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Delocalization in the Fock-space 
Delocalization in the Fock/Hilbert space

Inverse participation ratio

Multi-fractal exponent 

Example: Ergodic/Thermal (          )

Normalization

2

Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Here �↵
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
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where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
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cal) [42, 43, 45–48]. Note that this graphical language of
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We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U
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| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1
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, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify
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ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as
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where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U
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F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Here �↵
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
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where zj 2 {0, 1} label Fock states in the �z basis and g
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
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z2B
|hz| (t)i|2q, Sq(t) =
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ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)
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Eq. (3), = 2 . Eq. (5) has a straightforward inter-
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Here �↵
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
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where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U
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F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as
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|hz| (t)i|2q, Sq(t) =
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ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
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z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Here �↵
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation
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where zj 2 {0, 1} label Fock states in the �z basis and g
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
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z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
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z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time

Inverse Participation Ratio

Delocalization in the Fock/Hilbert space

Inverse participation ratio

Multi-fractal exponent 

Example: Ergodic/Thermal (          )

Normalization

Delocalization in the Fock/Hilbert space

Inverse participation ratio

Multi-fractal exponent 

Example: Ergodic/Thermal (          )

Normalization

Delocalization in the Fock/Hilbert space

Inverse participation ratio

Multi-fractal exponent 

Example: Ergodic/Thermal (          )

Normalization

Delocalization in the Fock/Hilbert space

Inverse participation ratio

Multi-fractal exponent 

Example: Ergodic/Thermal (          )

Normalization

2

Here �↵
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
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|hz| (t)i|2q, Sq(t) =
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ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i
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◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Delocalization in the Fock-space under unitary time-evolution 
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U(t) = e
�itĤ
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Dual Unitary Quantum Circuits

2

A Python implementation of all presented calculations
is available online [29].

Dual-unitary gates. We will consider systems where the
time evolution is governed by a unitary circuit consisting
of two-site operators, where each gate U and its hermitian
conjugate can be graphically represented as

Uab,cd = , U †
ab,cd = . (1)

In this graphical notation each leg carries a local q-
dimensional Hilbert space, and the indices of legs con-
necting two operators are implicitly summed over (see e.g.
Ref. [30]). Unitarity is graphically represented as

UU † = U†U = ) . (2)

The dual of U is defined through Ũab,cd = Udb,ca, and
dual-unitarity is defined as the additional unitarity of Ũ
[17, 22],

Ũ Ũ† = Ũ †Ũ = ) . (3)

The full evolution U(t) at time t consists of the t-times
repeated application of staggered two-site gates

U(t) = .

Given an infinite lattice with at each site a local Hilbert
space q, we consider correlation functions of the form

c⇢�(x, t) = tr
⇥
U†(t)⇢(0)U(t)�(x)

⇤
/ tr( ), (4)

where ⇢,� 2 q⇥q are operators acting on a local q-
dimensional Hilbert space, and ⇢(x),�(x) act as ⇢,� on
site x and as the identity everywhere else. We will take
tr(⇢) = 1 to make the connection with (reduced) density
matrices, although this is not a necessary assumption
and these can be seen as infinite-temperature correlation
functions. Dual-unitarity can be used to show that all
correlation functions factorize as c⇢�(x, t) = tr(⇢) tr(�)/q,
except on the edges of the light cone x = ±t [22]. These
nontrivial correlation functions can be evaluated as

c⇢�(±t, t) = tr
⇥
Mt

±(⇢)�
⇤
, (5)

where M± 2 Cq2⇥q2 are linear maps defined as

M+(⇢) = tr1
⇥
U†(⇢⌦ )U

⇤
/q, (6)

M�(⇢) = tr2
⇥
U†( ⌦ ⇢)U

⇤
/q. (7)

These are completely positive and trace-preserving maps,
acting as a quantum channel. From the unitarity it follows
that M±( ) = , such that these channels are unital.
Graphically, we can represent

(M+)ab,cd = , (M�)ab,cd = , (8)

with matrix elements such that M(⇢)ab =
P

cd Mab,cd⇢cd.
Note that light-cone correlation functions can always be
calculated in this way, irrespective of dual-unitarity, even
in the thermodynamic limit of infinite system size [18].
As argued in Ref. [16], the long-time behaviour of all

nontrivial correlations and hence the level of ergodicity
is fully determined by the number of eigenvalues �ab of
M± with unit modulus, |�ab| = 1, with the corresponding
eigenoperators acting as non-decaying modes, where we ex-
clude the trivial eigenvalue 1 corresponding to the identity
operator. At long times, ergodic behaviour is evidenced
by the convergence of correlations to their thermal value
limt!1 c⇢�(±t, t) = tr(�)/q, consistent with thermaliza-
tion to an infinite-temperature Gibbs state ⇢Gibbs = /q
such that limt!1 c⇢�(±t, t) = tr(⇢Gibbs�), 8�.
The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.

1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.
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[17, 22],
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Ũ Ũ† = Ũ †Ũ = ) . (3)

The full evolution U(t) at time t consists of the t-times
repeated application of staggered two-site gates

U(t) = .

Given an infinite lattice with at each site a local Hilbert
space q, we consider correlation functions of the form

c⇢�(x, t) = tr
⇥
U†(t)⇢(0)U(t)�(x)

⇤
/ tr( ), (4)

where ⇢,� 2 q⇥q are operators acting on a local q-
dimensional Hilbert space, and ⇢(x),�(x) act as ⇢,� on
site x and as the identity everywhere else. We will take
tr(⇢) = 1 to make the connection with (reduced) density
matrices, although this is not a necessary assumption
and these can be seen as infinite-temperature correlation
functions. Dual-unitarity can be used to show that all
correlation functions factorize as c⇢�(x, t) = tr(⇢) tr(�)/q,
except on the edges of the light cone x = ±t [22]. These
nontrivial correlation functions can be evaluated as

c⇢�(±t, t) = tr
⇥
Mt

±(⇢)�
⇤
, (5)

where M± 2 Cq2⇥q2 are linear maps defined as

M+(⇢) = tr1
⇥
U†(⇢⌦ )U

⇤
/q, (6)

M�(⇢) = tr2
⇥
U†( ⌦ ⇢)U

⇤
/q. (7)

These are completely positive and trace-preserving maps,
acting as a quantum channel. From the unitarity it follows
that M±( ) = , such that these channels are unital.
Graphically, we can represent

(M+)ab,cd = , (M�)ab,cd = , (8)

with matrix elements such that M(⇢)ab =
P

cd Mab,cd⇢cd.
Note that light-cone correlation functions can always be
calculated in this way, irrespective of dual-unitarity, even
in the thermodynamic limit of infinite system size [18].
As argued in Ref. [16], the long-time behaviour of all

nontrivial correlations and hence the level of ergodicity
is fully determined by the number of eigenvalues �ab of
M± with unit modulus, |�ab| = 1, with the corresponding
eigenoperators acting as non-decaying modes, where we ex-
clude the trivial eigenvalue 1 corresponding to the identity
operator. At long times, ergodic behaviour is evidenced
by the convergence of correlations to their thermal value
limt!1 c⇢�(±t, t) = tr(�)/q, consistent with thermaliza-
tion to an infinite-temperature Gibbs state ⇢Gibbs = /q
such that limt!1 c⇢�(±t, t) = tr(⇢Gibbs�), 8�.
The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.

1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.

2

A Python implementation of all presented calculations
is available online [29].

Dual-unitary gates. We will consider systems where the
time evolution is governed by a unitary circuit consisting
of two-site operators, where each gate U and its hermitian
conjugate can be graphically represented as

Uab,cd = , U †
ab,cd = . (1)

In this graphical notation each leg carries a local q-
dimensional Hilbert space, and the indices of legs con-
necting two operators are implicitly summed over (see e.g.
Ref. [30]). Unitarity is graphically represented as

UU † = U†U = ) . (2)

The dual of U is defined through Ũab,cd = Udb,ca, and
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Ũ Ũ† = Ũ †Ũ = ) . (3)

The full evolution U(t) at time t consists of the t-times
repeated application of staggered two-site gates

U(t) = .

Given an infinite lattice with at each site a local Hilbert
space q, we consider correlation functions of the form

c⇢�(x, t) = tr
⇥
U†(t)⇢(0)U(t)�(x)

⇤
/ tr( ), (4)

where ⇢,� 2 q⇥q are operators acting on a local q-
dimensional Hilbert space, and ⇢(x),�(x) act as ⇢,� on
site x and as the identity everywhere else. We will take
tr(⇢) = 1 to make the connection with (reduced) density
matrices, although this is not a necessary assumption
and these can be seen as infinite-temperature correlation
functions. Dual-unitarity can be used to show that all
correlation functions factorize as c⇢�(x, t) = tr(⇢) tr(�)/q,
except on the edges of the light cone x = ±t [22]. These
nontrivial correlation functions can be evaluated as

c⇢�(±t, t) = tr
⇥
Mt

±(⇢)�
⇤
, (5)

where M± 2 Cq2⇥q2 are linear maps defined as

M+(⇢) = tr1
⇥
U†(⇢⌦ )U

⇤
/q, (6)

M�(⇢) = tr2
⇥
U†( ⌦ ⇢)U

⇤
/q. (7)

These are completely positive and trace-preserving maps,
acting as a quantum channel. From the unitarity it follows
that M±( ) = , such that these channels are unital.
Graphically, we can represent

(M+)ab,cd = , (M�)ab,cd = , (8)

with matrix elements such that M(⇢)ab =
P

cd Mab,cd⇢cd.
Note that light-cone correlation functions can always be
calculated in this way, irrespective of dual-unitarity, even
in the thermodynamic limit of infinite system size [18].
As argued in Ref. [16], the long-time behaviour of all

nontrivial correlations and hence the level of ergodicity
is fully determined by the number of eigenvalues �ab of
M± with unit modulus, |�ab| = 1, with the corresponding
eigenoperators acting as non-decaying modes, where we ex-
clude the trivial eigenvalue 1 corresponding to the identity
operator. At long times, ergodic behaviour is evidenced
by the convergence of correlations to their thermal value
limt!1 c⇢�(±t, t) = tr(�)/q, consistent with thermaliza-
tion to an infinite-temperature Gibbs state ⇢Gibbs = /q
such that limt!1 c⇢�(±t, t) = tr(⇢Gibbs�), 8�.
The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.

1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.

2

A Python implementation of all presented calculations
is available online [29].

Dual-unitary gates. We will consider systems where the
time evolution is governed by a unitary circuit consisting
of two-site operators, where each gate U and its hermitian
conjugate can be graphically represented as

Uab,cd = , U†
ab,cd = . (1)

In this graphical notation each leg carries a local q-
dimensional Hilbert space, and the indices of legs con-
necting two operators are implicitly summed over (see e.g.
Ref. [30]). Unitarity is graphically represented as

UU † = U†U = ) . (2)

The dual of U is defined through Ũab,cd = Udb,ca, and
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necting two operators are implicitly summed over (see e.g.
Ref. [30]). Unitarity is graphically represented as

UU † = U†U = ) . (2)

The dual of U is defined through Ũab,cd = Udb,ca, and
dual-unitarity is defined as the additional unitarity of Ũ
[17, 22],

Ũ Ũ† = Ũ †Ũ = ) . (3)

The full evolution U(t) at time t consists of the t-times
repeated application of staggered two-site gates

U(t) = .

Given an infinite lattice with at each site a local Hilbert
space q, we consider correlation functions of the form

c⇢�(x, t) = tr
⇥
U†(t)⇢(0)U(t)�(x)
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/ tr( ), (4)

where ⇢,� 2 q⇥q are operators acting on a local q-
dimensional Hilbert space, and ⇢(x),�(x) act as ⇢,� on
site x and as the identity everywhere else. We will take
tr(⇢) = 1 to make the connection with (reduced) density
matrices, although this is not a necessary assumption
and these can be seen as infinite-temperature correlation
functions. Dual-unitarity can be used to show that all
correlation functions factorize as c⇢�(x, t) = tr(⇢) tr(�)/q,
except on the edges of the light cone x = ±t [22]. These
nontrivial correlation functions can be evaluated as
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These are completely positive and trace-preserving maps,
acting as a quantum channel. From the unitarity it follows
that M±( ) = , such that these channels are unital.
Graphically, we can represent

(M+)ab,cd = , (M�)ab,cd = , (8)

with matrix elements such that M(⇢)ab =
P

cd Mab,cd⇢cd.
Note that light-cone correlation functions can always be
calculated in this way, irrespective of dual-unitarity, even
in the thermodynamic limit of infinite system size [18].
As argued in Ref. [16], the long-time behaviour of all

nontrivial correlations and hence the level of ergodicity
is fully determined by the number of eigenvalues �ab of
M± with unit modulus, |�ab| = 1, with the corresponding
eigenoperators acting as non-decaying modes, where we ex-
clude the trivial eigenvalue 1 corresponding to the identity
operator. At long times, ergodic behaviour is evidenced
by the convergence of correlations to their thermal value
limt!1 c⇢�(±t, t) = tr(�)/q, consistent with thermaliza-
tion to an infinite-temperature Gibbs state ⇢Gibbs = /q
such that limt!1 c⇢�(±t, t) = tr(⇢Gibbs�), 8�.
The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.

1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.
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dual-unitarity is defined as the additional unitarity of Ũ
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1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
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dimensional Hilbert space, and ⇢(x),�(x) act as ⇢,� on
site x and as the identity everywhere else. We will take
tr(⇢) = 1 to make the connection with (reduced) density
matrices, although this is not a necessary assumption
and these can be seen as infinite-temperature correlation
functions. Dual-unitarity can be used to show that all
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These are completely positive and trace-preserving maps,
acting as a quantum channel. From the unitarity it follows
that M±( ) = , such that these channels are unital.
Graphically, we can represent
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with matrix elements such that M(⇢)ab =
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Note that light-cone correlation functions can always be
calculated in this way, irrespective of dual-unitarity, even
in the thermodynamic limit of infinite system size [18].
As argued in Ref. [16], the long-time behaviour of all

nontrivial correlations and hence the level of ergodicity
is fully determined by the number of eigenvalues �ab of
M± with unit modulus, |�ab| = 1, with the corresponding
eigenoperators acting as non-decaying modes, where we ex-
clude the trivial eigenvalue 1 corresponding to the identity
operator. At long times, ergodic behaviour is evidenced
by the convergence of correlations to their thermal value
limt!1 c⇢�(±t, t) = tr(�)/q, consistent with thermaliza-
tion to an infinite-temperature Gibbs state ⇢Gibbs = /q
such that limt!1 c⇢�(±t, t) = tr(⇢Gibbs�), 8�.
The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.

1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.
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4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.
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Dual-unitary gates. We will consider systems where the
time evolution is governed by a unitary circuit consisting
of two-site operators, where each gate U and its hermitian
conjugate can be graphically represented as

Uab,cd = , U †
ab,cd = . (1)

In this graphical notation each leg carries a local q-
dimensional Hilbert space, and the indices of legs con-
necting two operators are implicitly summed over (see e.g.
Ref. [30]). Unitarity is graphically represented as

UU † = U†U = ) . (2)

The dual of U is defined through Ũab,cd = Udb,ca, and
dual-unitarity is defined as the additional unitarity of Ũ
[17, 22],

Ũ Ũ† = Ũ †Ũ = ) . (3)

The full evolution U(t) at time t consists of the t-times
repeated application of staggered two-site gates

U(t) = .

Given an infinite lattice with at each site a local Hilbert
space q, we consider correlation functions of the form

c⇢�(x, t) = tr
⇥
U†(t)⇢(0)U(t)�(x)

⇤
/ tr( ), (4)

where ⇢,� 2 q⇥q are operators acting on a local q-
dimensional Hilbert space, and ⇢(x),�(x) act as ⇢,� on
site x and as the identity everywhere else. We will take
tr(⇢) = 1 to make the connection with (reduced) density
matrices, although this is not a necessary assumption
and these can be seen as infinite-temperature correlation
functions. Dual-unitarity can be used to show that all
correlation functions factorize as c⇢�(x, t) = tr(⇢) tr(�)/q,
except on the edges of the light cone x = ±t [22]. These
nontrivial correlation functions can be evaluated as

c⇢�(±t, t) = tr
⇥
Mt

±(⇢)�
⇤
, (5)

where M± 2 Cq2⇥q2 are linear maps defined as

M+(⇢) = tr1
⇥
U†(⇢⌦ )U

⇤
/q, (6)

M�(⇢) = tr2
⇥
U†( ⌦ ⇢)U

⇤
/q. (7)

These are completely positive and trace-preserving maps,
acting as a quantum channel. From the unitarity it follows
that M±( ) = , such that these channels are unital.
Graphically, we can represent

(M+)ab,cd = , (M�)ab,cd = , (8)

with matrix elements such that M(⇢)ab =
P

cd Mab,cd⇢cd.
Note that light-cone correlation functions can always be
calculated in this way, irrespective of dual-unitarity, even
in the thermodynamic limit of infinite system size [18].
As argued in Ref. [16], the long-time behaviour of all

nontrivial correlations and hence the level of ergodicity
is fully determined by the number of eigenvalues �ab of
M± with unit modulus, |�ab| = 1, with the corresponding
eigenoperators acting as non-decaying modes, where we ex-
clude the trivial eigenvalue 1 corresponding to the identity
operator. At long times, ergodic behaviour is evidenced
by the convergence of correlations to their thermal value
limt!1 c⇢�(±t, t) = tr(�)/q, consistent with thermaliza-
tion to an infinite-temperature Gibbs state ⇢Gibbs = /q
such that limt!1 c⇢�(±t, t) = tr(⇢Gibbs�), 8�.
The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.

1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.
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calculated in this way, irrespective of dual-unitarity, even
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As argued in Ref. [16], the long-time behaviour of all

nontrivial correlations and hence the level of ergodicity
is fully determined by the number of eigenvalues �ab of
M± with unit modulus, |�ab| = 1, with the corresponding
eigenoperators acting as non-decaying modes, where we ex-
clude the trivial eigenvalue 1 corresponding to the identity
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such that limt!1 c⇢�(±t, t) = tr(⇢Gibbs�), 8�.
The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.
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dual-unitarity is defined as the additional unitarity of Ũ
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decaying modes. In the following, we will only consider
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1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.
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Dual-unitary gates. We will consider systems where the
time evolution is governed by a unitary circuit consisting
of two-site operators, where each gate U and its hermitian
conjugate can be graphically represented as
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The dual of U is defined through Ũab,cd = Udb,ca, and
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where ⇢,� 2 q⇥q are operators acting on a local q-
dimensional Hilbert space, and ⇢(x),�(x) act as ⇢,� on
site x and as the identity everywhere else. We will take
tr(⇢) = 1 to make the connection with (reduced) density
matrices, although this is not a necessary assumption
and these can be seen as infinite-temperature correlation
functions. Dual-unitarity can be used to show that all
correlation functions factorize as c⇢�(x, t) = tr(⇢) tr(�)/q,
except on the edges of the light cone x = ±t [22]. These
nontrivial correlation functions can be evaluated as
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These are completely positive and trace-preserving maps,
acting as a quantum channel. From the unitarity it follows
that M±( ) = , such that these channels are unital.
Graphically, we can represent

(M+)ab,cd = , (M�)ab,cd = , (8)

with matrix elements such that M(⇢)ab =
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Note that light-cone correlation functions can always be
calculated in this way, irrespective of dual-unitarity, even
in the thermodynamic limit of infinite system size [18].
As argued in Ref. [16], the long-time behaviour of all

nontrivial correlations and hence the level of ergodicity
is fully determined by the number of eigenvalues �ab of
M± with unit modulus, |�ab| = 1, with the corresponding
eigenoperators acting as non-decaying modes, where we ex-
clude the trivial eigenvalue 1 corresponding to the identity
operator. At long times, ergodic behaviour is evidenced
by the convergence of correlations to their thermal value
limt!1 c⇢�(±t, t) = tr(�)/q, consistent with thermaliza-
tion to an infinite-temperature Gibbs state ⇢Gibbs = /q
such that limt!1 c⇢�(±t, t) = tr(⇢Gibbs�), 8�.
The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.

1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.
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The dual of U is defined through Ũab,cd = Udb,ca, and
dual-unitarity is defined as the additional unitarity of Ũ
[17, 22],

Ũ Ũ† = Ũ †Ũ = ) . (3)

The full evolution U(t) at time t consists of the t-times
repeated application of staggered two-site gates

U(t) = .

Given an infinite lattice with at each site a local Hilbert
space q, we consider correlation functions of the form
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⇥
U†(t)⇢(0)U(t)�(x)
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/ tr( ), (4)

where ⇢,� 2 q⇥q are operators acting on a local q-
dimensional Hilbert space, and ⇢(x),�(x) act as ⇢,� on
site x and as the identity everywhere else. We will take
tr(⇢) = 1 to make the connection with (reduced) density
matrices, although this is not a necessary assumption
and these can be seen as infinite-temperature correlation
functions. Dual-unitarity can be used to show that all
correlation functions factorize as c⇢�(x, t) = tr(⇢) tr(�)/q,
except on the edges of the light cone x = ±t [22]. These
nontrivial correlation functions can be evaluated as
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These are completely positive and trace-preserving maps,
acting as a quantum channel. From the unitarity it follows
that M±( ) = , such that these channels are unital.
Graphically, we can represent
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with matrix elements such that M(⇢)ab =
P

cd Mab,cd⇢cd.
Note that light-cone correlation functions can always be
calculated in this way, irrespective of dual-unitarity, even
in the thermodynamic limit of infinite system size [18].
As argued in Ref. [16], the long-time behaviour of all

nontrivial correlations and hence the level of ergodicity
is fully determined by the number of eigenvalues �ab of
M± with unit modulus, |�ab| = 1, with the corresponding
eigenoperators acting as non-decaying modes, where we ex-
clude the trivial eigenvalue 1 corresponding to the identity
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limt!1 c⇢�(±t, t) = tr(�)/q, consistent with thermaliza-
tion to an infinite-temperature Gibbs state ⇢Gibbs = /q
such that limt!1 c⇢�(±t, t) = tr(⇢Gibbs�), 8�.
The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.

1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.
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The unitary gates are generally not parity-invariant,

leading to ‘chiral’ behaviour where M± can have di↵erent
numbers of nontrivial eigenvalues and corresponding non-
decaying modes. In the following, we will only consider
the behaviour along x = t, governed by the q2 eigenvalues
of M+, but this can be immediately extended to x = �t.

1. Non-interacting : All q2 eigenvalues equal 1, and
dynamical correlations remain constant.

2. Non-ergodic: More than one but less than q2 eigen-
values are equal to 1, dynamical correlations decay
to a non-thermal constant.

3. Ergodic and non-mixing : All nontrivial eigenvalues
are di↵erent from 1, but there exists at least one
eigenvalue with unit modulus. All correlations os-
cillate around a time-averaged value corresponding
to the thermal value.

4. Ergodic and mixing : All nontrivial eigenvalues lie
within the unit disc and all dynamical correlations
decay to their thermal value.
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)

Exact Correlation Functions Spectral Form Factor

words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)

3

light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)

Exact Correlation Functions Spectral Form Factor

words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)

3

light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)
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words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)

3

light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)

Exact Correlation Functions Spectral Form Factor

words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)

3

light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)
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words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)

3

light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)

Exact Correlation Functions Spectral Form Factor

words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)

3

light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)

Exact Correlation Functions Spectral Form Factor

words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)

3

light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)

Exact Correlation Functions Spectral Form Factor

words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)

3

light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)

Exact Correlation Functions Spectral Form Factor

words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)
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light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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causal structure of the time evolution. Pictorially, we
have

Cαβ
+ (x, t)=

1

d4t aβ

aα

. (13)

At this point, it is convenient to distinguish three cases:
(i) x = t; (ii) x = t − 1

2 ; (iii) x ̸= t − 1
2 , t. Let us start

considering the case (iii), using the unitarity of Ũ , i.e.
Eq. (7), we have

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

. (14)

From this picture it is clear that (7) can be ‘telescoped’
until the operator aβ is encountered. Namely

Cαβ
+ (x, t)=

1

d4t−1 aβ

aα

, (15)

where the central loop represents the trace of aβ factoring
out. Using that for β ̸= 0 the operators aβ are traceless,
we then conclude that the correlation vanishes.

Consider now the case (ii). Using (7) we find

Cαβ
+

(

t− 1
2 , t

)

=
1

d4t aβ

aα

. (16)

Here the loop giving tr[aα] factors out so we again con-
clude that the whole expression vanishes. We then
showed that the only remaining possibility is the case
(i). This concludes the proof.

Property 2. The light cone correlations Cαβ
+ (t, t) and

Cαβ
− (−t, t) are given by

Cαβ
ν (νt, t) =

1

d
tr
[

M2t
ν (aβ)aα

]

, (17)

where we introduced the linear maps over End(Cd)

M+(a) =
1

d
tr1

[

U †(a⊗ )U
]

=
1

d
a , (18)

M−(a) =
1

d
tr2

[

U †( ⊗ a)U
]

=
1

d
a . (19)

tri[A] denote partial traces over i-th site (i = 1, 2).

Proof. We again prove the property for Cαβ
+ (t, t), using

the diagrammatic representation. A completely analo-
gous reasoning applies for Cαβ

− (−t, t).
By repeated use of the unitarity property (6) we can

reduce Cαβ
+ (t, t) to the following form

Cαβ
+ (t, t)=

1

d2t+1 aβ

aα

. (20)

Exact Correlation Functions Spectral Form Factor

words, the reduced density matrices have exactly 2minð2t;NÞ

eigenvalues equal to 2−minð2t;NÞ while the others vanish.
A form like Eq. (23) for the evolution of the entangle-

ment entropies has been found in a number of different
physical settings, both in closed and periodically driven
systems. Examples range from conformal invariant systems
[15,33], to nonintegrable closed systems [43], from random
in time [50–52], to periodically driven [55] random unitary
circuits. As opposed to all these cases, however, our result
does not hold only at the leading order for large t and N. It
holds with no corrections for any t andN. This gives further
evidence for the special status of the self-dual kicked Ising
model as a minimal solvable model for quantum chaos.
Another interesting feature of our result is that it

saturates the “minimal cut” bound [34]. The bound states
that, when evolving from a product state,

SðαÞA ðtÞ ≤ lmin log q; ∀ α; ð24Þ

where q is the dimension of the local Hilbert space (2 in our
case), and lmin is the minimal number of links intersected
by a cut separating the region A from the rest of the system
in a local quantum-circuit representation of Ut

KI . The fact
that the bound is saturated means that entanglement spreads
with the maximal possible speed allowed by the range of
the Hamiltonian and the dimension of the local Hilbert
space. This fact can be seen in a more physical way by
noting that Eq. (23) implies that, for t ≤ N=2, at each time
step two more spins of the block A become maximally
entangled with the rest of the system. Following Ref. [33],
this phenomenon can be pictured as an entanglement wave
propagating into the block A from the two boundaries. The
fact that our exact result (23) saturates the bound (24) also
means that it agrees with the “minimal membrane” picture
recently put forward in Ref. [50], where a coarse-grained
version of the minimal cut has been proposed to describe
the leading-order-in-time features of the entanglement
dynamics in generic systems. Interestingly, however, our

system also contains an integrable point, namely, h ¼ 0. At
this point, our result agrees with the quasiparticle picture of
Ref. [15], because in our case, all quasiparticles move
at the same maximal speed (jvj ¼ 1). We note that, at the
integrable point, the result (23) has also been found in
Ref. [69] for the evolution of the von Neumann entangle-
ment from the separating state jψ ðπ=2Þ1;0i.

If the initial state is not separating, the problem is not
amenable to an analytical treatment. In Sec. VII, however,
performing a thorough numerical analysis, we argue that
the entanglement spreading from all the states (12) is still
described by Eq. (23) at the leading order in time, provided
that the system is away from the integrable point h ¼ 0.
Note that this conjecture is physically very reasonable:
Since the system is quantum ergodic, it is natural to expect
the entanglement entropies to eventually become state
independent. On the contrary, in the integrable case, our
numerical results are consistent with

lim
L→∞

SðαÞA ðtÞ ¼ minð2t; NÞSðαÞθ;ϕ; ð25Þ

where SðαÞθ;ϕ ≤ log 2 is an initial-state-dependent constant. In
the numerical analysis that leads to these results, a crucial
role is played by a duality-based numerical approach (see
Sec. VII) that allows us to treat the system in the infinite
volume limit. Supplemented with some analytical informa-
tion, it can reach t ¼ 17 Floquet periods of evolution even
in cases where the entanglement grows at the maximal
speed. Even if based on the “duality method,” this approach
does not rely on the special algebraic structure arising at the
self-dual points (4), and it is applicable in the whole
parameter space of the kicked Ising model.
Another marked difference between the integrable and

nonintegrable case is observed when the system is confined
in a finite volume L. Indeed, in this setting the integrable
system displays finite-size-related recurrences when t ∼ L,
while these recurrences are absent (or at least negligible) in
the nonintegrable case. These results, respectively, agree
with the predictions of the quasiparticle and the minimal
membrane pictures and are also consistent with the
numerical analysis of the entanglement spreading in the
kicked Ising model carried out in Ref. [44].

IV. DUALITY MAPPING FOR THE
ENTANGLEMENT ENTROPIES

In Ref. [70], the authors pointed out that the traces of
integer powers of the Floquet operator (8) enjoy a useful
space-time “duality symmetry,” which can be demonstrated
as follows. First, note that

tr½ðUKI½h%Þt%; t ∈ N ð26Þ

can be represented as a partition function of a classical Ising
model on a t × L lattice, where UKI½h% acts as transfer

FIG. 2. Plot of the exact result of all Rényi entropies given by
Eq. (23) for the θ ¼ π=2 case. The expressions for θ ¼ 0 are
delayed by one period.
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2.5 Spectral form factor of Floquet quantum circuits

For local quantum circuits the SFF (14) can be represented diagrammatically
as follows

K(t, L) = E

[

tr(UL)
ttr(U†

L)
t
]

= E

[ ]

, (21)

where we represented the trace in the forward time sheet (trUt
L) using the

diagram (10) and that in the backward time sheet (tr (U†
L)

t) by introducing

U † = , W † = , u†
x, w

†
x = . (22)

Once again shades of the same colour denote different matrices. Note that
top and bottom lines at the same positions within both sheets are connected
because of the traces.

Folding the backward sheet (blue) underneath the forward one (red) we
write the folded circuit representation of the SFF

K(t, L) = E

[ ]

, (23)

where we introduced “doubled” or thickened wires

= , (24)

3

light cone, where correlations may be constant, oscillating,
or decaying. This raises the natural questions:

1. Are dual-unitary circuits generally MVCs?

2. If so, do dual-unitary circuits exhaust the class of
MVCs, or are there MVCs that do not share the
other features of dual-unitary circuits?

C. Summary of results

1. Dual-unitary circuits are MVCs

We show that the answer to the first of our questions
is yes: dual-unitary circuits generically have vB = 1. We
demonstrate this by computation of the OTOC C↵�(x, t)
inside the light cone for x+t ! 1 (recall that C↵�(x, t) =
1 outside the light cone).

In all cases the OTOC has a strong parity e↵ect, being
independent of x � t for x � t even and x 6= t. For
x � t odd the OTOC may be expressed in terms of the
same quantum channel that determines the correlation
functions on the light cone in dual-unitary circuits [23],
and the possible behaviour of the OTOC moving inside
the light cone is inherited from this quantum channel. For
example, it may tend to zero (see Figure 2), to a non-zero
constant, or oscillate. Within the class of dual-unitary
circuits the kicked Ising model (KIM) is distinguished:
in this case we find the action of the quantum channel
explicitly and evaluate the OTOC exactly inside the light
cone at x+ t ! 1, where it decays with increasing t� x.
A further specialization is to the KIM at the integrable
point where we evaluate the OTOC exactly for all values
of x+ t.

FIG. 2. Typical behaviour of the OTOC in a maximal velocity
circuit (in this case the kicked Ising model) with vB = 1, where
a maximal value is reached on the light cone and the OTOC
decays exponentially away from the light cone.

It is natural to conjecture that vB = 1 is a defining
feature of the dual-unitary family that goes hand in hand
with their other properties.

2. MVCs that are not dual unitary

In fact, this is not the case. Our second contribution is
to identify a family of models which is not dual-unitary
but for which the calculation of the OTOC at x+t ! 1 is
tractable and yields vB = 1. This model can be regarded
as a kind of kicked XY model. Unlike the dual-unitary
case, the behaviour of the OTOC is decoupled from that of
the correlation functions. While the correlation functions
are generally exponentially decaying, the OTOC oscillates
with period 4 without decay inside the light cone.

D. Outline

The outline of the remainder of this paper is as follows.
In Section II we introduce the formalism that we use for
calculations and, as a a warm-up, demonstrate how it
may be used to calculate correlation functions on the light
cone for arbitrary unitary circuits. Section III general-
izes the formalism to the OTOCs and demonstrates that
generically vB < 1, identifying the conditions required for
vB = 1. We next calculate the OTOC for dual unitary
circuits (Section IV) and the new family of circuits with
vB = 1, the kicked XY models (Section V). Section VI
presents our conclusions.

A Python implementation of all presented calculations
is available online [28].

II. CORRELATION FUNCTIONS

As a warm-up, and to introduce the graphical calculus,
we consider correlation functions of the form

c↵�(x, t) = h�↵(x, t)��(0, 0)i, (8)

at infinite temperature, hOi = tr(O)/ tr( ), and where
the set {�↵,↵ = 0 . . . q2 � 1} presents an orthonormal
local operator basis for a local q-dimensional Hilbert space,
satisfying tr (�↵��) /q = �↵� . It is particularly convenient
to choose �0 = such that all other operators within
this basis are necessarily traceless, similar to the Pauli
matrices for local qubits with q = 2.
The time evolution is governed by a unitary circuit

consisting of two-site operators, where each gate U can
be graphically represented as

(9)

In this notation each leg carries a local q-dimensional
Hilbert space, and the indices of legs connecting two
operators are implicitly summed over (see e.g. Ref. [29]).
With this convention, the full evolution U(t) at time t

consists of the t-times repeated application of staggered
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Self-Dual Kicked Ising Model

Fock-space delocalization and the emergence of the Porter-Thomas distribution
from dual-unitary dynamics

Pieter W. Claeys1, ⇤ and Giuseppe De Tomasi1, 2, †

1Max Planck Institute for the Physics of Complex Systems, 01187 Dresden, Germany
2Department of Physics and Institute for Condensed Matter Theory,

University of Illinois at Urbana-Champaign, Urbana, Illinois 61801-3080, USA

The chaotic dynamics of quantum many-body systems are expected to quickly randomize any
structured initial state, delocalizing it in Fock space. In this work, we study the spreading of an initial
product state in Hilbert space under dual-unitary dynamics, captured by the inverse participation
ratios and the distribution of overlaps (bit-string probabilities). We consider the self-dual kicked Ising
model, a minimal model of many-body quantum chaos which can be seen as either a periodically
driven Floquet model or a dual-unitary quantum circuit. Both analytically and numerically, we
show that the inverse participation ratios rapidly approach their ergodic values, corresponding to
those of Haar random states, and establish the emergence of the Porter-Thomas distribution for
the overlap distribution. Importantly, this convergence happens exponentially fast in time, with a
time scale that is independent of system size. We inspect the e↵ect of local perturbations that break
dual-unitarity and show a slowdown of the spreading in Fock space, indicating that dual-unitary
circuits are maximally e�cient at preparing random states.

Introduction.— Understanding the emergence of statis-
tical mechanics from the out-of-equilibrium dynamics of
quantum many-body systems is an active research front
with many potential applications in quantum technologies.
Generic many-body quantum systems are believed to ther-
malize under their own unitary time evolution, where the
long-time quantum expectation value of a local observable
matches its thermodynamic value as specified by a few
global conserved quantities. Any local structure of initial
states that is not encoded in such conserved quantities is
e↵ectively erased under chaotic dynamics [1, 2]. From a
di↵erent perspective, thermalization is deeply connected
to the notion of ergodicity in the Hilbert space, which
implies an equipartition of the many-body wave function
over the available many-body Fock states [3, 4]. Initial
wave functions are expected to spread and delocalize in
Fock space, approaching a long-time state that is indis-
tinguishable from a (Haar) random state. This emergent
randomness underlies fundamental quantum notions of
thermalization, scrambling, and entanglement growth [1–
16], and the resulting Haar random states, in turn, present
a valuable practical resource for quantum information,
quantum tomography, and simulation [17–21].

Indeed, Hilbert space delocalization has very recently
gained intense interest in the context of quantum com-
puting, being the backbone of quantum random sampling
– the leading test of quantum advantage [22–24]. Here
the fundamental object of interest is the probability dis-
tribution of the Fock-space amplitudes, returning the
celebrated Porter-Thomas distribution for Haar random
states [25–27]. This distribution more generally serves as
a diagnostic for maximum entropy principles [28].

In the context of quantum dynamics, the understanding
of this delocalization is largely built on numerical evidence,
with rigorous analytical results being scarce (away from
the random circuit case [14, 29–33]). At late times the

Porter-Thomas distribution was proven to emerge un-
der mild assumptions [21, 28], where the necessary time
scales and intermediate dynamics are however not known.
Ref. [29] showed that under random unitary circuits the
participation entropies of a many-body state approach
late-time values consistent with Haar-random states in a
time that scales logarithmically with system size.

In this work, we present a full analytic characterization
of the spreading in Fock space of an initially localized
state under dual-unitary dynamics, i.e., dynamics that are
unitary in both space and time. We specifically consider
the self-dual kicked Ising model, a paradigmatic model of
chaotic many-body dynamics. We inspect the finite-time
dynamics and prove Fock-space ergodicity by showing
that the overlap distribution exponentially approaches
the Porter-Thomas distribution as time increases. Inter-
estingly, we find that the time scale of this approach is
independent of system size, to be contrasted with the
random circuit result [29]. Moving away from the dual-
unitary point, introducing a dual-unitarity-breaking per-
turbation is shown to slow down spreading. These results
provide evidence that dual-unitary circuits are maximally
e�cient at preparing random states.

Model & methods.— We consider the dynamics of a one-
dimensional chain of spin-1/2 degrees of freedom, where
dynamics under a classical Ising Hamiltonian is periodi-
cally alternated with a kick along the transverse direction.
The Floquet unitary describing a single evolution period
of the kicked Ising model is given by

UF = e
�iHKe

�iHI , (1)

generated by the Hamiltonians

HI = J

L�1X

j=1

�
z

j
�
z

j+1
+

LX

j=1

hj�
z

j
, HK = b

LX

j=1

�
x

j
. (2)
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time

7

| S�RPSi ⇠

UHaar

pTP (x) = EHaar[�(x�N |hn|U |ni|2)]

Iq = N�qEp[x
q]

Iq = N1�qEp[x
q] = N hL̃q|Tq |R̃qi , (4)

Tq = Haar[U ⌦ U⇤ ⌦ . . . U ⌦ U⇤
| {z }

q replicas

] , (5)

hL̃q| = hn| ⌦ hn⇤| ⌦ . . . hn| ⌦ hn⇤|| {z }
q replicas
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. (6)
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Iq(⌧ + 1) ⇠ IHaar
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1 + q(q�1)

2
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N = 2L
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Here ω
ω

j
with ε → {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ϑ/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

(
1 i

i 1

)
, = ϖz1z2z3 e

ig(1→2z1), (3)

where zj → {0, 1} label Fock states in the ω
z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
→i

ω
4 ε

x

=
1↑
2

, e
→i(ω

4 ε
z
1ε

z
2+h1ε

z
1+h2ε

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, |ϱ(t = 0)↓ = |00 . . . 0↓ as |ϱ(t)↓ = U

t

F
|ϱ(t = 0)↓.

The overlap of |ϱ(t)↓ with a Fock state |z↓ = |z1 . . . zL↓,

with zi → {0, 1}, can be graphically represented as

↔z|ϱ(t)↓ = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90↑, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
∑

z↓B
|↔z|ϱ(t)↓|2q, Sq(t) =

1

1↗ q
ln[Iq(t)] , (6)

where |z↓ = |z1, z2, . . . zL↓ with zi → {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|↔z|ϱ(t)↓| = 2→L/2 and Iq = 2(1→q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

↔z1 . . . zL|ϱ(t)↓ =
1

2L/2
↔L|U(z1)U(z2) . . . U(zL) |R↓ ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2ϑ -dimensional Hilbert space with ς = t ↗ 1,
generating evolution in space as

U(z) =
1

2ϑ/2
, (8)

here rotated by 90↑ for convenience, and two boundary
vectors

↔L| = 1

2ϑ
, |R↓ = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time

UF = 1
2tL/2
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The chaotic dynamics of quantum many-body systems are expected to quickly randomize any
structured initial state, delocalizing it in Fock space. In this work, we study the spreading of an initial
product state in Hilbert space under dual-unitary dynamics, captured by the inverse participation
ratios and the distribution of overlaps (bit-string probabilities). We consider the self-dual kicked Ising
model, a minimal model of many-body quantum chaos which can be seen as either a periodically
driven Floquet model or a dual-unitary quantum circuit. Both analytically and numerically, we
show that the inverse participation ratios rapidly approach their ergodic values, corresponding to
those of Haar random states, and establish the emergence of the Porter-Thomas distribution for
the overlap distribution. Importantly, this convergence happens exponentially fast in time, with a
time scale that is independent of system size. We inspect the e↵ect of local perturbations that break
dual-unitarity and show a slowdown of the spreading in Fock space, indicating that dual-unitary
circuits are maximally e�cient at preparing random states.

Introduction.— Understanding the emergence of statis-
tical mechanics from the out-of-equilibrium dynamics of
quantum many-body systems is an active research front
with many potential applications in quantum technologies.
Generic many-body quantum systems are believed to ther-
malize under their own unitary time evolution, where the
long-time quantum expectation value of a local observable
matches its thermodynamic value as specified by a few
global conserved quantities. Any local structure of initial
states that is not encoded in such conserved quantities is
e↵ectively erased under chaotic dynamics [1, 2]. From a
di↵erent perspective, thermalization is deeply connected
to the notion of ergodicity in the Hilbert space, which
implies an equipartition of the many-body wave function
over the available many-body Fock states [3, 4]. Initial
wave functions are expected to spread and delocalize in
Fock space, approaching a long-time state that is indis-
tinguishable from a (Haar) random state. This emergent
randomness underlies fundamental quantum notions of
thermalization, scrambling, and entanglement growth [1–
16], and the resulting Haar random states, in turn, present
a valuable practical resource for quantum information,
quantum tomography, and simulation [17–21].

Indeed, Hilbert space delocalization has very recently
gained intense interest in the context of quantum com-
puting, being the backbone of quantum random sampling
– the leading test of quantum advantage [22–24]. Here
the fundamental object of interest is the probability dis-
tribution of the Fock-space amplitudes, returning the
celebrated Porter-Thomas distribution for Haar random
states [25–27]. This distribution more generally serves as
a diagnostic for maximum entropy principles [28].

In the context of quantum dynamics, the understanding
of this delocalization is largely built on numerical evidence,
with rigorous analytical results being scarce (away from
the random circuit case [14, 29–33]). At late times the

Porter-Thomas distribution was proven to emerge un-
der mild assumptions [21, 28], where the necessary time
scales and intermediate dynamics are however not known.
Ref. [29] showed that under random unitary circuits the
participation entropies of a many-body state approach
late-time values consistent with Haar-random states in a
time that scales logarithmically with system size.

In this work, we present a full analytic characterization
of the spreading in Fock space of an initially localized
state under dual-unitary dynamics, i.e., dynamics that are
unitary in both space and time. We specifically consider
the self-dual kicked Ising model, a paradigmatic model of
chaotic many-body dynamics. We inspect the finite-time
dynamics and prove Fock-space ergodicity by showing
that the overlap distribution exponentially approaches
the Porter-Thomas distribution as time increases. Inter-
estingly, we find that the time scale of this approach is
independent of system size, to be contrasted with the
random circuit result [29]. Moving away from the dual-
unitary point, introducing a dual-unitarity-breaking per-
turbation is shown to slow down spreading. These results
provide evidence that dual-unitary circuits are maximally
e�cient at preparing random states.

Model & methods.— We consider the dynamics of a one-
dimensional chain of spin-1/2 degrees of freedom, where
dynamics under a classical Ising Hamiltonian is periodi-
cally alternated with a kick along the transverse direction.
The Floquet unitary describing a single evolution period
of the kicked Ising model is given by

UF = e
�iHKe

�iHI , (1)

generated by the Hamiltonians

HI = J

L�1X
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z

j
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+
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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The chaotic dynamics of quantum many-body systems are expected to quickly randomize any
structured initial state, delocalizing it in Fock space. In this work, we study the spreading of an initial
product state in Hilbert space under dual-unitary dynamics, captured by the inverse participation
ratios and the distribution of overlaps (bit-string probabilities). We consider the self-dual kicked Ising
model, a minimal model of many-body quantum chaos which can be seen as either a periodically
driven Floquet model or a dual-unitary quantum circuit. Both analytically and numerically, we
show that the inverse participation ratios rapidly approach their ergodic values, corresponding to
those of Haar random states, and establish the emergence of the Porter-Thomas distribution for
the overlap distribution. Importantly, this convergence happens exponentially fast in time, with a
time scale that is independent of system size. We inspect the e↵ect of local perturbations that break
dual-unitarity and show a slowdown of the spreading in Fock space, indicating that dual-unitary
circuits are maximally e�cient at preparing random states.

Introduction.— Understanding the emergence of statis-
tical mechanics from the out-of-equilibrium dynamics of
quantum many-body systems is an active research front
with many potential applications in quantum technologies.
Generic many-body quantum systems are believed to ther-
malize under their own unitary time evolution, where the
long-time quantum expectation value of a local observable
matches its thermodynamic value as specified by a few
global conserved quantities. Any local structure of initial
states that is not encoded in such conserved quantities is
e↵ectively erased under chaotic dynamics [1, 2]. From a
di↵erent perspective, thermalization is deeply connected
to the notion of ergodicity in the Hilbert space, which
implies an equipartition of the many-body wave function
over the available many-body Fock states [3, 4]. Initial
wave functions are expected to spread and delocalize in
Fock space, approaching a long-time state that is indis-
tinguishable from a (Haar) random state. This emergent
randomness underlies fundamental quantum notions of
thermalization, scrambling, and entanglement growth [1–
16], and the resulting Haar random states, in turn, present
a valuable practical resource for quantum information,
quantum tomography, and simulation [17–21].

Indeed, Hilbert space delocalization has very recently
gained intense interest in the context of quantum com-
puting, being the backbone of quantum random sampling
– the leading test of quantum advantage [22–24]. Here
the fundamental object of interest is the probability dis-
tribution of the Fock-space amplitudes, returning the
celebrated Porter-Thomas distribution for Haar random
states [25–27]. This distribution more generally serves as
a diagnostic for maximum entropy principles [28].

In the context of quantum dynamics, the understanding
of this delocalization is largely built on numerical evidence,
with rigorous analytical results being scarce (away from
the random circuit case [14, 29–33]). At late times the

Porter-Thomas distribution was proven to emerge un-
der mild assumptions [21, 28], where the necessary time
scales and intermediate dynamics are however not known.
Ref. [29] showed that under random unitary circuits the
participation entropies of a many-body state approach
late-time values consistent with Haar-random states in a
time that scales logarithmically with system size.

In this work, we present a full analytic characterization
of the spreading in Fock space of an initially localized
state under dual-unitary dynamics, i.e., dynamics that are
unitary in both space and time. We specifically consider
the self-dual kicked Ising model, a paradigmatic model of
chaotic many-body dynamics. We inspect the finite-time
dynamics and prove Fock-space ergodicity by showing
that the overlap distribution exponentially approaches
the Porter-Thomas distribution as time increases. Inter-
estingly, we find that the time scale of this approach is
independent of system size, to be contrasted with the
random circuit result [29]. Moving away from the dual-
unitary point, introducing a dual-unitarity-breaking per-
turbation is shown to slow down spreading. These results
provide evidence that dual-unitary circuits are maximally
e�cient at preparing random states.

Model & methods.— We consider the dynamics of a one-
dimensional chain of spin-1/2 degrees of freedom, where
dynamics under a classical Ising Hamiltonian is periodi-
cally alternated with a kick along the transverse direction.
The Floquet unitary describing a single evolution period
of the kicked Ising model is given by

UF = e
�iHKe

�iHI , (1)

generated by the Hamiltonians

HI = J
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j
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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The chaotic dynamics of quantum many-body systems are expected to quickly randomize any
structured initial state, delocalizing it in Fock space. In this work, we study the spreading of an initial
product state in Hilbert space under dual-unitary dynamics, captured by the inverse participation
ratios and the distribution of overlaps (bit-string probabilities). We consider the self-dual kicked Ising
model, a minimal model of many-body quantum chaos which can be seen as either a periodically
driven Floquet model or a dual-unitary quantum circuit. Both analytically and numerically, we
show that the inverse participation ratios rapidly approach their ergodic values, corresponding to
those of Haar random states, and establish the emergence of the Porter-Thomas distribution for
the overlap distribution. Importantly, this convergence happens exponentially fast in time, with a
time scale that is independent of system size. We inspect the e↵ect of local perturbations that break
dual-unitarity and show a slowdown of the spreading in Fock space, indicating that dual-unitary
circuits are maximally e�cient at preparing random states.

Introduction.— Understanding the emergence of statis-
tical mechanics from the out-of-equilibrium dynamics of
quantum many-body systems is an active research front
with many potential applications in quantum technologies.
Generic many-body quantum systems are believed to ther-
malize under their own unitary time evolution, where the
long-time quantum expectation value of a local observable
matches its thermodynamic value as specified by a few
global conserved quantities. Any local structure of initial
states that is not encoded in such conserved quantities is
e↵ectively erased under chaotic dynamics [1, 2]. From a
di↵erent perspective, thermalization is deeply connected
to the notion of ergodicity in the Hilbert space, which
implies an equipartition of the many-body wave function
over the available many-body Fock states [3, 4]. Initial
wave functions are expected to spread and delocalize in
Fock space, approaching a long-time state that is indis-
tinguishable from a (Haar) random state. This emergent
randomness underlies fundamental quantum notions of
thermalization, scrambling, and entanglement growth [1–
16], and the resulting Haar random states, in turn, present
a valuable practical resource for quantum information,
quantum tomography, and simulation [17–21].

Indeed, Hilbert space delocalization has very recently
gained intense interest in the context of quantum com-
puting, being the backbone of quantum random sampling
– the leading test of quantum advantage [22–24]. Here
the fundamental object of interest is the probability dis-
tribution of the Fock-space amplitudes, returning the
celebrated Porter-Thomas distribution for Haar random
states [25–27]. This distribution more generally serves as
a diagnostic for maximum entropy principles [28].

In the context of quantum dynamics, the understanding
of this delocalization is largely built on numerical evidence,
with rigorous analytical results being scarce (away from
the random circuit case [14, 29–33]). At late times the

Porter-Thomas distribution was proven to emerge un-
der mild assumptions [21, 28], where the necessary time
scales and intermediate dynamics are however not known.
Ref. [29] showed that under random unitary circuits the
participation entropies of a many-body state approach
late-time values consistent with Haar-random states in a
time that scales logarithmically with system size.

In this work, we present a full analytic characterization
of the spreading in Fock space of an initially localized
state under dual-unitary dynamics, i.e., dynamics that are
unitary in both space and time. We specifically consider
the self-dual kicked Ising model, a paradigmatic model of
chaotic many-body dynamics. We inspect the finite-time
dynamics and prove Fock-space ergodicity by showing
that the overlap distribution exponentially approaches
the Porter-Thomas distribution as time increases. Inter-
estingly, we find that the time scale of this approach is
independent of system size, to be contrasted with the
random circuit result [29]. Moving away from the dual-
unitary point, introducing a dual-unitarity-breaking per-
turbation is shown to slow down spreading. These results
provide evidence that dual-unitary circuits are maximally
e�cient at preparing random states.

Model & methods.— We consider the dynamics of a one-
dimensional chain of spin-1/2 degrees of freedom, where
dynamics under a classical Ising Hamiltonian is periodi-
cally alternated with a kick along the transverse direction.
The Floquet unitary describing a single evolution period
of the kicked Ising model is given by

UF = e
�iHKe

�iHI , (1)

generated by the Hamiltonians

HI = J

L�1X
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+
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
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⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
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state, Iq = 1 and hence Sq = 0. For a fully delocal-
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|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
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Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
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The chaotic dynamics of quantum many-body systems are expected to quickly randomize any
structured initial state, delocalizing it in Fock space. In this work, we study the spreading of an initial
product state in Hilbert space under dual-unitary dynamics, captured by the inverse participation
ratios and the distribution of overlaps (bit-string probabilities). We consider the self-dual kicked Ising
model, a minimal model of many-body quantum chaos which can be seen as either a periodically
driven Floquet model or a dual-unitary quantum circuit. Both analytically and numerically, we
show that the inverse participation ratios rapidly approach their ergodic values, corresponding to
those of Haar random states, and establish the emergence of the Porter-Thomas distribution for
the overlap distribution. Importantly, this convergence happens exponentially fast in time, with a
time scale that is independent of system size. We inspect the e↵ect of local perturbations that break
dual-unitarity and show a slowdown of the spreading in Fock space, indicating that dual-unitary
circuits are maximally e�cient at preparing random states.

Introduction.— Understanding the emergence of statis-
tical mechanics from the out-of-equilibrium dynamics of
quantum many-body systems is an active research front
with many potential applications in quantum technologies.
Generic many-body quantum systems are believed to ther-
malize under their own unitary time evolution, where the
long-time quantum expectation value of a local observable
matches its thermodynamic value as specified by a few
global conserved quantities. Any local structure of initial
states that is not encoded in such conserved quantities is
e↵ectively erased under chaotic dynamics [1, 2]. From a
di↵erent perspective, thermalization is deeply connected
to the notion of ergodicity in the Hilbert space, which
implies an equipartition of the many-body wave function
over the available many-body Fock states [3, 4]. Initial
wave functions are expected to spread and delocalize in
Fock space, approaching a long-time state that is indis-
tinguishable from a (Haar) random state. This emergent
randomness underlies fundamental quantum notions of
thermalization, scrambling, and entanglement growth [1–
16], and the resulting Haar random states, in turn, present
a valuable practical resource for quantum information,
quantum tomography, and simulation [17–21].

Indeed, Hilbert space delocalization has very recently
gained intense interest in the context of quantum com-
puting, being the backbone of quantum random sampling
– the leading test of quantum advantage [22–24]. Here
the fundamental object of interest is the probability dis-
tribution of the Fock-space amplitudes, returning the
celebrated Porter-Thomas distribution for Haar random
states [25–27]. This distribution more generally serves as
a diagnostic for maximum entropy principles [28].

In the context of quantum dynamics, the understanding
of this delocalization is largely built on numerical evidence,
with rigorous analytical results being scarce (away from
the random circuit case [14, 29–33]). At late times the

Porter-Thomas distribution was proven to emerge un-
der mild assumptions [21, 28], where the necessary time
scales and intermediate dynamics are however not known.
Ref. [29] showed that under random unitary circuits the
participation entropies of a many-body state approach
late-time values consistent with Haar-random states in a
time that scales logarithmically with system size.

In this work, we present a full analytic characterization
of the spreading in Fock space of an initially localized
state under dual-unitary dynamics, i.e., dynamics that are
unitary in both space and time. We specifically consider
the self-dual kicked Ising model, a paradigmatic model of
chaotic many-body dynamics. We inspect the finite-time
dynamics and prove Fock-space ergodicity by showing
that the overlap distribution exponentially approaches
the Porter-Thomas distribution as time increases. Inter-
estingly, we find that the time scale of this approach is
independent of system size, to be contrasted with the
random circuit result [29]. Moving away from the dual-
unitary point, introducing a dual-unitarity-breaking per-
turbation is shown to slow down spreading. These results
provide evidence that dual-unitary circuits are maximally
e�cient at preparing random states.

Model & methods.— We consider the dynamics of a one-
dimensional chain of spin-1/2 degrees of freedom, where
dynamics under a classical Ising Hamiltonian is periodi-
cally alternated with a kick along the transverse direction.
The Floquet unitary describing a single evolution period
of the kicked Ising model is given by

UF = e
�iHKe

�iHI , (1)

generated by the Hamiltonians
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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The chaotic dynamics of quantum many-body systems are expected to quickly randomize any
structured initial state, delocalizing it in Fock space. In this work, we study the spreading of an initial
product state in Hilbert space under dual-unitary dynamics, captured by the inverse participation
ratios and the distribution of overlaps (bit-string probabilities). We consider the self-dual kicked Ising
model, a minimal model of many-body quantum chaos which can be seen as either a periodically
driven Floquet model or a dual-unitary quantum circuit. Both analytically and numerically, we
show that the inverse participation ratios rapidly approach their ergodic values, corresponding to
those of Haar random states, and establish the emergence of the Porter-Thomas distribution for
the overlap distribution. Importantly, this convergence happens exponentially fast in time, with a
time scale that is independent of system size. We inspect the e↵ect of local perturbations that break
dual-unitarity and show a slowdown of the spreading in Fock space, indicating that dual-unitary
circuits are maximally e�cient at preparing random states.

Introduction.— Understanding the emergence of statis-
tical mechanics from the out-of-equilibrium dynamics of
quantum many-body systems is an active research front
with many potential applications in quantum technologies.
Generic many-body quantum systems are believed to ther-
malize under their own unitary time evolution, where the
long-time quantum expectation value of a local observable
matches its thermodynamic value as specified by a few
global conserved quantities. Any local structure of initial
states that is not encoded in such conserved quantities is
e↵ectively erased under chaotic dynamics [1, 2]. From a
di↵erent perspective, thermalization is deeply connected
to the notion of ergodicity in the Hilbert space, which
implies an equipartition of the many-body wave function
over the available many-body Fock states [3, 4]. Initial
wave functions are expected to spread and delocalize in
Fock space, approaching a long-time state that is indis-
tinguishable from a (Haar) random state. This emergent
randomness underlies fundamental quantum notions of
thermalization, scrambling, and entanglement growth [1–
16], and the resulting Haar random states, in turn, present
a valuable practical resource for quantum information,
quantum tomography, and simulation [17–21].

Indeed, Hilbert space delocalization has very recently
gained intense interest in the context of quantum com-
puting, being the backbone of quantum random sampling
– the leading test of quantum advantage [22–24]. Here
the fundamental object of interest is the probability dis-
tribution of the Fock-space amplitudes, returning the
celebrated Porter-Thomas distribution for Haar random
states [25–27]. This distribution more generally serves as
a diagnostic for maximum entropy principles [28].

In the context of quantum dynamics, the understanding
of this delocalization is largely built on numerical evidence,
with rigorous analytical results being scarce (away from
the random circuit case [14, 29–33]). At late times the

Porter-Thomas distribution was proven to emerge un-
der mild assumptions [21, 28], where the necessary time
scales and intermediate dynamics are however not known.
Ref. [29] showed that under random unitary circuits the
participation entropies of a many-body state approach
late-time values consistent with Haar-random states in a
time that scales logarithmically with system size.

In this work, we present a full analytic characterization
of the spreading in Fock space of an initially localized
state under dual-unitary dynamics, i.e., dynamics that are
unitary in both space and time. We specifically consider
the self-dual kicked Ising model, a paradigmatic model of
chaotic many-body dynamics. We inspect the finite-time
dynamics and prove Fock-space ergodicity by showing
that the overlap distribution exponentially approaches
the Porter-Thomas distribution as time increases. Inter-
estingly, we find that the time scale of this approach is
independent of system size, to be contrasted with the
random circuit result [29]. Moving away from the dual-
unitary point, introducing a dual-unitarity-breaking per-
turbation is shown to slow down spreading. These results
provide evidence that dual-unitary circuits are maximally
e�cient at preparing random states.

Model & methods.— We consider the dynamics of a one-
dimensional chain of spin-1/2 degrees of freedom, where
dynamics under a classical Ising Hamiltonian is periodi-
cally alternated with a kick along the transverse direction.
The Floquet unitary describing a single evolution period
of the kicked Ising model is given by

UF = e
�iHKe

�iHI , (1)

generated by the Hamiltonians
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]
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, e
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z
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z
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z
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
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◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Here �↵
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with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.
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from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
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ity is apparent: Exchanging space and time corresponds
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].
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The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as
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, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify
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strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
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where we have introduced unitary spatial operators act-
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here rotated by 90� for convenience, and two boundary
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a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation
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is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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In this limit the summation over Fock states and corre-
sponding unitaries can hence be replaced by the average
over Haar-random unitary matrices. We find that

Iq =
X

z2B
|hz| (t)i|2q = 2L(1�q) ⇥ Haar

⇥
|ULR|2q

⇤
, (10)

where the expectation value refers to averaging over
Haar-random matrices U with dimension d = 2⌧ and
ULR = hL|U |Ri. The problem reduces to calculating
the expectation value of arbitrary powers of the matrix
element of a Haar-random unitary matrix. Such a calcu-
lation can be done using standard methods from random
matrix theory. We include it here for completeness.
We write down the expectation value Haar

⇥
|ULR|2q

⇤

as

Haar

⇥
|ULR|2q

⇤
= hL̃q|Tq |R̃qi , (11)

where

Tq = Haar[U ⌦ U
⇤ ⌦ . . . U ⌦ U

⇤
| {z }

q replicas

] , (12)

introducing replicated boundary vectors

hL̃q| = hL|⌦ hL⇤|⌦ . . . hL|⌦ hL⇤|| {z }
q replicas

, (13)

|R̃qi = |Ri ⌦ |R⇤i ⌦ . . . |Ri ⌦ |R⇤i| {z }
q replicas

. (14)

The expectation value Eq. (12) is a standard workhorse
of random matrix theory and can be expressed in terms
of the Weingarten functions [40]

Tq =
X

�,⌧2Sq

Wg(�⌧�1
, d = 2⌧ ) |⌧qi h�q| , (15)

where the sum runs over permutations of the q replicas.
Each permutation � defines as state in the space of replicas
as

hi1, i01, . . . iq, iq0 |�i = �i1,i
0
�(1)

�i2,i
0
�(2)

. . . �iq,i
0
�(q)

(16)

with each index i labelling a state in the d = 2⌧ -
dimensional Hilbert space, and the Weingarten functions
satisfy

X

�2Sq

Wg(�, d = 2⌧ ) =
1

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)
. (17)

It is a direct check that hL̃q|�i = 1 and h�|R̃qi = 2q⌧ ,
8� 2 Sq. Putting these together, we recover that

Iq(⌧ + 1) = 2L(1�q)
q! 2q⌧

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)
. (18)

The corresponding participation entropies follow as

Sq(⌧ + 1) = L ln(2)
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FIG. 1. Inverse participation ratios Iq and the corresponding

participation entropies Sq as a function of time for q = 2, 4, 6, 8.
The IPRs Iq are normalized by the Haar random value

q!/2L(q�1)
. Both rapidly converge to their steady-state value

indicated by a dashed line, where crosses indicate numerics

and full lines analytical results. Numerics performed with

g = ⇡/3 for a system of L = 14 sites.

+
1

1� q
ln


q! 2q⌧

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

�
. (19)

Two immediate limits are clear: At t = 1 the state is
maximally delocalized and Sq(t = 1) = L ln(2). Since
UI |00 . . . 0i = |00 . . . 0i at t = 1 the state is given by
UK |00 . . . 0i, corresponding to a fully delocalized state.
As t ! 1 we recover Sq(t ! 1) = L ln(2)+ln(q!)/(1�q).
The latter values correspond to the IPRs for a Haar
random state. This composes the first result of this work:
We present analytic expressions for the dynamics of the
IPRs under the kicked Ising dynamics of Eq. (1), for
which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
Note that our proof is only exact in the thermodynamic
limit L ! 1, but the results are expected to be accurate
for su�ciently large system sizes.

We compare these analytical results with numerics in
Fig. 1, where we take L = 14 and choose all phases in
Eq. (5) with g = ⇡/3 for concreteness. We emphasize
that these results do not require any averaging and hold
for a model that is homogeneous in both space and time,
although they also apply when all phases are chosen di↵er-
ently. We observe excellent agreement between numerics
and analytics, with finite-size e↵ects becoming more pro-
nounced for larger values of q.

The probability of having an overlap P(pz = |hz| (t)i|2)
is known as the distribution of output bit-string probabil-
ities. From the result of the inverse participation ratios
for arbitrary values of q it is possible to obtain this full
distribution. The IPR Iq corresponds exactly to the q-th
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which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
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limit L ! 1, but the results are expected to be accurate
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
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z
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Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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lation can be done using standard methods from random
matrix theory. We include it here for completeness.
We write down the expectation value Haar

⇥
|ULR|2q

⇤

as

Haar

⇥
|ULR|2q
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= hL̃q|Tq |R̃qi , (11)

where

Tq = Haar[U ⌦ U
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] , (12)

introducing replicated boundary vectors

hL̃q| = hL|⌦ hL⇤|⌦ . . . hL|⌦ hL⇤|| {z }
q replicas

, (13)

|R̃qi = |Ri ⌦ |R⇤i ⌦ . . . |Ri ⌦ |R⇤i| {z }
q replicas

. (14)

The expectation value Eq. (12) is a standard workhorse
of random matrix theory and can be expressed in terms
of the Weingarten functions [40]

Tq =
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�,⌧2Sq

Wg(�⌧�1
, d = 2⌧ ) |⌧qi h�q| , (15)

where the sum runs over permutations of the q replicas.
Each permutation � defines as state in the space of replicas
as

hi1, i01, . . . iq, iq0 |�i = �i1,i
0
�(1)

�i2,i
0
�(2)

. . . �iq,i
0
�(q)

(16)

with each index i labelling a state in the d = 2⌧ -
dimensional Hilbert space, and the Weingarten functions
satisfy

X

�2Sq

Wg(�, d = 2⌧ ) =
1

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)
. (17)

It is a direct check that hL̃q|�i = 1 and h�|R̃qi = 2q⌧ ,
8� 2 Sq. Putting these together, we recover that

Iq(⌧ + 1) = 2L(1�q)
q! 2q⌧

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)
. (18)

The corresponding participation entropies follow as

Sq(⌧ + 1) = L ln(2)
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FIG. 1. Inverse participation ratios Iq and the corresponding

participation entropies Sq as a function of time for q = 2, 4, 6, 8.
The IPRs Iq are normalized by the Haar random value

q!/2L(q�1)
. Both rapidly converge to their steady-state value

indicated by a dashed line, where crosses indicate numerics

and full lines analytical results. Numerics performed with

g = ⇡/3 for a system of L = 14 sites.
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�
. (19)

Two immediate limits are clear: At t = 1 the state is
maximally delocalized and Sq(t = 1) = L ln(2). Since
UI |00 . . . 0i = |00 . . . 0i at t = 1 the state is given by
UK |00 . . . 0i, corresponding to a fully delocalized state.
As t ! 1 we recover Sq(t ! 1) = L ln(2)+ln(q!)/(1�q).
The latter values correspond to the IPRs for a Haar
random state. This composes the first result of this work:
We present analytic expressions for the dynamics of the
IPRs under the kicked Ising dynamics of Eq. (1), for
which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
Note that our proof is only exact in the thermodynamic
limit L ! 1, but the results are expected to be accurate
for su�ciently large system sizes.

We compare these analytical results with numerics in
Fig. 1, where we take L = 14 and choose all phases in
Eq. (5) with g = ⇡/3 for concreteness. We emphasize
that these results do not require any averaging and hold
for a model that is homogeneous in both space and time,
although they also apply when all phases are chosen di↵er-
ently. We observe excellent agreement between numerics
and analytics, with finite-size e↵ects becoming more pro-
nounced for larger values of q.

The probability of having an overlap P(pz = |hz| (t)i|2)
is known as the distribution of output bit-string probabil-
ities. From the result of the inverse participation ratios
for arbitrary values of q it is possible to obtain this full
distribution. The IPR Iq corresponds exactly to the q-th
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Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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In this limit the summation over Fock states and corre-
sponding unitaries can hence be replaced by the average
over Haar-random unitary matrices. We find that
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⇤
, (10)

where the expectation value refers to averaging over
Haar-random matrices U with dimension d = 2⌧ and
ULR = hL|U |Ri. The problem reduces to calculating
the expectation value of arbitrary powers of the matrix
element of a Haar-random unitary matrix. Such a calcu-
lation can be done using standard methods from random
matrix theory. We include it here for completeness.
We write down the expectation value Haar
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Two immediate limits are clear: At t = 1 the state is
maximally delocalized and Sq(t = 1) = L ln(2). Since
UI |00 . . . 0i = |00 . . . 0i at t = 1 the state is given by
UK |00 . . . 0i, corresponding to a fully delocalized state.
As t ! 1 we recover Sq(t ! 1) = L ln(2)+ln(q!)/(1�q).
The latter values correspond to the IPRs for a Haar
random state. This composes the first result of this work:
We present analytic expressions for the dynamics of the
IPRs under the kicked Ising dynamics of Eq. (1), for
which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
Note that our proof is only exact in the thermodynamic
limit L ! 1, but the results are expected to be accurate
for su�ciently large system sizes.
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hL̃q| = hL|⌦ hL⇤|⌦ . . . hL|⌦ hL⇤|| {z }
q replicas

, (13)

|R̃qi = |Ri ⌦ |R⇤i ⌦ . . . |Ri ⌦ |R⇤i| {z }
q replicas

. (14)

The expectation value Eq. (12) is a standard workhorse
of random matrix theory and can be expressed in terms
of the Weingarten functions [40]

Tq =
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, d = 2⌧ ) |⌧qi h�q| , (15)

where the sum runs over permutations of the q replicas.
Each permutation � defines as state in the space of replicas
as

hi1, i01, . . . iq, iq0 |�i = �i1,i
0
�(1)

�i2,i
0
�(2)

. . . �iq,i
0
�(q)

(16)

with each index i labelling a state in the d = 2⌧ -
dimensional Hilbert space, and the Weingarten functions
satisfy

X

�2Sq

Wg(�, d = 2⌧ ) =
1

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)
. (17)

It is a direct check that hL̃q|�i = 1 and h�|R̃qi = 2q⌧ ,
8� 2 Sq. Putting these together, we recover that

Iq(⌧ + 1) = 2L(1�q)
q! 2q⌧

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)
. (18)

The corresponding participation entropies follow as

Sq(⌧ + 1) = L ln(2)
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FIG. 1. Inverse participation ratios Iq and the corresponding

participation entropies Sq as a function of time for q = 2, 4, 6, 8.
The IPRs Iq are normalized by the Haar random value

q!/2L(q�1)
. Both rapidly converge to their steady-state value

indicated by a dashed line, where crosses indicate numerics

and full lines analytical results. Numerics performed with

g = ⇡/3 for a system of L = 14 sites.
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Two immediate limits are clear: At t = 1 the state is
maximally delocalized and Sq(t = 1) = L ln(2). Since
UI |00 . . . 0i = |00 . . . 0i at t = 1 the state is given by
UK |00 . . . 0i, corresponding to a fully delocalized state.
As t ! 1 we recover Sq(t ! 1) = L ln(2)+ln(q!)/(1�q).
The latter values correspond to the IPRs for a Haar
random state. This composes the first result of this work:
We present analytic expressions for the dynamics of the
IPRs under the kicked Ising dynamics of Eq. (1), for
which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
Note that our proof is only exact in the thermodynamic
limit L ! 1, but the results are expected to be accurate
for su�ciently large system sizes.

We compare these analytical results with numerics in
Fig. 1, where we take L = 14 and choose all phases in
Eq. (5) with g = ⇡/3 for concreteness. We emphasize
that these results do not require any averaging and hold
for a model that is homogeneous in both space and time,
although they also apply when all phases are chosen di↵er-
ently. We observe excellent agreement between numerics
and analytics, with finite-size e↵ects becoming more pro-
nounced for larger values of q.

The probability of having an overlap P(pz = |hz| (t)i|2)
is known as the distribution of output bit-string probabil-
ities. From the result of the inverse participation ratios
for arbitrary values of q it is possible to obtain this full
distribution. The IPR Iq corresponds exactly to the q-th
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In this limit the summation over Fock states and corre-
sponding unitaries can hence be replaced by the average
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Haar-random matrices U with dimension d = 2⌧ and
ULR = hL|U |Ri. The problem reduces to calculating
the expectation value of arbitrary powers of the matrix
element of a Haar-random unitary matrix. Such a calcu-
lation can be done using standard methods from random
matrix theory. We include it here for completeness.
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Two immediate limits are clear: At t = 1 the state is
maximally delocalized and Sq(t = 1) = L ln(2). Since
UI |00 . . . 0i = |00 . . . 0i at t = 1 the state is given by
UK |00 . . . 0i, corresponding to a fully delocalized state.
As t ! 1 we recover Sq(t ! 1) = L ln(2)+ln(q!)/(1�q).
The latter values correspond to the IPRs for a Haar
random state. This composes the first result of this work:
We present analytic expressions for the dynamics of the
IPRs under the kicked Ising dynamics of Eq. (1), for
which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
Note that our proof is only exact in the thermodynamic
limit L ! 1, but the results are expected to be accurate
for su�ciently large system sizes.

We compare these analytical results with numerics in
Fig. 1, where we take L = 14 and choose all phases in
Eq. (5) with g = ⇡/3 for concreteness. We emphasize
that these results do not require any averaging and hold
for a model that is homogeneous in both space and time,
although they also apply when all phases are chosen di↵er-
ently. We observe excellent agreement between numerics
and analytics, with finite-size e↵ects becoming more pro-
nounced for larger values of q.

The probability of having an overlap P(pz = |hz| (t)i|2)
is known as the distribution of output bit-string probabil-
ities. From the result of the inverse participation ratios
for arbitrary values of q it is possible to obtain this full
distribution. The IPR Iq corresponds exactly to the q-th
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In this limit the summation over Fock states and corre-
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where the expectation value refers to averaging over
Haar-random matrices U with dimension d = 2⌧ and
ULR = hL|U |Ri. The problem reduces to calculating
the expectation value of arbitrary powers of the matrix
element of a Haar-random unitary matrix. Such a calcu-
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matrix theory. We include it here for completeness.
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of the Weingarten functions [40]
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Two immediate limits are clear: At t = 1 the state is
maximally delocalized and Sq(t = 1) = L ln(2). Since
UI |00 . . . 0i = |00 . . . 0i at t = 1 the state is given by
UK |00 . . . 0i, corresponding to a fully delocalized state.
As t ! 1 we recover Sq(t ! 1) = L ln(2)+ln(q!)/(1�q).
The latter values correspond to the IPRs for a Haar
random state. This composes the first result of this work:
We present analytic expressions for the dynamics of the
IPRs under the kicked Ising dynamics of Eq. (1), for
which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
Note that our proof is only exact in the thermodynamic
limit L ! 1, but the results are expected to be accurate
for su�ciently large system sizes.

We compare these analytical results with numerics in
Fig. 1, where we take L = 14 and choose all phases in
Eq. (5) with g = ⇡/3 for concreteness. We emphasize
that these results do not require any averaging and hold
for a model that is homogeneous in both space and time,
although they also apply when all phases are chosen di↵er-
ently. We observe excellent agreement between numerics
and analytics, with finite-size e↵ects becoming more pro-
nounced for larger values of q.

The probability of having an overlap P(pz = |hz| (t)i|2)
is known as the distribution of output bit-string probabil-
ities. From the result of the inverse participation ratios
for arbitrary values of q it is possible to obtain this full
distribution. The IPR Iq corresponds exactly to the q-th
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moment of this probability distribution, since

Iq =
X

z2B
|hz| i|2q = 2L

Z
1

0

dpP(p) pq . (20)

While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
with the moments of

PDU(p; t) = N(1� 2�⌧ )

✓
1� Np

2⌧

◆2
⌧�2

✓(2⌧ �Np),

(21)

where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
distribution as an appropriately rescaled Porter-Thomas
distribution for a smaller Hilbert space set by the number
of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e

�i✓�
x

with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form
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FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return
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That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only
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(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics
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which we represent (together with its complex conjugate)
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This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1
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That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
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While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
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as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e
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with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form
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distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.
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u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e
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distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
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from dual-unitarity. Here we consider the simplest exam-
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u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e
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vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
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through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
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as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-
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distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e
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vector to
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as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-
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distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e
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with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
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vector to
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as could also be directly obtained from Eq. (10).
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overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e
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with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
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chaotic dynamics in a large class of models. The resulting
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This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to
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here rotated by 90� for convenience. The above derivation
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through its norm can be understood since the Haar mea-
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where N = 2L is the dimension of the Hilbert space
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of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
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overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.
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to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e
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with numerics, again observing excellent agreement and
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a ‘detuned’ kick u = e
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with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form

| (t)i = 1

2tL/2
(23)

0.0

0.5

1.0

P
(p
)

t = 1 t = 2

0.0

0.5

1.0

P
(p
)

t = 3 t = 4

0 2 4 6
Np

0.0

0.5

1.0

P
(p
)

t = 5

0 2 4 6
Np

t = 6

FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return

Iq(⌧ + 1) =
q! 2L(1�q)

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

⇥ 1

2

X

z2{0,1}

|hR⇤(z)|R(z)i|q. (26)

That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only

4

moment of this probability distribution, since

Iq =
X

z2B
|hz| i|2q = 2L

Z
1

0

dpP(p) pq . (20)

While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
with the moments of

PDU(p; t) = N(1� 2�⌧ )

✓
1� Np

2⌧

◆2
⌧�2

✓(2⌧ �Np),

(21)

where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
distribution as an appropriately rescaled Porter-Thomas
distribution for a smaller Hilbert space set by the number
of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
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increases. In Fig. 2 we compare the analytic prediction
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increases. In Fig. 2 we compare the analytic prediction
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the rapid emergence of the Porter-Thomas distribution.
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where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
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of time steps, writing p̃ = Np,
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as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e

�i✓�
x

with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form

| (t)i = 1

2tL/2
(23)
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FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return

Iq(⌧ + 1) =
q! 2L(1�q)

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

⇥ 1

2

X

z2{0,1}

|hR⇤(z)|R(z)i|q. (26)

That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2

"
1

c+(t)
PDU

✓
p

c+(t)
; t

◆

+
1

c�(t)
PDU

✓
p

c�(t)
; t

◆#
. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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moment of this probability distribution, since

Iq =
X

z2B
|hz| i|2q = 2L

Z
1

0

dpP(p) pq . (20)

While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
with the moments of

PDU(p; t) = N(1� 2�⌧ )

✓
1� Np

2⌧

◆2
⌧�2

✓(2⌧ �Np),

(21)

where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
distribution as an appropriately rescaled Porter-Thomas
distribution for a smaller Hilbert space set by the number
of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e

�i✓�
x

with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form
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FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return

Iq(⌧ + 1) =
q! 2L(1�q)

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

⇥ 1

2

X

z2{0,1}

|hR⇤(z)|R(z)i|q. (26)

That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2

"
1

c+(t)
PDU

✓
p

c+(t)
; t

◆

+
1

c�(t)
PDU

✓
p

c�(t)
; t

◆#
. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all

0.0

0.5

1.0

P
(p
)

t = 1 t = 2

0.0

0.5

1.0

P
(p
)

t = 3 t = 4

0 2 4 6
Np

0.0

0.5

1.0

P
(p
)

t = 8

0 2 4 6
Np

t = 12

FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
Conclusions and outlook.
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution
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1

2
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+
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While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
Conclusions and outlook.
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution
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While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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moment of this probability distribution, since

Iq =
X

z2B
|hz| i|2q = 2L

Z
1

0

dpP(p) pq . (20)

While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
with the moments of

PDU(p; t) = N(1� 2�⌧ )

✓
1� Np

2⌧

◆2
⌧�2

✓(2⌧ �Np),

(21)

where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
distribution as an appropriately rescaled Porter-Thomas
distribution for a smaller Hilbert space set by the number
of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e

�i✓�
x

with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form

| (t)i = 1

2tL/2
(23)
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FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return

Iq(⌧ + 1) =
q! 2L(1�q)

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

⇥ 1

2

X

z2{0,1}

|hR⇤(z)|R(z)i|q. (26)

That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2

"
1

c+(t)
PDU

✓
p

c+(t)
; t

◆

+
1

c�(t)
PDU

✓
p

c�(t)
; t

◆#
. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
Conclusions and outlook.
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moment of this probability distribution, since

Iq =
X

z2B
|hz| i|2q = 2L

Z
1

0

dpP(p) pq . (20)

While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
with the moments of

PDU(p; t) = N(1� 2�⌧ )

✓
1� Np

2⌧

◆2
⌧�2

✓(2⌧ �Np),

(21)

where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
distribution as an appropriately rescaled Porter-Thomas
distribution for a smaller Hilbert space set by the number
of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e

�i✓�
x

with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form

| (t)i = 1

2tL/2
(23)
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FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return

Iq(⌧ + 1) =
q! 2L(1�q)

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

⇥ 1

2

X

z2{0,1}

|hR⇤(z)|R(z)i|q. (26)

That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2

"
1

c+(t)
PDU

✓
p

c+(t)
; t

◆

+
1

c�(t)
PDU

✓
p

c�(t)
; t

◆#
. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2
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✓
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+
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. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution
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While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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moment of this probability distribution, since

Iq =
X

z2B
|hz| i|2q = 2L

Z
1

0

dpP(p) pq . (20)

While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
with the moments of

PDU(p; t) = N(1� 2�⌧ )

✓
1� Np

2⌧

◆2
⌧�2

✓(2⌧ �Np),

(21)

where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
distribution as an appropriately rescaled Porter-Thomas
distribution for a smaller Hilbert space set by the number
of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e

�i✓�
x

with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form

| (t)i = 1

2tL/2
(23)
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FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return

Iq(⌧ + 1) =
q! 2L(1�q)

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

⇥ 1

2

X

z2{0,1}

|hR⇤(z)|R(z)i|q. (26)

That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2

"
1

c+(t)
PDU

✓
p

c+(t)
; t

◆

+
1

c�(t)
PDU

✓
p

c�(t)
; t

◆#
. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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moment of this probability distribution, since

Iq =
X

z2B
|hz| i|2q = 2L

Z
1

0

dpP(p) pq . (20)

While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
with the moments of

PDU(p; t) = N(1� 2�⌧ )

✓
1� Np

2⌧

◆2
⌧�2

✓(2⌧ �Np),

(21)

where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
distribution as an appropriately rescaled Porter-Thomas
distribution for a smaller Hilbert space set by the number
of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e

�i✓�
x

with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form

| (t)i = 1

2tL/2
(23)
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FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return

Iq(⌧ + 1) =
q! 2L(1�q)

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

⇥ 1

2

X

z2{0,1}

|hR⇤(z)|R(z)i|q. (26)

That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2
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c+(t)
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✓
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c+(t)
; t

◆

+
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c�(t)
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✓
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. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution
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+
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While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution
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While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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moment of this probability distribution, since

Iq =
X

z2B
|hz| i|2q = 2L

Z
1

0

dpP(p) pq . (20)

While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
with the moments of

PDU(p; t) = N(1� 2�⌧ )

✓
1� Np

2⌧

◆2
⌧�2

✓(2⌧ �Np),

(21)

where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
distribution as an appropriately rescaled Porter-Thomas
distribution for a smaller Hilbert space set by the number
of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e

�i✓�
x

with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form

| (t)i = 1

2tL/2
(23)
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FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return

Iq(⌧ + 1) =
q! 2L(1�q)

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

⇥ 1

2

X

z2{0,1}

|hR⇤(z)|R(z)i|q. (26)

That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2

"
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c+(t)
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✓
p

c+(t)
; t

◆

+
1

c�(t)
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◆#
. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
Conclusions and outlook.
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moment of this probability distribution, since

Iq =
X

z2B
|hz| i|2q = 2L

Z
1

0

dpP(p) pq . (20)

While the full distribution can in principle be obtained
from the moments through the characteristic function,
it is more direct to observe that the IPRs are consistent
with the moments of

PDU(p; t) = N(1� 2�⌧ )

✓
1� Np

2⌧

◆2
⌧�2

✓(2⌧ �Np),

(21)

where N = 2L is the dimension of the Hilbert space
and ✓ is the Heaviside function. We can interpret this
distribution as an appropriately rescaled Porter-Thomas
distribution for a smaller Hilbert space set by the number
of time steps, writing p̃ = Np,

P / ✓(2⌧ � p̃)

✓
1� p̃

2⌧

◆2
⌧�2

, (22)

as could also be directly obtained from Eq. (10).
The full dynamics of this distribution presents the sec-

ond main result of this work. We recover intermediate
distributions with interesting properties: At t = 1 all
overlaps equal 1/2L and the state is maximally delocal-
ized, as already observed, at t = 2 we get a uniform
distribution in the interval [0, 1/2L�1], and we exponen-
tially approach the Porter Thomas distribution as time
increases. In Fig. 2 we compare the analytic prediction
with numerics, again observing excellent agreement and
the rapid emergence of the Porter-Thomas distribution.

Stability to local perturbations. It is a natural question
to ask how stable these results are to perturbations away
from dual-unitarity. Here we consider the simplest exam-
ple of a perturbation locally breaking dual-unitarity at the
boundary, for which all calculations remain analytically
tractable. The resulting dynamics is expected to be repre-
sentative for local perturbations to dual-unitarity. In the
unitary dynamics of Eq. (5) the single-site unitary acting
on the last site is replaced by a generic single-site unitary
u 2 U(2), locally breaking dual-unitarity by e.g. choosing
a ‘detuned’ kick u = e

�i✓�
x

with |✓| 6= ⇡/4. A similar
setup was considered in Ref. [41] to study thermalization
dynamics and spectral statistics, establishing quantum
chaotic dynamics in a large class of models. The resulting
state is of the form

| (t)i = 1

2tL/2
(23)
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FIG. 2. Dynamics of the distribution of bit-string probabil-

ities/overlaps pz = |hz| (t)i|2 at di↵erent times. Numerical

results (histograms) are compared with analytical predictions

(full red lines), showing excellent agreement. After t = 6 dis-

crete time steps the distribution is visually indistinguishable

from the Porter-Thomas distribution (dashed line). Numerics

performed for the same model as in Fig. 1

in which we have introduced a general unitary matrix u,
which we represent (together with its complex conjugate)
as

u =
1p
2

, u
⇤ =

1p
2

. (24)

This local perturbation can be easily accommodated in
the above derivation by modifying the right boundary
vector to

|R(z)i = 1

2⌧/2
, (25)

here rotated by 90� for convenience. The above derivation
can be directly repeated, where we only need to separate
the summation over zL to return

Iq(⌧ + 1) =
q! 2L(1�q)

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

⇥ 1

2

X

z2{0,1}

|hR⇤(z)|R(z)i|q. (26)

That this expression only only depends on the boundary
through its norm can be understood since the Haar mea-
sure is invariant under unitary transformations, such that
when evaluating the matrix elements w.r.t. a state only
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2

"
1

c+(t)
PDU

✓
p

c+(t)
; t

◆

+
1

c�(t)
PDU

✓
p

c�(t)
; t

◆#
. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution
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+
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While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution
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While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
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the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution
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While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.

Conclusions and outlook.

⇤
claeys@pks.mpg.de

†
detomasi@pks.mpg.de

[1] L. D’Alessio, Y. Kafri, A. Polkovnikov, and M. Rigol,

Adv. Phys. 65, 239 (2016).

[2] A. Nahum, S. Vijay, and J. Haah, Phys. Rev. X 8, 021014
(2018).

[3] C. von Keyserlingk, T. Rakovszky, F. Pollmann, and

5

the norm of this state will matter. The norm of |R(z)i
can be expressed as

hR(z)⇤|R(z)i =

= 2t h0|Mt |zi , (27)

where the phases in the delta tensors cancel and M is
a unistochastic matrix defined as Mij = |uij |2. We can
rewrite the expression for the IPR as

Iq(t) = I
DU

q
(t)⇥ 2q�1

X

z2{0,1}

h0|Mt|ziq . (28)

where we have factored out the dual-unitary result
[Eq. (18)].
For a ‘generic’ u, i.e. all matrix elements are nonzero,

the Perron–Frobenius theorem guarantees that the matrix
M has a unique leading eigenvalue 1 with left and right
eigenstates given by |+i = (|0i+ |1i)/

p
2. We hence find

that

lim
t!1

h0|Mt |zi = h0|+ih+|zi = 1

2
, (29)

such that we again recover the Haar random result:

lim
t!1

Iq(t) = q! 2L(1�q)
. (30)

The corresponding distribution can again be obtained
from the IPRs, which will help to make the approach to
the Porter-Thomas distribution explicit. For concreteness
we consider a representative gate u = e

�i✓�
x

. Here M
can be directly diagonalized to return

Iq(t) = I
DU

q
(t)⇥ [1 + cost(2✓)]q + [1� cost(2✓)]q

2
. (31)

Defining c±(t) = 1± cost(2✓), it can be directly observed
that these IPRs correspond to the moments of the distri-
bution

P(p; t) =
1

2

"
1

c+(t)
PDU

✓
p

c+(t)
; t

◆

+
1

c�(t)
PDU

✓
p

c�(t)
; t

◆#
. (32)

While the e↵ect of the perturbation on the dynamics is
highly nontrivial, the resulting probability distribution
can still be straightforwardly obtained. In the limit ✓ =
⇡/4 we recover the expected dual-unitary result since
c±(t) = 1, whereas the time scale to reach the dual-
unitary result follows as t / 1/ ln | cos(2✓)| otherwise.
The local perturbation e↵ectively acts as a bottleneck in
the approach to the Porter-Thomas limit. In the opposite
limit ✓ = 0 we never approach this limit, since the local
perturbation reduces to the identity and zL = 0 at all
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FIG. 3. Dynamics of the distribution of bit-string probabili-

ties/overlaps pz = |hz| (t)i|2 at di↵erent times for dual-unitary

dynamics with a local perturbation with a small ✓. Numer-

ical results (histograms) are compared with the analytical

predictions from Eq. (32) (full red lines), showing excellent

agreement and a slower convergence to the Porter-Thomas

distribution (dashed lines). Numerics performed for the same

model as in Fig. 1 and ✓ = ⇡/14.

times, resulting in nonergodic dynamics. We compare the
expression for the distribution with numerics in Fig. 3,
again observing excellent agreement. It is clear that the
local perturbation results in a slower approach to the
Porter-Thomas distribution and a distribution that is
generally skewed towards smaller probabilities. These
constitute the third main result of this work: We exactly
characterize Fock-space delocalization in the presence of
a generic perturbation that locally breaks dual-unitarity
and again establish the appearance of Haar-random states,
albeit at a time that is parametrically larger than in
the dual-unitary case. While we considered a single-site
unitary as perturbation, this approach can be directly
extended to perturbations with larger support and our
conclusions remain unchanged.
Conclusions and outlook.
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2

Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Dq = lim
N!1

log Iq
logN

Dq,ent =
Sq(A)

Sq,Page(A)

c1

c37

c54

.

0

5

C(0, t) ⇠ t�1/2

↵3

⇢̂A(t) = TrB [⇢̂(t)] ! ⇢̂eq

| (�)|2

P (0) =
X

i

Sz

i
⇠

Z

x

⇢(x)

P (1) =
X

i

iSz

i
⇠

Z

x

x⇢(x)

P (m) =
X

i

imSz

i
⇠

Z

x

xm⇢(x)

L(t) ⇠ (⇢(t)t)1/2

⇢ ⇠ L�↵

L(t) ⇠ t1/(2
m+1+1)

⇠(Teff ) ⇠

⇡ h Random|Â| Randomi
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2

Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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2

Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Dq = lim
N!1

log Iq
logN

Dq,ent =
Sq(A)

Sq,Page(A)

c1

c37

c54

.

0

5

C(0, t) ⇠ t�1/2

↵3

⇢̂A(t) = TrB [⇢̂(t)] ! ⇢̂eq

| (�)|2

P (0) =
X

i

Sz

i
⇠

Z

x

⇢(x)

P (1) =
X

i

iSz

i
⇠

Z

x

x⇢(x)

P (m) =
X

i

imSz

i
⇠

Z

x

xm⇢(x)

L(t) ⇠ (⇢(t)t)1/2

⇢ ⇠ L�↵

L(t) ⇠ t1/(2
m+1+1)

⇠(Teff ) ⇠

⇡ h Random|Â| Randomi
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2

Here �↵

j
with ↵ 2 {x, y, z} are the Pauli matrices, L is

the length of the chain, J and b are the Ising interaction
strength and the transverse kick strength, respectively.
{hj} describes a (possibly inhomogeneous) longitudinal
field. We fix J = b = ⇡/4, corresponding to dual-unitary
dynamics [34–37].

Despite its simplicity, the dynamics of Eq. (1) are gener-
ically ergodic and serve as a benchmark for chaotic quan-
tum systems. Its space-time duality, identified in Ref. [34],
was used to prove that its spectral form factor shows ran-
dom matrix statistics, a fingerprint of quantum chaos [35].
This model shows maximal entanglement growth [36–38],
is scrambling [39, 40], and its correlation functions de-
cay to the ergodic values [40, 41]. Furthermore, this
model was the first to provably exhibit ‘deep thermal-
ization’ [42], where Haar-random states locally emerge
after projective measurements on subsystems. The proof
interprets many-body dynamics as measurement-based
quantum computation in the spatial direction [42, 43],
linking averaging over measurement outcomes to sampling
from a universal gate set. We use this result to present
a simple and exact derivation of the full delocalization
dynamics in the Hilbert space, even at finite times, by
relating sampling overlaps to sampling a Haar-random
unitary matrix element in the spatial direction.

Dual-unitarity can be made explicit by introducing a
diagrammatic notation

=

✓
1 i

i 1

◆
, = �z1z2z3 e

ig(1�2z1), (3)

where zj 2 {0, 1} label Fock states in the �z basis and g

is an arbitrary phase. The Ising interactions and kicks
can be graphically represented as [44]

e
�i

⇡
4 �

x

=
1p
2

, e
�i(⇡

4 �
z
1�

z
2+h1�

z
1+h2�

z
2) = .

(4)

Dual-unitarity is made explicit by noticing that the phases
from Ising interactions and kicks are interchangeable by
swapping the roles of space (horizontal) and time (verti-
cal) [42, 43, 45–48]. Note that this graphical language of
delta tensors and Hadamard matrices closely relates to
the ZX calculus [49].

We consider the time evolution of an initial product
state, | (t = 0)i = |00 . . . 0i as | (t)i = U

t

F
| (t = 0)i.

The overlap of | (t)i with a Fock state |zi = |z1 . . . zLi,

with zi 2 {0, 1}, can be graphically represented as

hz| (t)i = 1

2tL/2
, (5)

where we made the phases implicit. The space-time dual-
ity is apparent: Exchanging space and time corresponds
to rotating Eq. (5) by 90�, leaving the bulk of the diagram
invariant.
Delocalization from space-time duality.— To quantify

Fock space delocalization, we define inverse participation
ratios (IPRs) [50, 51] and corresponding participation
entropies [52] as

Iq(t) =
X

z2B
|hz| (t)i|2q, Sq(t) =

1

1� q
ln[Iq(t)] , (6)

where |zi = |z1, z2, . . . zLi with zi 2 {0, 1} and B are bit-
strings labelling these Fock states. For a fully localized
state, Iq = 1 and hence Sq = 0. For a fully delocal-
ized state that spans the entire space homogeneously,
|hz| (t)i| = 2�L/2 and Iq = 2(1�q)L, resulting in a max-
imal value of Sq = L ln(2), which scales linearly with
system size.
Space-time duality allows us to rewrite the overlaps

Eq. (5) as

hz1 . . . zL| (t)i =
1

2L/2
hL|U(z1)U(z2) . . . U(zL) |Ri ,

(7)

where we have introduced unitary spatial operators act-
ing on a 2⌧ -dimensional Hilbert space with ⌧ = t � 1,
generating evolution in space as

U(z) =
1

2⌧/2
, (8)

here rotated by 90� for convenience, and two boundary
vectors

hL| = 1

2⌧
, |Ri = . (9)

The gray square represents the complex conjugate of
Eq. (3), = 2 . Eq. (5) has a straightforward inter-
pretation. Rather than considering the dynamics in time
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Dq = lim
N!1

log Iq
logN

c1

c37

c54

.

0

| S�RPSi ⇠

5

Sparse Random Pure States

Support of the wave-function

GDT, I.M. Khaymovich PRL 124 (20), 200602 (2020) 

cn = gnrn

gn ∼ 𝒩ℂ(0,1)

P(rn = 1) = ND−1, P(rn = 0) = 1 − ND−1

Iq ∼ N(1−q)D, Dq = D

#{ |cn |2 ≠ 0} ∼ ND,
#{ |cn |2 ≠ 0}

N
→ 0
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Entanglement Entropy can have an ergodic behavior 
even though  

the wave- function is highly non-ergodic
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Purity

P2 = Tr[ρ2
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Application: Strong-Fragmentation

Kinematically Constrained Model

̂Px = 1 − ( ̂nx+2 − ̂nx+1)2

Ĥ∞ = ∑
x

̂Px( ̂cx+1 ̂cx + h . c.) ̂Px + W∑
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GDT, D Hetterich, P Sala, F Pollmann 
PRB 100 (21), 214313 (2019) 
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In this limit the summation over Fock states and corre-
sponding unitaries can hence be replaced by the average
over Haar-random unitary matrices. We find that

Iq =
X

z2B
|hz| (t)i|2q = 2L(1�q) ⇥ Haar

⇥
|ULR|2q

⇤
, (10)

where the expectation value refers to averaging over
Haar-random matrices U with dimension d = 2⌧ and
ULR = hL|U |Ri. The problem reduces to calculating
the expectation value of arbitrary powers of the matrix
element of a Haar-random unitary matrix. Such a calcu-
lation can be done using standard methods from random
matrix theory. We include it here for completeness.
We write down the expectation value Haar

⇥
|ULR|2q

⇤

as

Haar

⇥
|ULR|2q

⇤
= hL̃q|Tq |R̃qi , (11)

where

Tq = Haar[U ⌦ U
⇤ ⌦ . . . U ⌦ U

⇤
| {z }

q replicas

] , (12)

introducing replicated boundary vectors

hL̃q| = hL|⌦ hL⇤|⌦ . . . hL|⌦ hL⇤|| {z }
q replicas

, (13)

|R̃qi = |Ri ⌦ |R⇤i ⌦ . . . |Ri ⌦ |R⇤i| {z }
q replicas

. (14)

The expectation value Eq. (12) is a standard workhorse
of random matrix theory and can be expressed in terms
of the Weingarten functions [40]

Tq =
X

�,⌧2Sq

Wg(�⌧�1
, d = 2⌧ ) |⌧qi h�q| , (15)

where the sum runs over permutations of the q replicas.
Each permutation � defines as state in the space of replicas
as

hi1, i01, . . . iq, iq0 |�i = �i1,i
0
�(1)

�i2,i
0
�(2)

. . . �iq,i
0
�(q)

(16)

with each index i labelling a state in the d = 2⌧ -
dimensional Hilbert space, and the Weingarten functions
satisfy

X

�2Sq

Wg(�, d = 2⌧ ) =
1

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)
. (17)

It is a direct check that hL̃q|�i = 1 and h�|R̃qi = 2q⌧ ,
8� 2 Sq. Putting these together, we recover that

Iq(⌧ + 1) = 2L(1�q)
q! 2q⌧

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)
. (18)

The corresponding participation entropies follow as

Sq(⌧ + 1) = L ln(2)
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FIG. 1. Inverse participation ratios Iq and the corresponding

participation entropies Sq as a function of time for q = 2, 4, 6, 8.
The IPRs Iq are normalized by the Haar random value

q!/2L(q�1)
. Both rapidly converge to their steady-state value

indicated by a dashed line, where crosses indicate numerics

and full lines analytical results. Numerics performed with

g = ⇡/3 for a system of L = 14 sites.

+
1

1� q
ln


q! 2q⌧

2⌧ (2⌧ + 1) . . . (2⌧ + q � 1)

�
. (19)

Two immediate limits are clear: At t = 1 the state is
maximally delocalized and Sq(t = 1) = L ln(2). Since
UI |00 . . . 0i = |00 . . . 0i at t = 1 the state is given by
UK |00 . . . 0i, corresponding to a fully delocalized state.
As t ! 1 we recover Sq(t ! 1) = L ln(2)+ln(q!)/(1�q).
The latter values correspond to the IPRs for a Haar
random state. This composes the first result of this work:
We present analytic expressions for the dynamics of the
IPRs under the kicked Ising dynamics of Eq. (1), for
which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
Note that our proof is only exact in the thermodynamic
limit L ! 1, but the results are expected to be accurate
for su�ciently large system sizes.

We compare these analytical results with numerics in
Fig. 1, where we take L = 14 and choose all phases in
Eq. (5) with g = ⇡/3 for concreteness. We emphasize
that these results do not require any averaging and hold
for a model that is homogeneous in both space and time,
although they also apply when all phases are chosen di↵er-
ently. We observe excellent agreement between numerics
and analytics, with finite-size e↵ects becoming more pro-
nounced for larger values of q.

The probability of having an overlap P(pz = |hz| (t)i|2)
is known as the distribution of output bit-string probabil-
ities. From the result of the inverse participation ratios
for arbitrary values of q it is possible to obtain this full
distribution. The IPR Iq corresponds exactly to the q-th
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ULR = hL|U |Ri. The problem reduces to calculating
the expectation value of arbitrary powers of the matrix
element of a Haar-random unitary matrix. Such a calcu-
lation can be done using standard methods from random
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. Both rapidly converge to their steady-state value

indicated by a dashed line, where crosses indicate numerics

and full lines analytical results. Numerics performed with

g = ⇡/3 for a system of L = 14 sites.
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Two immediate limits are clear: At t = 1 the state is
maximally delocalized and Sq(t = 1) = L ln(2). Since
UI |00 . . . 0i = |00 . . . 0i at t = 1 the state is given by
UK |00 . . . 0i, corresponding to a fully delocalized state.
As t ! 1 we recover Sq(t ! 1) = L ln(2)+ln(q!)/(1�q).
The latter values correspond to the IPRs for a Haar
random state. This composes the first result of this work:
We present analytic expressions for the dynamics of the
IPRs under the kicked Ising dynamics of Eq. (1), for
which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
Note that our proof is only exact in the thermodynamic
limit L ! 1, but the results are expected to be accurate
for su�ciently large system sizes.

We compare these analytical results with numerics in
Fig. 1, where we take L = 14 and choose all phases in
Eq. (5) with g = ⇡/3 for concreteness. We emphasize
that these results do not require any averaging and hold
for a model that is homogeneous in both space and time,
although they also apply when all phases are chosen di↵er-
ently. We observe excellent agreement between numerics
and analytics, with finite-size e↵ects becoming more pro-
nounced for larger values of q.

The probability of having an overlap P(pz = |hz| (t)i|2)
is known as the distribution of output bit-string probabil-
ities. From the result of the inverse participation ratios
for arbitrary values of q it is possible to obtain this full
distribution. The IPR Iq corresponds exactly to the q-th
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In this limit the summation over Fock states and corre-
sponding unitaries can hence be replaced by the average
over Haar-random unitary matrices. We find that
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where the expectation value refers to averaging over
Haar-random matrices U with dimension d = 2⌧ and
ULR = hL|U |Ri. The problem reduces to calculating
the expectation value of arbitrary powers of the matrix
element of a Haar-random unitary matrix. Such a calcu-
lation can be done using standard methods from random
matrix theory. We include it here for completeness.
We write down the expectation value Haar
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Two immediate limits are clear: At t = 1 the state is
maximally delocalized and Sq(t = 1) = L ln(2). Since
UI |00 . . . 0i = |00 . . . 0i at t = 1 the state is given by
UK |00 . . . 0i, corresponding to a fully delocalized state.
As t ! 1 we recover Sq(t ! 1) = L ln(2)+ln(q!)/(1�q).
The latter values correspond to the IPRs for a Haar
random state. This composes the first result of this work:
We present analytic expressions for the dynamics of the
IPRs under the kicked Ising dynamics of Eq. (1), for
which the IPR Iq of an initially localized state approaches
the Haar-random value in a time scaling as t / ln(q!),
independent of system size. This result is to be contrasted
with the random circuit case, in which the relevant time
scales exhibit a logarithmic dependence on system size [19].
Note that our proof is only exact in the thermodynamic
limit L ! 1, but the results are expected to be accurate
for su�ciently large system sizes.

We compare these analytical results with numerics in
Fig. 1, where we take L = 14 and choose all phases in
Eq. (5) with g = ⇡/3 for concreteness. We emphasize
that these results do not require any averaging and hold
for a model that is homogeneous in both space and time,
although they also apply when all phases are chosen di↵er-
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nounced for larger values of q.
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is known as the distribution of output bit-string probabil-
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Conclusions:

Emergence of the Porter-Thomas  Distribution 

Entanglement vs Inverse Participation Ratio

Entanglement Entropy can have an ergodic behavior even though  
the wave- function is highly non-ergodic

Approach to PT distribution with finite-depth 

GDT, I.M. Khaymovich PRL 124 (20), 200602 (2020) 

P.W .Claeys, GDT, PRL 134 (5), 050405 (2025) 

Thank you!



What about fluctuations?
What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized
What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized
Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?
What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized
What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized
Ergodic

Localized

What about fluctuations?

Ergodic

Localized

What about fluctuations?

Ergodic

Localized


