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Glassy systems

Disordered solids: dense & amorphous



Making a glass
Temperature 

Reduction

Temperature 

Reduction

Monodisperse Liquid

GlassPolydisperse Liquid

Crystal



Configuration space dynamics

• Rough energy landscape, many minima

• Low temperature dynamics: activated hops

• Effective network of states i = 1,…, N

Glassy systems and networks

Doye 2002

Glassy systems: rough energy landscape

Low temperature dynamics: activated hops between local minima

E!ective network
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Master operator

• Probability of being in state  : 


• Hopping rate  : 


• Network structure:  if edge present, else 


• Time evol’n: 


• Master operator  is graph Laplacian 


•  : off-diagonal, (weighted) adjacency matrix


•  : balances diagonal terms

i pi(t)
i → j Wji

aij = 1 = 0
d
dt pi = ∑j aij(Wijpj − Wjipi) = − ∑j Lijpj

L L = D − A
Aij = aijWij

Dii = ∑j Wji



Quantum analogue

• Similar to Anderson 
model on network, 
widely studied e.g. for 
Many-Body Localisation 


• Disorder also in hopping 
terms, correlated with 
on-site terms


• For now, ignore 
correlations

Anderson Model on a Random Regular Graph (RRG)

Non–interacting spinless

electrons on a network

H =
N∑

i=1

Eic
†
i ci →

∑

→i ,j↑

(c†i cj + c†j ci )

= diag(E1, · · · ,EN)→ A

Aij = 1 if nodes i and j are

connected, else Aij = 0

Uniform on–site energies,

ω(E ) = 1
W !

(
W
2 → E

)

Network structure:

Figure: Example of a RRG
(N = 20, c = 3)

W = 0: zero disorder. H = →A

(GOE universality class, extended

eigenvectors, conductor)
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• Corresponding quantum Hamiltonian:

H = ∑i ϵic†
i ci + ∑(ij) Wij(c†

i cj + h . c.), ϵi = − Dii



Network model & disorder

• Focus: Effects of network connectivity


• Network model: fix distribution  of degrees 


• Network otherwise random: configuration model


• Connectivity average degree


• Weights: Gaussian with zero mean, 

pk ki = ∑j aij

c = ⟨k⟩ =

⟨W2
ij⟩ = 1/c

Complex systems

Spectral density
↭ Linear stability

↭ Spreading of diseases

↭ Synchronization transition

↭ Di!usion processes

↭ Dynamics of consensus algorithms



Network model & disorder
• Focus: Effects of network topology 

Classically: e.g. from kinetic constraints in real space 
Quantum: Fock space connectivity 


• Network model: fix distribution  of degrees 


• Network otherwise random: configuration model


• Connectivity average degree


• Weights: Gaussian with zero mean and 

pk ki = ∑j aij

c = ⟨k⟩ =

⟨W2
ij⟩ = 1/c



Topological heterogeneity

• Heterogeneity effects 
disappear for , 
effectively random regular 
graph 
 
(Cugliandolo Schehr Tarzia 
Venturelli 2024)

c → ∞

p(Cij) = c
N �Cij ,1 +

�
1� c

N

�
�Cij ,0 =)

c

c = O(1) N ! 1

• ⌘ Pz(y) / y�1��

| |2

1
N

⌧q =

8
<

:
q � 1 q < �⇣
1� 1

�

⌘
q q > �

D1 = 1 � > 1

|tij | ⌧ 1

c ! 1

• Study limit of high connectivity  
Why? Physical glass in volume  has , 


• Degree distribution ? For Erdös-Renyí graphs, Poisson 
distribution, relative variance  for 

c = ⟨k⟩
V N ∼ eV c ∼ V ∼ ln N

pk
c/c2 → 0 c → ∞



Topological heterogeneity
• Alternative choices for degree distribution ?


• Negative binomial distribution:  
scaled degrees  have Gamma-distribution 


• Variance  (relative to mean ) does not vanish for 


• Small heterogeneous networks


• Study spectral density  of eigenvalues  of 


• Local density of states  from resolvent , 
with 

pk

κ = k /c ν(κ) ∝ κγ−1e−γκ

1/γ ⟨κ⟩ = 1 c → ∞

γ ⇔

ρ(E) = ⟨Im Gii⟩/π E H

Im Gii G = (z − H)−1

z = E − iη



Cavity method

• Network becomes locally tree-like for , can use cavity 
method to get recursive equations for cavity resolvent entries 


• Large : self-consistent equation for average of  


• Limits: 

N → ∞
G( j)

ii

c G( j)
ii

limη→0 limc→∞ limN→∞ …

Aging Driving Biased traj Bouchaud MF Networks

Bouchaud model on random regular graphs

Consider now state network with fixed finite connectivity c

Use cavity theory to find largest eigenvalue of W(g) and
associated eigenvector (Kabashima+ 2010+, Susca+ 2019)

Apply to large single instances of networks, or estimate
N → ↑ limit using population dynamics

30

Appendix C. High T approximation

In this appendix we discuss the construction of the high T approximation for the DOS, ρA(λ) 
(see (40)). As mentioned in section 4, we take one cavity iteration at finite T, starting from the 
infinite temperature solution. Consequently the cavity precisions are evaluated without on-site 
disorder as the limit T → ∞ gives τk = 1 for all k. Also, in the thermodynamic limit the ran-
dom regular graph structure becomes effectively a regular tree, and the problem of finding the 

kk
jj j

k

ll

Figure C1. Left: schematic representation of the first order approximation: the sub-
graph in red (only a small portion is shown here, namely the nearest and next-nearest 
neighbours of j), where disorder is absent, follows the infinite temperature solution. The 
‘messages’ from the nearest neighbour nodes k feed into the central node through one 
cavity step at finite T (blue arrows indicate an evaluation involving energy disorder). 
Right: at the second order we take two finite T steps starting from the infinite temperature 
solution at the next-nearest neighbours l.

Figure D1. Left: average IPR evaluated via (43) and (46) using different values of ε 
(dark blue to light blue), extended DOS (black) and total DOS (green dashed line); Ī⋆2 (λ) 
from (46) is averaged within λ-bins for clearer visualisation. In the extended region of 
the spectrum the IPR scales with ε as expected. Top right: histogram of the Ai values 
collected at λ ≃ −1.465 (in the localised region on the left side of the spectrum), note 
that ρ(Ai) is smooth around Ai = −λ. Bottom right: Ī⋆2 (λ) against decreasing values 
of ε. The green points converge to the limiting value of unity, the black points drop 
to zero because the ε values used over there are too small to ensure proper averaging. 
Evaluations were performed using a population of size Np = 2500, with temperature 
and connectivity of T  =  1.5 and c  =  5, respectively.

R G Margiotta et alJ. Phys. A: Math. Theor. 51 (2018) 294001
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Completing the square and integrating out yl one finds

P( j)(yk) ∝ e−
i
2 λεy2

k/rk
∏

l∈∂k\j

e−
i
2 y2

k− 1
2 (i+ω(k)

l )−1y2
k . (B.4)

As by definition this must be proportional to exp(−ω
( j)
k y2

k/2), it follows that

ω
( j)
k =

iλε

rk
+

∑

l∈∂k\j

iω(k)
l

i + ω
(k)
l

 (B.5)

which after replacing rk = (τkc)−1 is the desired cavity equation. The calculation for the mar-
ginal precisions {ωj} (see (34)) is exactly analogous. Note that the discussion so far allows any 
kind of graph structure, i.e. it is independent of a specific choice for the degree distribution pk, 
and it also allows correlations between degree and energies.

When going from the above considerations for a single finite-sized graph to the thermody-
namic limit, one assumes that the cavity precisions {ω( j)

k } are random variables taken from 
some distribution p(ω). Equation (B.5) then turns into a self-consistent equation for p(ω). 
For a general degree distribution pk and a joint distribution ρτ ,k(τ , k) = ρτ |k(τ |k) pk this reads

p(ω) =
∑

k

pkk
c

∫
dτ ρτ |k(τ |k)

k−1∏

l=1

dωl p(ωl) δ(ω − Ωk−1) (B.6)

where c is the average degree of the network, pkk/c is the probability that a randomly chosen 
edge connects the root-node to a neighbour with degree k, and

Ωk−1 = Ωk−1({ωl}, τ) = iλετc +
k−1∑

l=1

iωl

i + ωl
. (B.7)

Clearly (B.6) reduces to the result for random regular graphs (36) in the main text once we 
impose that ρτ |k(τ |k) = ρτ (τ) and pk = δc,k. The population dynamics algorithm for the gen-
eral case (B.6) follows the same protocol as discussed in section 4, with the only difference 
that, at each update, one has to pick k randomly with weight pkk/c, then draw k  −  1 elements 
from P  and τ from ρτ |k(τ |k).

We conclude this appendix with a final remark: while the change of variable yi = xir
1/2
i  is 

not essential for single instance cavity evaluations, i.e. for fixed realisations of the disorder, 
this step becomes necessary in going to the thermodynamic limit. This is because otherwise 
correlations between cavity precisions on different branches of a cavity graph would be cre-
ated by the coupling to the local disorder, and therefore the assumption of statistical independ-
ence between these cavity precisions would be violated.

j
k

j
k

Figure B1. Neighbourhood of site j on G  (left) and on G( j) (right). The red cross 
indicates that j is absent in G( j) and the branches become independent when the local 
structure is treelike.

R G Margiotta et alJ. Phys. A: Math. Theor. 51 (2018) 294001

Tapias, Grüger, Wol!, Aguire López, Marteau, Sollich Localization by trajectory reweighting



Part 1: No on-site 
disorder

H = ∑(ij) Wij(c†
i cj + h . c.)



Spectral density
Spectral density
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Spectral density
Spectral density

�2 �1 0 1 2
0

0.4

0.8

1.2 ↵ = 0.5

�

⇢
✏
(
�
)

�2 �1 0 1 2
0

0.4

0.8

1.2 ↵ = 1.0

�

⇢
✏
(
�
)

�2 �1 0 1 2
0

0.2

0.4

0.6 ↵ = 2.0

�

⇢
✏
(
�
)

�2 �1 0 1 2
0

0.1

0.2

0.3

↵ = 20

�

⇢
✏
(
�
)

Behaviour of ω(ε) for |ε| → 0

0 < ϑ < 1 ϑ = 1 ϑ > 1

ω(ε) ↑ |ε|ω→1 ω(ε) ↑ log |ε| ω(0) = 1
εJ1

ω
ω→1

γ

γ γ

γ

Wigner

Spectral 
divergence 
ρ(E) ∼ |E |γ−1



Free multiplication

• Can show: spectral density = free multiplicative convolution 
(Dembo+ 2021)


• Effective decomposition: , H = D1/2WD1/2 Dii = κi

Free multiplicative convolution

↭ Free probability [D. Voiculescu, 1986]

↭ Sum and product of random variables in non-commutative spaces

Theorem
↭ Free multiplicative convolution [A. Dembo, 2016]

ω(ε) = ϑ ↫ ωw

0 1 2
0

0.8

1.6

2.4

⇢ “ ⌫ b ⇢w

�

⌫

´2 0 2
0

0.2

0.4

⇢w

�

⇢ w
´4 ´2 0 2 4
0

0.4

0.8

1.2
⇢ “ ⌫ b ⇢w

�

⇢

Adjacency matrix decomposition

A = D1/2XD1/2, Dii = ki/c , Xij → N (0, J2
1/N)



Local density of states

• Distribution of  has finite support

• Eigenvectors are extended

y

LDoS distribution

ω →= 0

0.2 0.4 0.6 0.8 1
0

1

2

3 (a)

ye
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↭ Finite support

y! =
|"!→G ↑|+

√
("!→G ↑)2 + (#$→G ↑)2

2 (|ω|#$→G ↑+ ε |"!→G ↑|)

Distribution of  at yi = Im Gii E ≠ 0



Local density of states
LDoS distribution

ω = 0

0 1 2 3 4
0

0.2

0.4

0.6
(a)

y

P
0
py

q

10´1 100 101 102
10´4

10´2

100

P0(y) =
ωω

!(ω)Jω1

e→
ω

J1y

yω+1 ε(ϑ) →
∫ ↑

0
dy y P0(y) = ↑ for ω < 1

Distribution of  at yi = Im Gii E = 0
Power-law tail 
P(y) ∼ y−γ−1



Multifractality
• Characterise structure of eigenvectors


• Generalised inverse participation ratio (IPR):  
 
 

• Multifractal exponents :  
Extended state  gives  
Localised state  (for  nodes):  
Single fractal dimension: 


• Evaluate  from scaling of LDoS distribution 
(“envelope distribution”, De Luca+ 2014) 

τ(q)
|ψi |

2 ∼ 1/N τ(q) = q − 1
|ψi |

2 = O(1) O(1) τ(q) = 0
τ(q) = df(q − 1)

Iq

Iq(N) = ∑i |ψi |
2q ∼ N−τ(q)



Multifractal exponents

Eigenvectors 
localised with 
multifractal 
features:  
 

τ = {q/γ − 1
0

Multifractal exponents

Adjacency

Figure: [Tapias and Sollich, 2023]

ω → 1 (localized)

ε(q) =

{
q
ω ↑ 1, q → ω,

0, q > ω.

Laplacian
ω → 1/2 (localized)

ε(q) =






q
ω + 1/2

↑ 1, q → ω + 1/2,

0, q > ω + 1/2.

ω > 1/2 (extended non-ergodic)

ε(q) =






q ↑ 1, q → ω + 1/2,

q
ω ↑ 1/2
ω + 1/2

, q > ω + 1/2.

, E = 0 γ < 1



Multifractal exponents

Eigenvectors 
extended non-
ergodic: 
 




(for )

τ = {q − 1
q (1 − 1/γ)

q ≶ γ

, E = 0 γ > 1
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Wavefunction amplitudes

• Local density of states is   



• Expect similar features in 
distribution of squared 
wavefunction amplitudes 

 
(see e.g. Monthus 2017)  

yi ∝ ∑μ |ψμ
i |2 δη(E − Eμ)

xi = N |ψi |
2

Multifractality and statistical localization in highly heterogeneous random networks

(a)

(b)

Fig. 1: (a) Distribution of the (logarithm) of squared wave
function amplitudes, xi = N |ψi|2, for three different eigen-
vectors of interaction matrices of size N = 214 generated for
different heterogeneity parameters γ. (b) Estimation of the
power-law tail of the distribution P (x) ∼ x−g(γ), fitted from
data for x > x∗ with x∗ = 20 xtyp well above the mode (∼ xtyp)
of the distribution. Error bars show statistics over 128 in-
stances of A, using the 50 eigenvectors with eigenvalues closest
to λ = 0 for each instance.

This decomposition is used in ref. [14] to compare the
predictions (in particular, for the spectral density) from
theory to numerical results using exact diagonalization,
without explicitly constructing the configuration model.
We will use the same approach to obtain the eigenvectors
associated with the modes around λ = 0 numerically.

Wave function statistics. – We exploit the decom-
position in eq. (9) to generate an interaction matrix A.
Then we diagonalize it with the Lanczos algorithm to ex-
tract the eigenvectors with associated eigenvalues closest
to zero2. In fig. 1(a) we show the distribution of the
(scaled) squared eigenvector entries xi = N |ψi|2, which
in quantum mechanical language are squared wave func-
tion amplitudes. The data are obtained from independent
instances of A for three di!erent values of γ. The figure
suggests that the distributions have power-law tails for

2For this purpose we use an implementation of the Arpack pack-
age for the Julia programming language [24].

Fig. 2: Scaling of typical value defined as xtyp = e〈ln x〉 with
system size for γ ∈ {1/3, 2/3}. The prediction xtyp ∼ N1−1/γ

is shown by the dashed lines.

large x, with γ-dependent exponents3. In fact, we found
that the exponents agree with those for the resolvent, i.e.,
P (x) ∼ P0(x) ∼ x−(1+γ) for sufficiently large x, as shown
in fig. 1(b). This agreement of the statistics of the re-
solvent and eigenvector entries is consistent with previous
results for eigenvectors with multifractal properties, see
for instance [25].

The power-law tail motivates the following ansatz for
the whole distribution above a scale xmin(N), which is
close to the mode of the distribution:

P (x) = b(N)x−(γ+1), (10)

with b(N) and xmin(N) functions to be determined. Their
scaling can be estimated by using the normalization of
P (x) and its first moment [25]; the latter follows from
the normalization of the eigenvectors, 1 =

∑
i |ψi|2 =

N−1
∑

i xi. The first condition, namely,
∫

P (x) dx = 1
gives

1 ≈
∫ N

xmin

P (x) dx ≈ γbx−γ
min, (11)

whereas the second one, namely
∫

xP (x) dx = 1, yields

1 ≈
∫ N

xmin

xP (x) dx ≈ γbN−γ+1. (12)

These two relations imply b ∼ Nγ−1 and xmin ∼ N1−1/γ .
As xmin sets the scale from which the power law becomes
valid, we identify this as the typical value of the distribu-
tion. This scaling is confirmed using results from exact di-
agonalization as can be appreciated in fig. 2. Substituting

3The figure also suggests the existence of a left power-law tail.
This would contribute to the scaling of the exponents τ(q) for neg-
ative q (see eq. (16)) and equivalently to the multifractal spectrum
for γα > 1 (cf. eq. (15)). As this piece is not relevant for the under-
standing of the localization properties, we do not consider it further
in our analysis.

41001-p3



Statistical localisation
• What is mechanism of localisation at  ?


• Not power law in “space” on network, or competing 
correlation length scales 
(Kravtsov+ 2015, Monthus 2016; García-Mata+ 2020, 2022, Das+ 2025, …)


• Strong correlation between  and degree 


• Localisation determined by statistical properties of nodes

E = 0

|ψi |
2 ki



Statistical localisation
• What is mechanism of localisation at  ?


• Not power law in “space” on network, or competing 
correlation length scales 
(Kravtsov+ 2015, Monthus 2016; García-Mata+ 2020, 2022)


• Strong correlation between  and degree 


• Localisation determined by statistical properties of nodes

λ = 0

|ψi |
2 ki



Part 2: 
Adding on-site 

disorder
H = ∑i ϵic†

i ci + ∑(ij) Wij(c†
i cj + h . c.), |ϵi | ≤ 1

2 W



What changes?
• Spectral density : no divergences, still has 

unbounded support


• LDoS distribution now 
has large-  power law 
tail 

 
for all 


• For , 
LDoS has compact 
support again
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What changes?
• LDoS distribution acquires additional small-  power 

law tail  (for all )
y

P(y) ∼ ν(y) ∼ yγ−1 E
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Wavefunction amplitudes
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Spectrum of fractal dimensions
 vs : Mirlin-Fyodorov symmetryP(y) ∼ ν(y) P(y) ∼ y−3ν(1/y)
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Phase diagram
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Part 2b: 
Power-law on-site 

disorder

pϵ(ϵ) ∼ |ϵ |β−1



What changes?

LDoS distribution 
acquires distinct 
large-  power-law 
tail for : 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Part 3: 
Graph Laplacians

H = ∑i ϵic†
i ci + ∑(ij) Wij(c†

i cj + h . c.)

ϵi = − Dii = − ∑j Wji



Spectral densityHeterogeneous case

Spectral density

´4 ´2 0 2 4
0

0.2

0.4

0.6

0.8
ω “ 0.5

ω

ε ω
pω

q

´4 ´2 0 2 4
0

0.2

0.4

0.6
ω “ 1.0

ω
ε ω

pω
q

´4 ´2 0 2 4
0

0.1

0.2

0.3

0.4
ω “ 2.0

ω

ε ω
pω

q

´4 ´2 0 2 4
0

0.2

0.4

0.6

0.8
ω “ 0.5

ω

ε ω
pω

q

´4 ´2 0 2 4
0

0.2

0.4

0.6
ω “ 1.0

ω

ε ω
pω

q

´4 ´2 0 2 4
0

0.1

0.2

0.3

0.4
ω “ 2.0

ω

ε ω
pω

q
↭ Break of symmetry for J0 →= 0

↭ Divergence at ω = 0 for ε ↑ 0.5



Spectral densityHeterogeneous case

Spectral density

´4 ´2 0 2 4
0

0.2

0.4

0.6

0.8
ω “ 0.5

ω

ε ω
pω

q

´4 ´2 0 2 4
0

0.2

0.4

0.6
ω “ 1.0

ω
ε ω

pω
q

´4 ´2 0 2 4
0

0.1

0.2

0.3

0.4
ω “ 2.0

ω

ε ω
pω

q

´4 ´2 0 2 4
0

0.2

0.4

0.6

0.8
ω “ 0.5

ω

ε ω
pω

q

´4 ´2 0 2 4
0

0.2

0.4

0.6
ω “ 1.0

ω

ε ω
pω

q

´4 ´2 0 2 4
0

0.1

0.2

0.3

0.4
ω “ 2.0

ω

ε ω
pω

q
↭ Break of symmetry for J0 →= 0

↭ Divergence at ω = 0 for ε ↑ 0.5

Spectral 
divergence 
ρ(E) ∼ |E |γ−1/2



Local density of states
Distribution of  at yi = Im Gii E ≠ 0Heterogeneous case

LDos distribution
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Wavefunction amplitudesSciPost Phys. 18, 047 (2025)
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Figure 8: Distribution Pω(ln x) of the logarithm of squared eigenvector amplitudes
xi = N |ωi |2 for the Laplacian matrix on highly-connected hetereogenous random
graphs (J0 = 0 and J1 = 1), for different values of the parameter ϵ that controls
the rescaled degree distribution (see Eq. (29)). The figure depicts Pω(ln x) for the
eigenvector corresponding to the closest eigenvalue to ϑ = 0 (the vertical axis is
in logarithmic scale). These results are obtained by diagonalizing random Lapla-
cian matrices generated from Eq. (30) with N = 214. Dashed lines: scaling accord-
ing to P(ln x) → e↑(ϵ+1/2) ln x (see Eq. (54)). Dash-dotted line: scaling according to
P(ln x)→ e(ln x)/2 (see Eq. (55)).

Let us now compute the singularity spectrum and the multifractal exponents, using
Eqs. (15) and (13). The normalization conditions of Eqs. (40) and (41) determine how the
prefactor b(N) and the lower end xmin(N) of the power-law range of Eq. (54) scale with N .

For ϵ < 1/2, one finds b(N) → Nϵ↑1/2 and xmin(N) → N
ϵ↑1/2
ϵ+1/2 ; for ϵ > 1/2, both b(N) and

xmin(N) are independent of N . By inserting Eq. (54) into Eq. (15), together with the scaling
of b(N), we can estimate the singularity spectrum for N ↓↔. For ϵ< 1/2, we obtain

f (ϖ) = (ϵ+ 1/2)ϖ , for 0↗ ϖ↗ 1
ϵ+ 1/2

, (56)

while the Legendre transform of the above expression gives the corresponding multifractal
exponents (see Eq. (13))

ϱ(q) =

! q
ϵ+ 1/2

↑ 1 , for q < ϵ+ 1/2 ,

0 , for q > ϵ+ 1/2 .
(57)

In the regime ϵ> 1/2, an analogous calculation yields the singularity spectrum

f (ϖ) = ϖ
"
ϵ+

1
2

#
+
"

1
2
↑ ϵ
#

, for
ϵ↑ 1/2
ϵ+ 1/2

↗ ϖ↗ 1 , (58)

with the corresponding multifractal exponents

ϱ(q) =





q↑ 1 , for q ↗ ϵ+ 1/2 ,

q
ϵ↑ 1/2
ϵ+ 1/2

, for q > ϵ+ 1/2 .
(59)
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Distribution of  at |ψi |
2 λ = 0

Power-law tail 
P(y) ∼ y−γ−3/2



Multifractal exponents

Eigenvectors 
localised with 
multifractal features: 
 

τ =
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0

, E = 0 γ < 1/2

For , extended non-ergodic: γ > 1/2 τ = {q − 1
q(γ−1/2)/(γ+1/2)

SciPost Phys. 18, 047 (2025)
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Figure 9: Singularity spectrum f (ω) and multifractal exponents ϵ(q) of the eigen-
vectors corresponding to ϑ = 0 of the Laplacian matrix on highly-connected random
graphs with heterogeneous coupling strengths (J0 = 0 and J1 = 1). The parameter
ϖ controls the variance of the rescaled degree distribution (see Eq. (29)). Left panel:
solid lines with markers correspond to numerical diagonalization data, dashed lines
indicate the slope of f (ω) = (ϖ+1/2)ω (see Eqs. (56) and (58)), and the dash-dotted
line shows the slope of f (ω) → const↑ ω/2. Right panel: solid lines are numerical
diagonalization results, while the dashed lines correspond to Eqs. (57) and (59).

The intervals of ω in Eqs. (56) and (58) are determined from the conditions f (ω) = 0 and
f (ω) = 1 as above [43]. Regarding the behaviour of f (ω) for large ω, some comments are in
order. By virtue of Eq. (15) the behaviour of Pϱ(x) for small x , given by Eq. (55), implies that
the singularity spectrum behaves as f (ω) → const↑ω/2 for ω larger than some characteristic
value. This additional piece of the singularity spectrum does not have any effect on the function
ϵ(q) for q > 0, but it might be relevant for classifying the eigenvectors into universality classes.
Taken together, these results suggest that f (ω) again has a triangular shape, analogous to what
we found in section 4.2.2 for the homogeneous case.

Equations (56) and (57) imply that the eigenvectors for ϖ< 1/2 are localized with strong
multifractal behaviour [40]. Indeed, the eigenvectors for single instances and finite connectiv-
ity turn out to be localized on a finite number of nodes that are not spatially correlated. In this
regard, the eigenvectors exhibit similar features as those of the weighted adjacency matrices
analyzed in reference [35]. Equations (58) and (59), in contrast, imply that the eigenvectors
for ϖ > 1/2 are extended and non-ergodic [46], similarly to the delocalized but weakly mul-
tifractal phase of sparse Erdös-Rényi random graphs [62]. Notice that the weakly multifractal
phase described in reference [62] appears for ϑ ↓= 0, while in the present case the extended
non-ergodic phase occurs only at ϑ = 0, where the LDoS distribution exhibits a power-law
tail (see Eq. (53)). Therefore, we do not expect to observe a weakly multifractal phase for
ϑ ↓= 0 due to the exponential decay of Pz(y) (see Fig. 7 for ϑ = 2). In the limit ϖ↔↗, the
eigenvectors become fully ergodic since f (ω) shrinks to a single point with value f (1) = 1,
while ϵ(q) = q↑1 for all q. To summarize, then, ϖ= 1/2 defines the critical point that charac-
terizes a localization-delocalization transition induced by fluctuations in the network degrees.
Equations (56-59) can be directly contrasted with the corresponding results for the adjacency
matrix [35,62], as summarized in appendix D.

We end this section by comparing our theoretical predictions with numerical data. Figure 9
presents numerical diagonalization results for the singularity spectrum and the mutlifractal
exponents for different values of ϖ (we refer to Appendix C for numerical details regarding
the computation of these functions). Equations (56) and (58) predict that f (ω) has a slope
ϖ+ 1/2 for small ω, while Eq. (55) yields a slope of ↑1/2 for large ω. These theoretical find-
ings are consistent with the numerical diagonalization results for f (ω) presented in figure 9.
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Summary & Outlook
• Heterogeneous networks can “break” Wigner law even for 


• Localisation transitions, multifractal eigenvectors, with on-site 
disorder for , else at spectral divergence


• Nontrivial differences between  and  ( ), 
connections to classical trajectory biasing?


• Statistical rather than spatial localisation, can occur in other 
models on deep minima


• Origin of M-F symmetry?


• “Strong” multifractality?

c→∞

|E | < W/2
A L γ → γ + 1

2

Complex systems

Spectral density
↭ Linear stability

↭ Spreading of diseases

↭ Synchronization transition

↭ Di!usion processes

↭ Dynamics of consensus algorithms


