)
a†l = δik

(
δjl − a†l aj

)
− δjkaia

†
l + a†kajaia

†
l

ajaia
†
ka

†
l = δikδjl − δjkδil + δjka

†
l ai + δila

†
kaj − a†kaja

†
l ai

ajaia
†
ka

†
l = δikδjl − δjkδil − δjla

†
kai + a†ka

†
l ajai

ajaia
†
ka

†
l = δikδjl − δjkδil

ai | ϕi ⟩ = ai

(
a†i | 0⟩

)
=
(
1− a†i ai

)
| 0⟩ =| 0⟩

ai is an absorption operator
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What is the vacuum level?

Particle physics - common to use the real vacuum level

For atoms/molecules etc better to use the reference state.

For example a closed shell Hartree-Fock Slater determinant

| {abcd . . .}⟩ =| α⟩

Then

a†core | α⟩ = avirt | α⟩ = 0

Define excitations

| αr
a⟩ = a†raa | α⟩, | αrs

ab⟩ = a†ra
†
sabaa | α⟩

Creation operators to the left of the absorption operators. Note
also:

| α⟩ =| {ab}⟩ →| α⟩ = a†aa
†
b | 0⟩ and abaaa

†
aa

†
b | 0⟩ =| 0⟩
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New representation of interactions

The sum over ijkl is
over all states
occupied and
unoccupied

F =
N∑
n

fn =
∑
ij

a†i aj⟨i | f | j⟩

G =
N∑

n<m

gnm =
∑
ijkl

a†i a
†
j alak⟨ij | g | kl⟩

H0 =
N∑
n

h0(n) =
∑
i

a†i aiϵi (Number operator)

V = −
∑
ij

a†i aj⟨i | u | j⟩+ 1

2

∑
ijkl

a†i a
†
j alak⟨ij |

1

r12
| kl⟩
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∑
i

a†i aiϵi (Number operator)

V = −
∑
ij

a†i aj⟨i | u | j⟩+ 1
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Operators in Normal Form

When working on α we cannot create any already occupied
orbital or absorb any virtual (excited) orbital.

F =
∑
ij

a†i aj⟨i | f | j⟩ =
∑
ab

a†aab⟨a | f | b⟩+
∑
ar

a†aar ⟨a | f | r⟩

+
∑
sb

a†sab⟨s | f | b⟩+
∑
rs

a†ras⟨r | f | s⟩

Normal Form: a†core , avirt to the right of a†virt , acore
Let {aiaj . . .} mean aiaj in Normal Form

a†aar = −ara
†
a already Normal Form

a†sab = −aba
†
s already Normal Form

a†ras already Normal Form

a†aab = δab − aba
†
a

a†aab = δab +
{
a†aab

}
∑
ij

a†i aj⟨i | f | j⟩ =
∑
a

⟨a | f | a⟩+
∑
ij

{
a†i aj

}
⟨i | f | j⟩
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Operators in Normal Form

H0 =
∑
i

a†i aiϵi =
occ∑
a

ϵa +
∑
ij

{
a†i ai

}
ϵi

1

2

∑
ijkl

a†i a
†
j alak⟨ij |

1

r12
| kl⟩ = 1

2

∑
rskl

a†ra
†
salak⟨rs |

1

r12
| kl⟩+

1

2

∑
askl

a†aa
†
salak⟨as |

1

r12
| kl⟩+ 1

2

∑
rbkl

a†ra
†
balak⟨rb | 1

r12
| kl⟩+

1

2

∑
abkl

a†aa
†
balak⟨ab | 1

r12
| kl⟩

Note: k , l still run over both core and virtual. First term on
right-hand side already in normal form.
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Operators in Normal Form

As an example (part of Problem 11.2) term 2-3 (previous page):

a†aa
†
salak = −δala

†
sak + a†sala

†
aak = −δala

†
sak + δaka

†
sal − a†salaka

†
a

a†ra
†
balak = δbla

†
rak − a†rala

†
bak = δbla

†
rak − δbka

†
ral + a†ralaka

†
b

All terms are now in Normal Form and the

δ−terms give
∑
ij

{
a†i aj

}∑
a

⟨ai | 1

r12
| aj⟩ − ⟨ai | 1

r12
| ja⟩

and the last terms on both lines give
{
aaa

†
r

}
= −

{
a†raa

}
1

2

∑
askl

−a†salaka
†
a⟨as |

1

r12
| kl⟩+ 1

2

∑
rbkl

a†ralaka
†
b⟨rb | 1

r12
| kl⟩

=
∑
rbij

{
a†ra

†
baiaj

}
⟨rb | 1

r12
| ij⟩
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Operators

V = V0 + V1 + V2

V0 =
∑
a

⟨a | −u | a⟩+ 1

2

∑
ab

⟨ab | 1

r12
| ab⟩ − ⟨ba | 1

r12
| ab⟩

V1 =
∑
ij

{
a†i aj

}(
⟨i | −u | j⟩+

∑
a

⟨ai | 1

r12
| aj⟩ − ⟨ai | 1

r12
| ja⟩

)

V2 =
1

2

∑
ijkl

{
a†i a

†
j alak

}
⟨ij | 1

r12
| kl⟩
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Hole-particle formalism

b† = a†, b = a virtual orbitals

b† = a, b = a† core orbitals
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Graphical representation

Virtual orbitals (particles) lines directed upwards, and core orbitals (holes)
lines directed downwards.Creation operators (a†) lines directed away from
the vertex, absorption operators (a) lines directed toward the vertex.
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Graphical representation
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∑
a

⟨a | −u | a⟩+ 1

2

∑
ab

⟨ab | 1

r12
| ab⟩ − ⟨ba | 1

r12
| ab⟩
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Graphical representation

V1 =
∑
ij

{
a†i aj

}(
⟨i | −u | j⟩+

∑
a

⟨ai | 1

r12
| aj⟩ − ⟨ai | 1

r12
| ja⟩

)

Virtual orbitals (particles) lines directed upwards, and core
orbitals (holes) lines directed downwards.

Creation operators (a†) lines directed away from the vertex,
absorption operators (a) lines directed toward the vertex.
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Graphical representation

V2 =
1

2

∑
ijkl

{
a†i a

†
j alak

}
⟨ij | 1

r12
| kl⟩
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Why annihilation and creation operators?

Keep track of antisymmetrization

Hole-particle formalism. Easier to handle “vacuum” (closed
shell configuration) + few generalized particles (particles and
holes) than full N-body system

Convenient with the systematic construction of higher-order
effects (to come).
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Phases in Exercise 4.10
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Phases in Exercise 4.10
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