WHAT WE HAVE DONE

@ Simple perturbation approach for 2 particles (formal version in
Chapter 9)

e Hartree-Fock starting point V' =1/r5 — upr — no single
excitation corrections in lowest order

@ double excitations remain and will dominate
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SECOND QUANTIZATION

@ creation operator

| i) = a,T | 0), ¢ : ni, £im}y, mi

@ hermitian adjoint operation gives

<0|3,‘E<¢,“,

@ Create a Slater determinant:

| {gin .. }) = alalal...[0),(0 | akaja = ({digyou ...} |,

@ exchange two particles gives minus sign:
S I N
a;ja; = —a;a
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PROPERTIES OF CREATION AND ABSORPTION

OPERATORS

@ The creation and absorption operators anticommute

{af-r aT} = a,TaJT + a}a}t =0

175
{a,-,aj} =0

@ Use the orthogonality:

({didj}) [ {oxdi}) = didj — dindjk

({i0;}) | {orer}) = (0] ajaialal | 0)

@ requires {am,a:r,} = Omn
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PROPERTIES OF CREATION AND ABSORPTION

OPERATORS

e {am,ant =0, {am,an}—O an|0)=0

@ Show that we need {am,ai} = Omn

aja,-a:r(a;r = aj <5ik — a:r(a,-) a;r = 5ik <5J'/ — a;raj) — 5jka,-aj + a:r(aja,-a;r
aja,-a}:aj = 5ik5jl — 5jk6il + 51'/(3;[3; + 5,’/3131' — alajaja;
aja,-a;[(a;r = 5ik5jl — 6jk5;, — 51'/3:[(2,‘ + a;r(a;raja,-

ajajalal = Oudj — O
3i|¢i>:ai<a“0>) (1—33) 0) =[0)

@ a; is an absorption operator
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WHAT IS THE VACUUM LEVEL?

@ Particle physics - common to use the real vacuum level
e For atoms/molecules etc better to use the reference state.
For example a closed shell Hartree-Fock Slater determinant

| {abcd .. .}) =| a)
Then
aj:ore | ) = avire | @) =0
Define excitations
|al) = ala; | a), | af) = alalapas | @)

Creation operators to the left of the absorption operators. Note
also:

| @) =| {ab}) —| @) = ala} | 0) and apa,afal | 0) =| 0)
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NEW REPRESENTATION OF INTERACTIONS

=ala, V, N
=2 =2 a5l 1f1)
i
@ The sum over jjkl is G = Zgnm—zaaalak i g |kl
over all states n<m ijkl
occupied and
unoccupied
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NEW REPRESENTATION OF INTERACTIONS

=ala, V, N
=2 =2 a5l 1f1)
i
@ The sum over jjkl is G = Zgnm—zaaalak i g |kl
over all states n<m ijkl
occupied and
unoccupied

N
= Z ho(n) = Z aTa;e; (Number operator)
n

. 1
_Zajaj<l]u|j Zaaa,aku\alkw
ij

ijkl
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OPERATORS IN NORMAL FORM

@ When working on o we cannot create any already occupied
orbital or absorb any virtual (excited) orbital.

F=Y alai|flj)y=Y alapla| f|b)+> ala(alf]r)
if ab ar

+> alap(s | £ b)+ Y alas(r|f]|s)
sb rs

. : T
@ Normal Form: acore, avirt to the right of a;,, acore
o Let {a;a;...} mean aja; in Normal Form

T2, = —a,al
ala, ara} already Normal Form alap = 0ap — apal]

alab = —abal already Normal Form i ;
alap = 0ap + {aaab}

alas already Normal Form
Salalil fliy =l f1a+> {ala}b 11
ij a ij
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OPERATORS IN NORMAL FORM

occ

Hy = Z a:-fa,-e; = Zea + Z {a:.ra,-} €i
i a ij

Zaaa,akul—]k/ Za a,akrs\—\kl>

ijkl rskI
5 Za lajay(as | — | kl) + Za 3b3/3k<rb| — | kl)+
askl rbkl
= ZaTaba,ak<ab ] — \ kl)
2 o

Note: k, /I still run over both core and virtual. First term on
right-hand side already in normal form.
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OPERATORS IN NORMAL FORM

As an example (part of Problem 11.2) term 2-3 (previous page):
a].:.ala,ak = —(5a/alak + aia/alak = —(5a/alak + (5akaia/ — ala/akal
aiaza/ak = 5b/aiak - aia/alak = 5b/aiak — 6bkaia/ + aia/aka;r)

All terms are now in Normal Form and the

1 1
d—terms give {aTa-} ai | — |aj)—{(ai| — | ja
g zy: 1aj za:<|r12|1) (ai | — 1 Ja)
{aiaa}

—Z al a/aka as| — | kl) + Za 313k3b<rb | — ‘ kl)

askl/ rbkl

=" {alajaias} rb|a|ij)

rbij

October 12 2026
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OPERATORS

V=W+VWVi+ W

1 1 1
Vo = — Z _
0 E(a\ u]a)+2§<ab\r12\ab) (balru\ab)

a ab

V1=Zij:{aaj}( il —ulj) +Za/|—|aj <ai|r112]ja)>
2Z{aaa/ak} l_/|r112]kl)

ijkl
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HOLE-PARTICLE FORMALISM

—0—O0—0—0—
Virtual Particle creation

(particle) 0 o ° o
states

“Vacuum” level

Core — & —&—@ ®

(hole) Hole creation
statess —e@—O0—@—0—

b' = af, b = a virtual orbitals

bt = a,b= a' core orbitals
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(GRAPHICAL REPRESENTATION

particles holes
at Apt ay b

alNb a\rb

Virtual orbitals (particles) lines directed upwards, and core orbitals (holes)
lines directed downwards.Creation operators (a') lines directed away from
the vertex, absorption operators (a) lines directed toward the vertex.
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(GRAPHICAL REPRESENTATION

1 1 1
Vo = — - - — =
0= (al —ula)+ 5> (ab| — | ab) — (ba| —|ab)

a ab
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(GRAPHICAL REPRESENTATION
= -—® +v———® +

"y

/\""@ + —-®

V1:Z{aaj}( | —ulJj) +Za/|—]aj (ai!i]ja))

i

e Virtual orbitals (particles) lines directed upwards, and core
orbitals (holes) lines directed downwards.

o Creation operators (af) lines directed away from the vertex,
absorption operators (a) lines directed toward the vertex.
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(GRAPHICAL REPRESENTATION




WHY ANNIHILATION AND CREATION OPERATORS?

o Keep track of antisymmetrization

@ Hole-particle formalism. Easier to handle “vacuum” (closed
shell configuration) + few generalized particles (particles and
holes) than full N-body system

@ Convenient with the systematic construction of higher-order
effects (to come).
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PHASES IN EXERCISE 4.10
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PHASES IN EXERCISE 4.10
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