
Hole-particle formalism

b† = a†, b = a virtual orbitals

b† = a, b = a† core orbitals
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Operators in Normal Form

Normal Form: a†core , avirt to the right of a†virt , acore
Normal Form: b to the right of b†

Virtual orbitals (particles) lines directed upwards, and core orbitals (holes)
lines directed downwards.Creation operators (a†) lines directed away from
the vertex, absorption operators (a) lines directed toward the vertex.

Normal form: right below the vertex (b)

left above the vertex (b†)
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Particle-hole operators

Normal Form: b to the right of b†{
b†i bj

}
= b†i bj{

bib
†
j

}
= −b†j bi{

b†i b
†
j

}
= b†i b

†
j

{bibj} = bibj

Define the the contraction of creation/annihilation operators

Contraction x̂y = xy − {xy}

b̂†i b
†
j = b̂ibj = b̂†i bj = 0

b̂ib
†
j = bib

†
j −

{
bib

†
j

}
= bib

†
j + b†j bi = δij
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Wick’s theorem

If A is a product of creation and annihilation operators then:

A = {A}+
{
Â
}

the second term is the sum of all normal-ordered terms
obtained by making all possible contractions within A

October 19 2026



Example

bib
†
j bkb

†
l =

{
bib

†
j bkb

†
l

}
+

{
b̂ib

†
j bkb

†
l

}
+

{
̂

bib
†
j bkb

†
l

}
+{

bib
†
j b̂kb

†
l

}
+

{
b̂ib

†
j b̂kb

†
l

}

Permutate :bib
†
j bkb

†
l = δijbkb

†
l − b†j bibkb

†
l =

δijδkl − δijb
†
l bk − δklb

†
j bi + b†j bib

†
l bk =

δijδkl − δijb
†
l bk − δklb

†
j bi + δilb

†
j bk − b†j b

†
l bibk =

δijδkl + δij

{
bkb

†
l

}
+ δkl

{
bib

†
j

}
+ δil

{
b†j bk

}
+
{
bib

†
j bkb

†
l

}
b̂ib

†
j = δij

see also Problem 11.3
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Wick’s theorem for operator products

When A and B ar products od creation and annhilation operators
in normal form then:

AB = {AB}+
{
ÂB

}

In Graphical form:

If A and B are two operators in normal form represented by
Goldstone diagrams, then the graphical representation of the
operator product AB is the sum of diagrams obtained by joining
zero, one, two, . . . lines at the bottom of the diagram of A with
lines at the top of the diagram of B in all possible ways so that the
direction of the arrows is continuous.
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Wick’s theorem for operator products

b,c,d single contractions. e,f double contractions

Normal form: b below the vertex b† above the vertex
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Goldstone diagrams

Lecture 7: double excitation
corrections to the wave function
(first order wave operator)

Goldstone rules for wave-operator diagrams

a creation (absorption) operator for each outgoing (incoming)
line. In normal form.

a matrix element for each interaction line

an energy denominator for each interaction line∑
(ϵdown − ϵup)

a factor of 1/2 for each two-particle interaction

an equivalence factor for each equivalent diagram

a summation over all internal orbital lines

a phase factor (−1)h+l
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2nd order wave operator: V on 1st order

V2 =
1

2

∑
ijkl

{
a†i a

†
j alak

}
⟨ij | 1

r12
| kl⟩
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Example

core∑
cd

virt∑
pt

a†tapaca
†
d⟨dt |

1

r12
| cp⟩

a†ra
†
sabaa

gives (just one
example!):

−δadδrpa
†
ta

†
sabac

−δbdδspa
†
ra

†
tacaa

Topologically equivalent
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Goldstone rules for wave-operator diagrams

a creation (absorption) operator for each outgoing (incoming)
line. In normal form.

a matrix element for each interaction line

an energy denominator for each interaction line∑
(ϵdown − ϵup)

a factor of 1/2 for each two-particle interaction

an equivalence factor for each equivalent diagram

a summation over all internal orbital lines

a phase factor (−1)h+l , see 12.8 for the proof. Net effect of
all the permutations!
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sum over a, r?

energy
diagrams?

other
examples:

There is a factor of 1/2 for each symmetry
operation-like reflection in a vertical plane or
interchange of the vertices of an interaction
line-which transforms the diagram into itself or
to any other diagram appearing in the
expansion.
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RPAE

−
exc∑
po

core∑
a,b

∑
k

| p⟩⟨bp | rk<
rk+1
>

| ao⟩⟨o | r | b⟩

(ϵa + ℏΩ− ϵp) (ϵb + ℏΩ− ϵo)

×
{

1 ℓa ℓp
k ℓo ℓb

}
XK (k , ℓb, ℓo , ℓa, ℓo) ⟨ℓo | C1 | ℓb⟩

+
exc∑
po

core∑
a,b

| p⟩⟨pb | rk<
rk+1
>

| ao⟩⟨o | r | b⟩

(ϵa + ℏΩ− ϵp) (ϵb + ℏΩ− ϵo)

×2

3
XK (1, ℓp, ℓb, ℓa, ℓo) ⟨ℓo | C1 | ℓb⟩
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RPAE - ground state correlation

On-shell: ϵp = ϵa + ℏΩ

Goldstone rule first denominator:

1

ϵa + ϵb − ϵp − ϵo
→ 1

ϵb − ϵo − ℏΩ

sum the time-orders

final on-shell
ϵt = ϵa + ℏΩ+ ℏω

1

ϵa + ϵb − ϵp − ϵo

×
(

1

ϵa + ℏΩ− ϵp
+

1

ϵa + ϵb − ϵo − ϵt + ℏω

)
=

1

ϵa + ϵb − ϵp − ϵo

×
(

1

ϵa + ℏΩ− ϵp
+

1

ϵb − ϵo − ℏΩ

)
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RPAE - ground state correlation

On-shell: ϵp = ϵa + ℏΩ

Goldstone rule first denominator:

1

ϵa + ϵb − ϵp − ϵo
→ 1

ϵb − ϵo − ℏΩ

sum the time-orders

final on-shell
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1

ϵa + ϵb − ϵp − ϵo

×
(

1

ϵa + ℏΩ− ϵp
+

1

ϵa + ϵb − ϵo − ϵt + ℏω

)
=

1

ϵa + ϵb − ϵp − ϵo

×
(

ϵa + ϵb − ϵp − ϵo
(ϵa + ℏΩ− ϵp) (ϵb − ϵo − ℏΩ)

)
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remaining exercises

Problem 10.1-10.2

Problem 11.1- 11.5
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